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Abstract

The existence of pseudorandom unitaries (PRUs)—efficient quantum circuits that are
computationally indistinguishable from Haar-random unitaries—has been a central open
question, with significant implications for cryptography, complexity theory, and funda-
mental physics. In this work, we close this question by proving that PRUs exist, assuming
that any quantum-secure one-way function exists. We establish this result for both (1)
the standard notion of PRUs, which are secure against any efficient adversary that makes
queries to the unitary U, and (2) a stronger notion of PRUs, which are secure even against
adversaries that can query both the unitary U and its inverse U'. In the process, we prove
that any algorithm that makes queries to a Haar-random unitary can be efficiently simu-
lated on a quantum computer, up to inverse-exponential trace distance.
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1 Introduction

This paper resolves the question: can efficient quantum circuits behave like truly random unitaries?
Specifically, we prove that pseudorandom wunitaries (PRUs) exist assuming the existence of any
quantum-secure one-way function. First proposed by Ji, Liu, and Song in 2017 [JLS17], a PRU
is the unitary analogue of a pseudorandom function (PRF) [GGMS86]. A PRU consists of a family
of efficiently computable quantum circuits with the guarantee that no polynomial-time quantum al-
gorithm can distinguish between queries to a unitary sampled from the PRU family and a unitary
sampled from the Haar measure.

Random unitaries play an essential role throughout quantum information science, arising in quan-
tum algorithms, quantum supremacy experiments, quantum learning, cryptographic protocols, and
much more [HLSW04, KLR*08, AAB*19, BFNV19, HKP20, AQY22, HKT*22, EFH22, HBC*22,
Mov23, KQST23, LMW24]. In physics, highly chaotic systems such as black holes are often modeled as
Haar-random unitary transformations [CGAH'17, NVH18, CHJLY17, KTP20, CSM*23]. However,
this approach has a fundamental problem: Haar-random unitaries are inherently unphysical, requiring
exponential complexity to even specify. The notion of a PRU offers a tantalizing solution: efficient
circuits that are as good as Haar-random. In fact, the idea that PRUs are a more accurate model of
black hole dynamics is behind recent advances in fundamental physics [KTP20, YE23, EFLT24].

Despite considerable interest, the question of whether PRUs actually exist has remained open. In
the past couple of years, a series of works has established that weaker notions are possible [LQS™23,
BM24, HBK23, MPSY24, AGKL24|. For example, [MPSY24, CBB"24] constructed non-adaptive
PRUs, which are secure against restricted adversaries that makes all of their queries at once in parallel.
While these works represent important progress, the broader goal remains elusive, and constructing
a PRU remains one of the central challenges in quantum cryptography.

1.1  Our results
In this work, we give the first proof that PRUs exist.
Theorem 1. PRUs exist assuming the existence of any quantum-secure one-way function.

In fact, we go one step further. Theorem 1 is about PRUs that satisfy the original definition of [JLS18],
which are secure against adversaries that can query an oracle for U, but not the inverse unitary UT.
We therefore define strong PRUs, which are indistinguishable from Haar-random even to adverasaries
that can query both U and U'. Our second main result builds strong PRUs from one-way functions.

Theorem 2. Strong PRUs exist assuming the existence of any quantum-secure one-way function.

While Theorem 2 technically subsumes Theorem 1, the proof of Theorem 2 is significantly more
involved. Since Theorem 1 may suffice for many applications, we present them separately. By es-
tablishing the existence of PRUs, our work provides the foundation for new avenues of research in
quantum computation, cryptography, and fundamental physics.

1.2 Our techniques

We achieve our results on PRUs by proving that any quantum oracle algorithm AY that queries an
n-qubit Haar-random unitary U can be efficiently simulated with a remarkably simple procedure:

1. Initialize an external register E to the state |@), where @ denotes the empty set. (Aside: When
we write a set inside a ket, e.g., |S)g, we are simply using the set S as a label for a unit vector.
The inner product (R|S) equals 1 if R =S and 0 otherwise.)

'The notion of strong PRUs is also discussed in [MPSY24] as an open question.



2. Run the oracle algorithm A, replacing each query to U with the following linear map:

S x, , 1.1
\/7%{021}71: ly) [SU{(z,9)})e (1.1)

Y¢Sy

F ) 19)e

where Sy denotes the set of all y such that (z,y) € S for some . In words, V maps x to a uniform
superposition over y € {0,1}", except those that already appear in S, and simultaneously
“records” (z,y) by inserting it into S. We refer to V' as the path-recording oracle.

We prove that the following mixed states have trace distance O(t?/2"):

o By |AUNAY|, the state of A after t queries to a Haar-random unitary U, where |AY) :=
U-A;---U- A11]0) denotes the state of the algorithm after ¢ queries to U, and |0) denotes an
arbitrary initial state.

o Tre(|AVXAY]), where |AV) g ==V - Ay ----V - A1|0) |@)g denotes the global state of the
algorithm and the external register E after ¢ queries to V.

Despite the extensive literature on Haar-random unitaries, to the best of our knowledge, this “path-
recording” characterization was not known before.?? Furthermore, it is easy to show that V can be
efficiently implemented on a quantum computer; see Appendix A. This establishes the following fact:

Any algorithm that queries a Haar-random unitary can be efficiently simulated
on a quantum computer up to inverse-exponential trace distance.

As we now explain, this new path-recording perspective is the key to our PRU proof.

How to construct PRUs. The main technical step in our PRU proof is to show that a t-query
oracle algorithm A can only distinguish between

o P.-Fy-C, where Py =Y |r(2))z| for a random permutation 7 < Sgn, Fy = > (1)@ |z)(z|
for a random function f < {0,1}?", and C is a random n-qubit Clifford.*

e a Haar-random n-qubit unitary U,

with probability 1/2 + ¢2/2".

Our proof works by purifying the randomness of the PRU. Ignoring C' for now, suppose we initialize
an external register to the uniform superposition oc - cg . [T)®3_ ref0132n |f) over all permutations
m and functions f. In this view, a query to a random Py - F’y is equivalent to a query to a fixed unitary
that applies Py - Fy controlled on |7) |f), i.e., the map

@) @ |, £) = (1)@ - (@) © |, f) . (1.2)

Equivalently, we can view this map as sending x to a superposition over all y, while simultaneously
multiplying the purifying register by the coefficient d-(,)—, - (—1)/@):

D@ lm e D 1)@ (dxwmy - (D). (1.3)

ye{0,1}"

*We note that [AMR20] proves that there exists a space-efficient (but otherwise inefficient) way to exactly simulate
Haar-random unitaries. Moreover, their proof is non-constructive, i.e., they do not give a simulator.

3This can also be viewed as an analog of Zhandry’s compressed oracles for Haar-random unitaries [Zhal9].

“This PFC construction was introduced by [MPSY24], who proved security against non-adaptive adversaries, i.e.,
adversaries that make all of their oracle queries at once, in parallel.



After t queries to the purified Py - Fy, the global state including the purifying registers is (proportional
to) a sum of terms

[yedael - Ae--- fyr)aal - AL|07) © Y 1 F) - Saten)myy o Onanymy, - (1) VT (1)

TESon
IPf{(a1 y1),es (2w}
over all possible x1,y1, ..., 2ty € {0,1}", i.e., over all Feynman paths.

Crucially, when all the z1,...,z; are distinct, these ‘pf{($17y1)7~-~,($t,yt)}> states are orthogonal and
is isometric to [{(x1,y1),. .., (z¢,ye)}). Since the algorithm is not given the purifying registers, a query
to a random Py - Fy is identical to a query to the path-recording oracle V' described earlier—except
on paths where there is a collision among the inputs 1, ..., ;.

This is where C' comes in. We prove that V' satisfies a key property: for any n-qubit unitary C,
(V-C)- A+ (V-O) - A|0") @) = (C@ 1) )g - V- Ap--- V- AL |07) |@)g . (1.5)

This says that applying C' to the adversary’s register before each query to V is equivalent to
applying C to each z; in the purifying register |{(z1,v1),..., (2, y1)}). When C is sampled from
any 2-design, the randomness of C' ensures there are no collisions in the z1, ..., z; with overwhelming
probability. Consequently, we show that queries to V' are indistinguishable from queries to Py - Fy - C,
as long as C' is sampled from any 2-design. By instantiating the 2-design to be either (1) a random
Clifford or (2) a Haar-random unitary, we show that both Py - Fy - C' and Haar-random unitaries are
indistinguishable from V', and thus, from each other.

Strong PRUs and a symmetrized path-recording oracle V. To obtain strong PRUs, we use
the construction: D - Py - Fy - C, where D,C are both random n-qubit Cliffords, Py is the same as
before, and FY is a random g¢-ary phase (for any ¢ > 3). By analyzing the purification of Py - Fy, we
show that when A makes forward and inverse queries, the purifying registers, viewed in the right basis,
“record” information from two Feynman paths: one set S™" consists of (z,y) tuples corresponding to
the forward queries, and another set S™ of tuples (z,y) corresponds to the inverse queries. Whereas
each query in the standard PRU proof always inserts a tuple (x,y) into the set S, when both forward
and inverse queries are allowed, the effect is more intricate:

e A forward query will sometimes add a tuple to S, but other times delete a tuple from S™".
e An inverse query will sometimes add a tuple to S, but other times delete a tuple from S

We prove that this behavior corresponds to a more general “symmetrized” path recording oracle V.
Moreover, as long as D, C are sampled from any 2-design, the adversary cannot distinguish between
queries to D - P - Fiy - C and queries to V', and using similar reasoning as the standard PRU proof,
conclude both of the following (1) strong PRUs exist and (2) V is indistinguishable from Haar-random
even under inverse queries. As we show in Appendix A, V can also be implemented efficiently, and
consequently any algorithm that makes forward and inverse queries to a Haar-random unitary can
also be simulated to inverse exponential error.

Our proof leverages the following property of 2-designs: if one samples C' from a 2-design and
applies C ® C to any state (where C denotes the complex conjugate), then with overwhelmingly high
probability, the result is either (a) a pair of distinct elements, or (b) the maximally entangled state.
At a very high level, the fact that there are two kinds of outcomes after twirling by C' ® C is related
to how the purification “decides” whether it should add or delete a tuple (z,y).

We remark that the strong PRU proof is significantly more involved than standard PRU proof,
and the reader may find it beneficial to start with the standard PRU proof.



A new approach to random unitaries. More broadly, the path-recording oracle unlocks a new
way to proving theorems about random unitaries. Before this work, analyzing mixed states such as
Ey |AdvY Y AdvY| often necessitated the use of Weingarten calculus, involving intricate asymptotic
bounds on Weingarten functions through sophisticated combinatorial and representation-theoretic
calculations. Our approach circumvents this complexity entirely.”

We demonstrate the power of this approach by giving an elementary proof of the “gluing lemma”
recently proven by [SHH24]. This lemma states that if two Haar-random unitaries Uy and Uz overlap,
with U; acting on systems A, B and U, on B, C (where B has a super-logarithmic number of qubits),
then queries to Uy - Uy are indistinguishable from queries to a larger Haar-random unitary U acting
on A,B,C. Using this lemma (and our Theorem 1), [SHH24] constructed low-depth PRUs secure
against forward queries. However, their proof of the gluing lemma is highly technical, relying on
careful representation-theoretic analysis and tight bounds on Weingarten functions.

The path-recording oracle yields an elementary proof of the gluing lemma (see Part III). The key
insight is to replace the Haar-random unitaries with path-recording oracles. This reduces to showing
that the composition of two independent path-recording oracles V5 - Vi, where V; acts on (A, B, E;)
and V5 acts on (B, C, E2), approximates a single path-recording oracle V' acting on (A, B, C,E).

Given the central role of random unitaries in physics and quantum computing, we expect the
path-recording framework to have broad applications in the future.
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2 Preliminaries

This section establishes basic notation, definitions, and lemmas that we use throughout the paper.

Notation. We write N := 2", where n typically denotes the number of qubits. We write [N] =
{1,..., N} to denote the set of integers from 1 to IV, and we will identify [N] with {0, 1}" by associating
each integer ¢ € [N] with the string x € {0,1}" corresponding to the binary representation of i — 1.
For any integer 1 <t < N, let [N ]fﬁst denote the set of length-t sequences of distinct integers from 1
to N, i.e.,

[Nhist = {(z1,...,2¢) € [N]" : ; # x; for all i # j}. (2.1)

5 Alternatively, one can view our technique as deriving a simplified and approximate version of the Weingarten
calculus from purely elementary arguments.




For t = 0, we adopt the convention that [N]i ., = {()} is a set with a single element () denoting a
length-0 sequence. For any permutation 7 € Sym,, let S; be a unitary that acts on (C™)! as follows:

Spi |1, @) = |Tro11), - Troi) - (2.2)

Quantum registers. We use capital sans-serif letters to label quantum registers. For a register A,
the associated Hilbert space is denoted Ha. When a quantum state is supported on multiple registers,
such as (A, B), this means that [¢)) € Ha ® Hg. To clarify which systems a state is defined on, we
sometimes include the register labels as subscripts in dark gray sans-serif font, e.g., [1),g. If a linear
operator U acts only on subsystem A, we may write this as Up. Such an operator can be extended
to a larger system by acting trivially on other registers; for example, (Up ® Idg) - 1) 5. To reduce
notational clutter, we often omit the “®Idg” and simply write Ua - [1)) 5. Similarly, when summing
operators that act on different registers, such as Up and Vag, we write Up+Vag to mean Upo®Idg+Vag.

Given a projector II acting on register A, we say that a state |¢)) € Ha is in the image of I
if IT|yp) = [|¢). For a state [¢p) € Ha ® Hp, we similarly say that |¢) is in the image of Il if
Oal¢)ag = (Ha @ 1dB) - [¢h)ag = [¥)pg-

Given a state |¢) on systems (A, B), we denote the partial trace over system B as Trg(|¢)v)]).
Occasionally, we will write this as Tr_a(|t)}#|), where the minus sign indicates tracing out all systems
except A.

2.1 Relations and variable-length registers

Fix a choice of N = 2". A relation R is defined as a multiset R = {(z1,y1),..., (2, y)} of ordered
pairs (z;,v;) € [N]?. This definition deviates slightly from the standard notion of a relation, which is
typically an ordinary set of ordered pairs without repeated elements. The size of the relation refers
to the number of ordered pairs in the relation, including multiplicities. We denote this by |R|, as the
size corresponds to the cardinality of R as a multiset.

Definition 1. Let R denote the infinite set of all relations R. For any t > 0, let Ry denote the set
of all size-t relations.

Definition 2. For a relation R, we use Dom(R) to denote the set
Dom(R) = {z : x € [N],Jy s.t.(z,y) € R}, (2.3)
and Im(R) to denote the set
Im(R) ={y:y € [N],3z s.t.(x,y) € R}. (2.4)

Note that while R may be a multi-set, Dom(R) and Im(R) are ordinary sets, i.e., they will not have
repeated elements.

Each relation R € R is associated with a relation state |R), defined as follows.

Notation 1 (Relation states). For a relation R = {(z1,y1),...,(x,y)}, define the corresponding
relation state |R) to be the state

> oresym, [ Tr(1)>Yn(1)s -5 Ta(t) Ym(t))
\/t! Y ez M (R, (z,9))!

IR) = (2.5)

where num(R, (z,y)) denotes the number of times the tuple (z,y) appears in R.



An elementary counting argument yields the following result.
Fact 1. For any relation R € R, the state |R) is a unit vector.

The relation states |R) for R € R; can also be viewed as the standard basis for the symmetric
subspace of (CV 2)®t. Note that this is only true because we allow for multi-set relations. Specifically,

o N2t . . N2\t .
if IIsym denotes the projector onto the symmetric subspace of (C")®*, we have the equality
2
M5’ = D IRNRI. (2.6)
ReER:
However, we will typically use the following notation to refer to this projector.
Notation 2. For any integer t > 0, we define
R . N?,
M= Y |RXE| =1y, 2.7)
RER:|R|=t
Notation 3 (Restricted sets of relations). Define the following restricted sets of relations:
o Let Rinj be the set of all injective relations, i.e., relations R = {(z1,y1),..., (@, y1)} of size t,
where (y1,...,yt) € [Nl Let R == UN R,
o Let R?ij be the set of all bijective relations, i.e., relations R = {(x1,y1),..., (zt,yt)} of size t,
where (1,...,2¢) € [Nl and (y1,-..,y:) € [N)hy,- Let RPI = UN R,

If the tuples in a relation R = {(x1,41),..., (z¢, y)} are distinct, i.e., (z;,v;) # (x;,y;) for i # j,
the normalization factor simplifies to 1/ Vil e,

1
‘R> = ﬁ Z ’xw(1)7 Y1)y -5 Tr(t)s yw(t)> : (28)

TESym,

Note that any relation R € R or R € RPU satisfies this condition.
In both Parts I and II, we will consider linear maps that send superpositions of |R) for R € R;
to superpositions of |R’) for R’ € Ry+1. This motivates the definition of variable-length registers.

2.1.1 Variable-length registers

For every integer t > 0 let R®) be a register associated with the Hilbert space Hre) = (CN @ CNV)®t,
Let R be a register corresponding to the infinite dimensional Hilbert space

Hr =P Hrr = P(CN @ V)%, (2.9)
t=0 t=0

When t = 0, the space (CV @ CV)®0 = C is a one-dimensional Hilbert space. Thus, Hg) is spanned
by the states |z1,y1,...,%t, y) where x;,y; € [N]. Note that the relation states |R) for R € R; span
the symmetric subspace of Hg).

We will sometimes divide up the R®) register into R®) = (Rg), R@ ) where Rgf) refers to the

registers containing |x1,...,x¢) and Rg) refers to the registers containing |y1,...,y:). We denote
R®X,i as the register containing |z;) and R®Y,i as the register containing |y;). Following our
convention for defining the length/size of a relation R, we say that a state |z1,y1,...,%¢, 1) has
length /size t. Two states of different lengths are orthogonal by definition, since Hg is a direct sum

@?io HR(t) .



Notation 4 (Extending fixed-length operators to variable-length). For any operator O defined on
the fized-size Hilbert space Hg), we abuse notation by using O to also refer to its extension on all of
Hr. The extended operator is the direct sum of O and the 0 operator on Hgqw) for all t’" #t.

Hence, if two operators O and Oz act on Hg) and Hgw), respectively, then O; + Os is the sum
of their extensions over all of Hgr. We can now define the projector II® that projects onto the span
of all relation states.

Notation 5. We define the projector

e = inﬁ =Y |R)R], (2.10)
t=0

ReR
that projects onto the span of all relation states |R) for all R € R.

Finally, we introduce the notion of variable-length tensor powers, which will be useful to describe
applying an operator to each |z;,y;) in a state |x1,y1,..., 2, yt), in settings where ¢ is not explicitly
known.

Notation 6 (Variable-length tensor powers). For any unitary U € U(N?), let

Ust =y Ut (2.11)
t=0

be a unitary that acts on the Hilbert space HR.

2.1.2 Pairs of variable-length registers

In Part II, we will consider states of the form |L), |R)g, where |L) and |R) are both relation states,
and L is another variable-length register defined analogously to R. Throughout Part II, we will use
the following definitions.

Notation 7 (Fixed-length projectors). For any integers £,r > 0, let Iy, denote the projector acting
on HL ® HR that projects onto the fized-length Hilbert space H| ) ® Hge) -

Notation 8 (Maximum-length projectors). For any integert > 0, let Il<; denote the projector acting
on Hi ® Hr onto the Hilbert space @B 5001 r<t Hio) @ Hrer -

Notation 9 (Length-restricted operators). For any operator B that acts on the variable-length reg-
isters R and R, let By, = B -1y, denote the restriction of B to input states where registers R and
R have lengths £ and r. Let B<; := B - Il<; denote the restriction of B to inputs states where the
combined length of L and R is at most t.

Note that, with this notation, (B< t)! does not necessarily equal (BT)<;. We adopt the convention
that B; refers to (B<)'.
2.2 The Haar measure, unitary ¢-designs, and twirling channels

Definition 3 (Haar measure). The Haar measure over the n-qubit unitary group U(2™) is the unique
probability measure p on U(2") that is:

1. Left-invariant: For any measurable set S CU(2™) and any V € U(2™), n(V'S) = u(S).



2. Right-invariant: For any measurable set S CU(2"™) and any V € U(2™), n(SV) = p(S).
3. Normalized: p(U(2")) = 1.

The Haar measure provides a notion of uniform distribution over the unitary group.
We will refer to the Haar measure as pyaar-

Definition 4 (Unitary t-design). A distribution © on n-qubit unitaries is a unitary t-design if

E [U® o UT® :/ U®' @ UMt du(U), (2.12)

where p is the Haar measure over the unitary group U(2").

Notation 10. Define the equality projector

I = 3 fa)e] ® |2)a]. (2.13)

Z€E[N]

In the following, when we write E;, and Ey without any specified distribution, we always refer to
the uniform distribution over pure states and the Haar measure over unitary groups, respectively. We
will use the following standard fact about Haar-random states and the symmetric subspace.

Fact 2. The expectation over Haar measure satisfies

) V2 2
E |o)y|® = —20 = 2 (2.14)
pee r(mgn) ()

where Hé\;’n’f is the projector onto the symmetric subspace of (CV)®F,
We will use the following elementary claim about unitary 2-designs in Parts [ and II.

Claim 1 (Standard twirling). For any n-qubit unitary 2-design ©,

2
T . 7789 | — = 1.2
E_ (wev) -1 Uev) s B LV (2.15)
Proof.
E [Uteul) 1. Ue U)} = E_ Y Ulla)e| U U |a)a|U (definition of T1°)
U+D U+D V]
= Ig Z Ul |lz)z| U @ U |z)z| U (D is a 2-design)
z€[N]

=N IE [V)Y| @ (Y)Y (U |z) is a Haar-random state)

2 N2
=Nl Mgy (Fact 2)

O

From the above claim, we immediately obtain the following lemma, which was also also used
by [MPSY24] to construct non-adaptive PRUs.



Lemma 2.1 (Twirling into the distinct subspace). Given two integers n,t > 0. Define the distinct
subspace projector acting on nt qubits as follows,

dist . Z |z} x1| @ ... @ |xe )] . (2.16)
(xl,‘..,xt)G[N]ﬁist

For any n-qubit unitary 2-design © and any state p on at least nt qubits, we have

t(t—1)
N+1°

(2.17)

C+®

Tr< E (¥t @ Id) - (C®' @ Id) - p- (CT® @ Id) - (11T © Id)> >1-—

Proof. From the definition of the distinct subspace projector, we have

Id — [14ist = > |z, .., .. ] (2.18)
(xlv“'vzt)e[N]t\[N]éist

Because for any (z1,...,z:) € [N]*\ [N]4,, there exists i # j, such that z; = z;, we have
> w1, <Y TR (2.19)
(1,020 )E[NT\ [N T, 1<i<j<t

where =< here denotes the PSD order and IIy ) e is the equality projector in Eq. (2.13) on the i-th
and j-th n-qubit register X;, X;. This nnphes the following:

1—Tr (CEQ(HdiSt @1d) - (C®* @ Id) - p- (CT @ Id) - (MU @ Id)) (2.20)
—
=1- Tr( E (H%' @1d)- (C®@1d)-p- (CH*' @ Id)) (2.21)
C+D
=Tr ( 21, )y, @ | - (CPP@Id) - p- (CTE @ Id) | (2.22)
Il? RXs E[N \[N}dlqt
< Y E Tr (I @1d) - (C¥ @ 1d) - p- (CH' @ Id)) (2.23)
—! D
1<i<y<t
= Z C D T\r( X“Xj : C®2 : pxi,X]‘ : CT7®2) (Where PX X - Tr—Xi,Xj (p))
2 2 t(t —1)
.Z. N+1Tr(Hsym px.x;) < Z N1 N (2.24)
1<i<j<t 1<i<y<t
This completes the proof. O

The following claim will only be used in Part II.

Notation 11. Let

|EPRy) : Z |z) |@) . (2.25)
mG [N]

Claim 2 (Mixed twirling). For any n-qubit unitary 2-design ©,

_ — 1
E |(UeU)!-1I*. (UaU)| = [EPRy)EPRy| +m(ld — |[EPRyXEPRy]). (2.26)

U+D



Proof. Label the registers that U and U act on as A and B respectively. For any operator X acting
on A, B, define the partial transpose as

X7 = (3 X i0ila ® WXl ) = 3 X |31 @ XRL5. (2.27)

i,9,k,¢ 1,7,k 0

We will use the identity
_ _ T Tg
(U@U)T.X.(U®U):((U®U)T.XB.(U®U)) . (2.28)

Since (I1%9)75 = I1°9,

E U® )11 - (U o U) (2.29)
T,
:( E_(UaU) Heq-(U®U)> 7 (2.30)
2 Ts .
(N 1 Hg,ﬁ) (by Claim 1)
2 ) + lya)\ ¢ eyl + (yly)
=— + (2.31)
R S e )
T z€[N] z,y€[N],x<y \/i \/i
2 1 e
=51 ( > faa)erl+ 5 Y (lawdeyl+ ley)yel + lyaday + \y:v><yx)> (2.32)
z€[N] z,y€[N],x<y
2
N1l < > lza)az] + 5 D (\wa:Ey! + lzz)yy| + lyylaz| + \yx><yx)> (2.33)
zE[N] z,y€|N],z<y
2 1 1
“~N+1 |2 Z [z )yy| + 5 Z |2y Xxy| (2.34)
1
1
= [EPRyYEPRy| + 1= (Id — [EPRNNEPRw]). (2.36)
This completes the proof. O

2.3 Oracle adversaries

We first define oracle adversaries that make only forward queries to an n-qubit unitary oracle O. This
definition will be used exclusively in Part I.

Definition 5 (Oracle adversaries with forward queries, used in Part I). A t-query oracle adversary A
that makes only forward queries is parameterized by a sequence of (n-+m)-qubit unitaries (A, ..., Ar),
which act on registers (A,B), where A is the n-qubit query register and B is an m-qubit ancilla. We
assume without loss of generality that the adversary’s initial state is |0"1™),g. The state of the
algorithm after t queries to O is

~+

IAD) ag H( zAB) 077 pg - (2.37)

=1

10



We also define an oracle adversary that can make both forward and inverse queries to an n-qubit
unitary oracle O. This definition will be used exclusively in Part II.

Definition 6 (Oracle adversaries with forward and inverse queries, used in Part II). A t-query oracle
adversary A that makes both forward and inverse queries is parameterized by

e a sequence of (n+m)-qubit unitaries (A1, ..., As), which act on registers (A, B), where A is the
n-qubit query register and B is an m-qubit ancilla, and

e a sequence of bits (by,...,b) where by = 0 means that the adversary’s ith oracle query is to O,
and b; = 1 means that query is to OF.

We assume without loss of generality that the adversary’s initial state is [0"T™) 5. The state of the
algorithm after t queries to O is

t

AP ae =] <((1 —b;) - Op+ b - OL) : Ai,AB> 075 5 . (2.38)

i=1

2.4 Pseudorandom unitaries

Definition 7 (pseudorandom unitaries). We say {Up }nen s a secure PRU if, for alln € N, U, =
{Uk}kek,, is a set of n-qubit unitaries where IC,, denotes the keyspace, satisfying the following:

e Efficient computation: There exists a poly(n)-time quantum algorithm that implements the
n-qubit unitary Uy for all k € IC,,.

e Indistinguishability from Haar: For any oracle adversary A that runs in time poly(n) (the
runtime is the total number of gates that A uses, counting oracle gates as 1), and measures a
two-outcome observable D 4 with eigenvalues {0,1} after the queries, we have

O(iEu" Tr (Dy - |AO><AO|AB) - ON[EaarTr (Da- \AOXAO\AB) < negl(n), (2.39)

where negl(n) is any function that is o(1/n) for all ¢ > 0.

A standard PRU (i.e., the original [JLS18] notion) is one where indistinguishability holds against
oracle adversaries that only make forward queries to O. A strong PRU is one where indistinguisha-
bility holds against oracle adversaries that make both forward and inverse queries to O.

2.5 Useful lemmas

The following lemma will be used in Part I to bound the distance between a pair of mixed states who
purifications are related by a projection that acts only on the purifying register.

Lemma 2.2. Let pcp be a density matrix on registers C,D and let Ilp be a projector that acts on
register D. Then

|Trp(pcp) — Trp(Ip - pep - p)|l; = 1 — Tr(Ip - pcp). (2.40)

Proof. We can decompose Trp(pcp) as follows:

Trp(pcp) = Trp(pep - p) + Trp(pep - (Id — 1)) (2.41)
= TI"D(HD - PCD - HD) + TI“D((ld — HD) - PCD - (ld — HD)) (2.42)

11



where the second equality uses the fact that IIp = Idc ® II;, which allows us to invoke the cyclic
property of Trp. Using Eq. (2.42), we have

[Trp(pcp) — Tro(Ip - pep - Hp)lly (2.43)
= || Trp((ld —IIp) - pcp - (Id —1Ip)) |4 (2.44)
— Te((Id — TIp) - pep - (Id — TTp)) (since [|M]], = Tr(M) for PSD M)
= Tr((Id —IIp) - pcp) (2.45)
=1-—Tr(Ilp - pcp). (2.46)

O

We will use the following “sequential” gentle measurement lemma in Part II.

Lemma 2.3 (sequential gentle measurement). Let |1)) be a normalized state, Py, ..., P, be projectors,
and Uy, ...,U; be unitaries.
[Ur... Uy [0) = BU; ... PUL )]y < 01— | P .. POy ()2 (2.47)

To prove this, we will need the following version of the standard gentle measurement lemma.

Lemma 2.4 (gentle measurement). For any projector 11 and sub-normalized state |1¢) satisfying

(YY) <1, we have
I(1d =0 [}l < /1 = [T [)]13- (2.48)

Proof of Lemma 2.4. By direct expansion, we have
1) = T)ll5 = (%] (1d = T0) |o0) = ($le) — (@[T ]9) < 1T = [|TL[e))]]5- (2.49)
O

Proof of Lemma 2.5. We prove this lemma by induction. For ¢ = 0, we have || [¢)) — |¢)||, = 0 =
1— || [¥)]13. So the base case holds. Suppose the inductive hypothesis holds for t — 1, i.c.,

[Uir oo UL [6) = PeaUs o PLUY [l < (8 = D1 = 1Pt Ups . PLUL )3 (2.50)
= (t = )\ 1 = U PrUrs ... UL ()2 (2.51)

< (t= V1= |PUPAUir . PUL GG (2:52)

The second line uses the unitary invariance of [-||,. The third line uses the fact that P; is a projector
and hence cannot increase the norm. We can use the unitary invariance of ||-||, to obtain

Uy .. .Uy @) = PqUpy ... PLUL )|y = |Us .. Uy [9) — UsPoaUs—y ... PUUL )]y, (2.53)

Next we use Lemma 2.4 to obtain

|(ld = P)Us Pr—1Up—1 ... PLUL [Y)]|5 < \/1 —[|PU; ... PLUL W)Hg (2.54)

Together, we have
U...Ur ) — PU... PLUL )], (2.55)
<|NUg=1... Ui |¢p) = P1Up—y ... PLUL )| + |[(Id — P U P U1 ... PLUY |Y) ], (2.56)
< (t—= )\/1= [P .. PUL[)3 + /1 = IPU; ... UL )3 (2.57)
This concludes the proof. O
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Part I
Standard PRUs

The goal of Part I is to construct standard PRUs (i.e., the definition of [JLS18]), which are secure
against adversaries that only make forward queries to the unitary oracle.

3 The purified permutation-function oracle

In this section, we analyze the view of an adversary that makes forward queries to an oracle for Py - FYy,
for uniformly random 7 < Symy and f < {0,1}"V. These operators are defined as

P = Z |T(z){x| and Fy:= Z (=)@ |2 )] . (3.1)

z€[N] T€[N]

Our first step will be to consider a purification of the adversary’s state where the randomness of =
and f is replaced by the uniform superposition

1 1
— Y = > 1P, (3.2)
N meSym 2N fe{0, 1}

and each query is implemented by the purified permutation-function oracle pfO, which applies Py - F
controlled on |m) |f).

Definition 8 (purified permutation-function oracle). The purified permutation-function oracle pfO
s a unitary acting on registers A, P, F, where

e P is a register associated with the Hilbert space Hp, defined to be the span of the orthonormal
states |m) for all m € Sympy.

o F is a register associated with the Hilbert space Hg, defined to be the span of the orthonormal
states |f) for all f € {0,1}V.

The unitary pfO is defined to act as follows:

pfOApr [2)4 [m)p |f) = (=1)7@ [m(2))a Im)p |f)e (3:3)
for all z € [N],m € Symy, and f € {0,1}.

When P and F are initialized to the uniform superposition over permutations and functions re-
spectively, the view of an adversary that queries the pfO is equivalent to the view of an adversary
that queries the standard oracle Py - Fy, for uniformly random 7 < Symy and f < {0,1}".

Claim 3 (Equivalence of the purified and standard oracles). For any oracle adversary A, the following
oracle instantiations are perfectly indistinguishable:

e (Queries to a random Py - Fy) Sample a uniformly random m < Symy, f < {0,1}". On each
query, apply Py - Fy to register A.

e (Queries to pfO) Initialize registers P,F to ﬁ 2 resymy [T)p @ ﬁ > teqony e At each
query, apply pfO to registers A, P, F.

13



Proof. Since the adversary’s view does not contain the P, F registers, the adversary’s view in the
second case is unchanged if the P, F registers are measured at the end. Since pfO is controlled on
the P, F registers, the queries to pfO commute with the measurement of the P,F registers. Hence,
measuring the P, F registers at the end produces the same view as measuring at the beginning, which
is equivalent to the first case. O

The key to understanding the oracle pfO is to consider how it acts on the following “pf-relation
states”, defined below.

Definition 9 (pf-relation state). For 0 <t < N and R = {(z1,v1), .-, (zt,y+)} € Ry, let
1 :E Tt
IPfRr)pF = TN Y Grrlm)p® \ﬁ >« D) | ) (3.4)
( o ) TESym fe{0, 1}V
where 0x g s an indicator variable that equals 1 if w(x) =y for all (x,y) € R, and is 0 otherwise.

Note that for t = 0 and R = @, the pf-relation state |pf,)pg is the uniform superposition over all
permutations m € Sym and all functions f € {0,1}%,

Ploler = 7= 3 oo X Ifle. (35)

* mESym

3.1 Orthonormality of the pf-relation states

Claim 4 (Orthonormality of the distinct sets of pf-relation states). {|pfr)}rerei forms a set of
orthonormal vectors.

Proof of Claim 4. We first recall the definition of |pfp):

et fe (36)

|pr> PF — ﬁ Z 57TR’7T \/7 Z

TESym fe{0,1}N

For = € [N], let e, € {0,1}" denote the N-dimensional vector that has a 1 in the z-th position, and
is 0 everywhere else. Then by writing f(z) as f(z) = f - e,, we get

\/;Tv Z (_1)f(x1)+ A+ f () \f) \/27N Z f-(ewq+- +ezt)|f> (3.7)

fe{0,1}N fe{o,pv
= H*N |ey, + - + ez, (mod 2))r. (3.8)
When 1, ...,z are distinct, ez, + --- + ez, ( mod 2) is a vector in {0,1}" whose 2-th entry is 1 if
x € {x1,...,2¢}, and 0 otherwise. Since this is simply the indicator vector for the set {z1,...,z:},

there exists an isometry that maps

\/;W Z (_1)f(m1)+--.+f(zt) ‘f>F — |{$la--~a$t}> ) (3‘9)

re{o, 1}

Applying this to the F register of |pfg), this tells us there is an isometry M such that for all R € R,

: pfp) — Z O |m)p @ {1, . 2} (3.10)
v wGSymN
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Consider R,S S Rbijg where R = {(Ilayl)u ) (I‘R|7y‘R|)} and S = {(xllayﬂ)7 ) (J;TSP:I/‘/S‘)}

(pfglpfs) = (pfp| MT - M |pfs) (3.11)
e !RG!(N— S 2 Onr des (e apdeh . aigh. o (12)
' © mESym

This expression is equal to zero if Dom(R) # Dom(S) due to the ({x1,..., 7z {],. .. ,:L"/S‘}> term.
Thus, it remains to consider R, S such that Dom(R) = Dom(S). This means that |R| = |S| and
thus Eq. (3.12) simplifies to

’R‘ > bnr-0rs. (3.13)
TESym
There are two cases to consider:

e In the first case, R # S. Then there exists z,y,y such that (z,y) € R, (x,y’) € S, and y # ¢/
But then the above expression will be 0, since there are no permutations 7 satisfying both

m(x) =y and w(z) = v/.

e In the other case, R = S. Then the sum is over all permutations P such that 7(z) = y for all
(z,y) € R. There are (N — |R|)! such permutations, and so in this case the sum becomes 1.

This completes the proof. O

3.2 How pfO acts on the pf-relation states
Claim 5 (Action of pfO on pf-relation states). For 0 <t < N, R € R; and x € [N],

PfO |2 pFr)er = ﬁ > W)a 1P o (3.14)
Bl e
Proof of Claim 5. From the definitions of pfO and |pfg) (Eq. (3.3) and Eq. (3.4)), we have
pfO[z) A IPfR)pF
1
= Z (—1)7@) |7 (z)) o Tt'&rﬁh) F Z fl@)++f(xe) 1)e . (3.15)
TESym ( n ) fe{o, 1}V
We now rewrite the right-hand side of Eq. (3.15) using the substitution |m(z)) = >_, c(n] Or(z)=y [¥)-
This gives
. 1
(315) = Z (_1)f( ) Z 5#,{(:):,1/)} ‘y>A Tt'(sﬂ,R ‘71->P
7r€SymN y€[N] ( - )
flx)++f(zt) ‘f) (3 16)
,/ N Z ’
2 fe{0,1}N

Since 0z R Ox {(2,)} = 6W7RU{(x’y)}, we can rearrange the expression to get

(3.16) =

1
\/7 Z ) A \/ﬁ Z O, RU{(z.y)} |T)

y€[N] TESym

15



1

- _1)f($1)+"'+f($t)+f(f€) IF) (3.17)
= > F
2 Fe{0,1}N
‘prU{(:c,y)}>PF ) (318)
yG[N]
which completes the proof. O

4 The path-recording oracle V

In this section, we define the path-recording oracle. The path-recording oracle V' acts on an n-qubit
query register A held by the adversary, as well as a variable-length relation R containing a relation
state |R) (see Section 2.1). In section Section 4.3, we connect the path-recording oracle V' to the pfO
oracle. In Appendix A.2, we sketch how to implement V efficiently.

4.1 Defining V

Definition 10 (Path-recording oracle). The path-recording oracle V is a linear map V : Ha @ Hr —
Ha @ Hr defined as follows. For all x € [N] and R € R™ such that |R| < N,

Vi fz)a [R)g yia IRUL{(2,9) k- (4.1)

\/ VN -IR| Z
yQIm(R)
Note that RU {(z,y)} € R™ since y ¢ Im(R).

Lemma 4.1 (Partial isometry). The path-recording oracle V' is an isometry on the subspace of Ha ®
Hr spanned by the states |z) |R) for x € [N] and R € R'™ such that |[R| < N.

Proof of Lemma 4.1. To prove that V is an isometry on the specified subspace, it suffices to show
that for all z,2’ € [N] and R, R’ € R'™ with |R|,|R'| < N,

(@'|a (Rg vi.v [2)a [R)g = (2'[x)p - (R|R)g- (4.2)
We proceed by considering two cases:

e Case 1: |R| # |R/|. V|z), |R)g and V |2/), |R') are orthogonal because, by the definition of
V', these two states are supported on relation states of different sizes. Therefore, the left-hand
side of Eq. (4.2) is zero, which equals the right-hand side, since (R'|R)g = 0 for |R| # |R/|.

e Case 2: |R| = |R'| =t for some 0 < ¢t < N — 1. In this case, we expand the left-hand side:

(@/|a (Rl VT Vi]a)a [R)g

(ﬁ > Wl (R U{G, y)}\R)~<ﬁ > |

yia IRU{(z,9) e >

y'e[N], yE€[N],
y ¢Im(R’) y¢Im(R)
(4.3)
1
=57 2 (RBu{@.yIRU{@.y)k (4.4)
y€[N]

y€Im(R')UIm(R)

Now, we consider two sub-cases:
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— Case 2a: (z,R) # (¢/,R). Fory ¢ Im(R)UIm(R’), the term (R U {(2/,y)}|RU{(z,y)})r
is always zero because either x # 2’ or R # R'. Therefore, Eq. (4.4) is equal to zero, which
matches the right-hand side of the original equation.

— Case 2b: (z,R) = (2/, R'). In this case, we have:
1

N —t
ye[N\Im(R)

(4.4) = (RU{(z,y)}RU{(z,9)})r (4.5)

1
N —t

(N—-t)-1=1, (4.6)
which again matches the right-hand side of the original equation.

This shows that Eq. (4.2) holds in all cases, completing the proof. O

Next, we define the state |A} ) gr to be the state of the state of the entire system after the
adversary has made ¢ queries to the path recording oracle, with the R register initialized to |@), the
state associated with the empty set.

Definition 11. Given a t-query adversary A specified by a t-tuple of unitaries (Aj g, ..., AtAB),
define the state

t
A ) asr =TT (V- Aise) 0)ag [2)k - (4.7)

i=1
In fact, it will be useful to define a version of this state in which an arbitrary n-qubit unitary G

is applied to the adversary’s query register A before each query to V.

Definition 12. Given an n-qubit unitary G and a t-query adversary A specified by a t-tuple of
unitaries (A AB, - .., AraB), define the state

t

AV D =TT (V- Ga- Aine) 0)ag [9)r (48)
=1

One consequence of Lemma 4.1 is that | A} ¢) ApR has unit norm as long as ¢t < N.

Lemma 4.2 (\A,Y'G)ABR has unit norm). For any adversary A making t < N forward queries, and
any n-qubit unitary G, |AY %) \gr has unit norm.

Proof of Lemma 4.2. We say that a state on registers (A, B,R) is supported on R™ if the state is

contained in the span of |z), |2)g |R)g for R € R™ and any x,z. We will prove by induction on t
inj

that for all 0 <t < N, |A/"%) \gr is a unit-norm state supported on R}".

Base case (t = 0): |AYC) = |0),g |9). This state clearly has unit norm, and |@)s € RiY, so the
claim holds for t = 0.

Inductive step: Assume the claim is true for some 0 <t < N, i.e., |A¥'G>ABR is a unit-norm state
supported on R;”. We will prove that it must hold for ¢ + 1. By definition, we have:

ALT) =V - Ga- A ps AT (4.9)
This state is unit norm because:

1. Ga - Ai41,a8 is a unitary that acts only on the A and B registers, and so Ga - A;y1 A8 |.A}5/’G> is
still a unit-norm state supported on R;".
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2. By Lemma 4.1, V is an isometry on states supported on Rinj. Moreover, the definition of V,
ensures that it maps states supported on R;” to states supported on R;Y; for 0 <t < N. Thus,

!\Pﬁﬁ is a unit-norm state supported on R'trlf_l

Hence, for all 0 < ¢t < N, |A}Y"¢) 5 is a unit-norm state supported on Ritnj. O

4.2 Right unitary invariance

Our next step is to prove that V satisfies right unitary invariance: for any unitary G, queries to
V - Ga are perfectly indistinguishable from queries to V, from the point of view of the adversary who
cannot access the purifying register R. This is captured by the following lemma.

Lemma 4.3 (Right unitary invariance). For any n-qubit unitary G, we have
|AY ) R = (GR;ﬂl ®...® GR@) |AY ) agr - (4.10)
Note that

TI"R( |«4Y'G><AY'G|ABR)

- TrR((GR;f,)l R...® GR@ ) AV NAY | agr (GR% R...® GR(X% ) (by Lemma, 4.3)
= Trr(JAY WAL |agR); (by the cyclic property of Trg)

where the first line corresponds to the adversary’s view after making ¢ queries to V - Ga, and the last
line corresponds to its view after making ¢ queries to V.

Fact 3 (Explicit form). From the definition of V and |R)g, we can expand out |A¥'G>ABR to obtain

t

A = (ST (el Ga- Ause) s | @ H(ans}on)s (4.11)

(@1, z)e[N] Li=1 |
y17""yt)€[N]tdist

(

(x1,.2e)€[N]* Li=1 -
(Y109t )E[N] iy

1
® 7 > (s,r yx1>R%>l... ’xt>R<x’;l> ® <s7r \y1>R(Y,,’)l \yt>R<Y,,l> : (4.12)

* meSym,

Proof of Lemma 4.3. Our proof will use the following trivial identities for registers A and (Rgf)i)ie[ N

> |2zl = lda, (4.13)

z€[N]

> |z><Z|R(xt,1- = ldg. (4.14)

z€[N]

For any n-qubit unitary G and x, z € [N], we have

(@la Galo)a = (ol Gpoo [2)go - (4.15)
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Therefore, we have

> e ® @hGa= 3 b © ({olaGaled) s (Using Eq. (4.13))
z€[N] z,2€[N] .
= Z |$>R§(t)1 & <<:L"R§(t)l GRg(z)i ‘Z>R§<t1‘> (z|a (Using Eq. (4.15))
z,2€[N] ' ' ’
= 5 (el Gy 1050 ) @ (el (4.16)
z,2€[N] : "’ :
= Z G R |2) (f) ® (2|a (Using Eq. (4.14))
2€[N] o
= Z GR(t) |33>R<t> ® (x|, - (Relabeling z with x)
z€[N] o

Applying the above identity to registers R§<t)1a R Rgf)t to Fact 3 yields

N —t)! ¢
G> = \/T Z [H (|yz fL'z‘A GA Ai,AB) |O>AB X (4.17)
© (@1..m)E[N]E Li=1
(W19t EIN i
1
N T t) .. t - 5. . 4.18
Vil & (S ‘x1>R§<’>1 ’xt>R§<,>t> ® <5 |y1>R(y,>1 |yt>R§))t) (4.18)
N —t)! ¢
- (]\]l) ) [H (|.%'><5Ui|A : Az‘,AB) 0)ag | ® (4.19)
" (@1,..m)€E[N]E Li=1
(Y19t E[N i
1
N T t t) .. t t T t) ... + 4.20
m ﬂeSZym <S GR;}] |1‘1>R<X>>] GR(X,)t |$t>R>(<1)t> ® <S |y1>R(Y,)1 |yt>R\((1)t> (4.20)
= (G ® . @G AV (4.21)

The last line follows from the fact that (GRm R...Q® GR“’)) acts identically on all ¢ registers, so
X,1 X, t
Sy - (GR(f,) X...Q& GR“)) = (GR(f,) X...Q GR(t)) - S (4.22)
X, 1 X, t X, 1 X, t

This concludes the proof. O

Corollary 4.1 (Trace distance between original state and the projected state).

t(t—1)
d v.C dis v.C v.C
e (1 B LAY Y g 185 ) e B LAY HAY g )| <7 (4)
Proof. The trace distance can be bounded as follows,
di v.C v.C di v.C v.C
[ (1m0 B LAY Y g 185 ) e (B LAY g )| a2
=1-"Tr < E Hdls AV ONAYC | apr - H(Fii()?)) (Lemma 2.2)
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=1-Tr (CED 4t . O%t | AV WAL | agpe - CZF, - HdiSt> (By Lemma 4.3)

R " UR® RO TRY
t(t—1
< ](V—Fl)’ (By Lemma 2.1)
which completes the proof of this corollary. O

4.3 Relating V to pfO

We now connect the path-recording oracle V' to the pfO oracle defined previously. We begin by
defining the pfO analog of |AY"%), x5k

Definition 13. Given an n-qubit unitary G and a t-query adversary A specified by a t-tuple of
unitaries (A1 AB, - - -, At AB), define

t
O-
A ) sgpr = [T (PO~ Ga - Aine ) 10)a IPFo)r (4.25)

i=1
Recall that
1 1
Pfo)pr = ——= Z [m)p ® —— Z |f)e- (4.26)
N! TESym 2N fe{0,1}N

We can expand the definition of |A} fO'G> Agpr to obtain the following.

Fact 4 (Explicit form of \Affo'G>ABPF).

A popr = | Y [H(’WHA'GA'A@AB) 10n

(21,-y2e)E[N]E Li=1
(Y1,-.,yt)E[N]?

@ |Pf{(21,00) §:1>PF :

(4.27)

While the state |pf {(%yi)}§:1> is supported on an exponential number of qubits, we can compress
the environment using the following linear operator Comp. By Claim 4, Comp is a partial isometry.
Intuitively, Comp “compresses” the state |pfp), which requires an exponential number of qubits n, to
|R), which is only as big as the size of the relation.

Definition 14. Define Comp : Hp ® Hg — HRg to be
Comp:= > |R)pfg| (4.28)
RERPbI

Next, we will use Comp to relate the path-recording oracle V' to the purified permutation-function
oracle. To do so, we will need to define the following projectors.

Definition 15 (Distinct subspace projector). Given 0 <t < N. Let
dist .
HRI(EE = Z ‘x1><x1|R§(t)1 X...R ]xtxxt]R;f,)t . (429)
(xlz"th)e[N]Z[ist 7 .
Definition 16 (Distinct subspace projector for pf-relation states). Let
Hgiét = Z IpfR)PfRI- (4.30)

ReRbI,
|RI=t
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Lemma 4.4 (Relating V' and pfO states). For all n-qubit unitaries G,

Comp - TTRE" - |AP"® ) pgpe = TGS - A1) (4.31)

Proof. By Fact 3, we have

AV Gy — (NN_'t)‘ Z [H ( lyiXzila - Ga - Ai,AB) 10) a6

(x1,..2e)€[N]* Li=1
(Y109t )E[N] iy

@ (i yi) iz ) - (4.32)

Applying Hdl(s,'j to this state selects the terms corresponding to (21, ...,2¢) € [N]i:

iy =S Y [H(wz (@ila - Ga- Aie) as | © [{(a )Y

(@155 ) €[Ny, LE=1
(Y159t €[N

(4.33)
By Fact 4,

t
|AEfO.G>ABPF _ <NN_'t)' Z [H (Iin!Ei\A -Ga - Ai,AB) 10) A

(21,.-y2e)E[N]E Li=1
(y1,---,yt)E[N]?

® |PF{(as gyt JPF -

(4.34)
Applying TTdst selects the terms corresponding to (z1,...,z;) € [N and (y1, ..., ve) € [N

i fO-G
TEE - |APC) pgpr (4.35)

=S [H(ryixxi\A-GA-Ai,AB) Oae

(ml,...,mt)e[N]dM =1
(yla'“)yt)e[N]dlht

D [Pyt Jpr-  (4.36)

Since Comp maps |pfg) to |R) for all R € RPU, applying Comp to the right-hand side of Eq. (4.36)
yields the right-hand side of Eq. (4.33), which proves the claim. O

Corollary 4.2 (Trace distance between original state and the projected state).

Proof. By Lemma 2.2, we have

|

Next, observe that Hdlst Comp' - Comp - Hdlst since

t(t—1)
.- N+1
(4.37)

T E pfOC pfOC _ T Hdlst . ]E pfOC pfO C Hdlst
I'pr <C’<—D |A; WA |ABPF I'pF e | Aj NA; | ABPF °

T E pfO-C pfO-C _T Hdlst ) pfO-C pfO-C Hdlst
I'pF <C<_© 2 NA; |ABPF I'pr oo | A NA; |ABPF °

1

— 1 _ T Hdlst E pfO-C' pfO-C HdlSt 438
r < Cen | AL XA |ABPF - ( )

Comp' - Comp - TIZist (4.39)
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= (3 efaml) (X 1BKefal) (S0 Ipfakefrl) (4.40)

RERbil RERbi ReR
|R|=t
= ) Ipfr)pfgl = TIEE". (4.41)
ReRPI,
|R|=t

By plugging this identity into (4.38), we get

(4.38) =1 — ((:ompT Comp - TIst . E | APOCy PO . Hd‘St> (4.42)

— 1T <cOmp TER - JE AP OXAP g - TIRE CompT) (4.43)

=1-Tr < glgg AV ONAYC | agr - Hglgt) (By Lemma 4.4)

§ N n 1 (By Corollary 4.1)

which completes the proof. O

5 The PRU proof

5.1 Setup
We define a distribution over n-qubit unitaries parameterized by any n-qubit unitary 2-design ©.

Definition 17 (PRU(®) distribution). Let ® be a distribution supported on U(N). The distribution
PF(®) is defined as follows:

1. Sample a uniformly random permutation 7 < Symy, a uniformly random f + {0,1}, and a
uniformly random n-qubit unitary C' < 9.

2. Output the unitary O = Py - Fy - C.
The goal of this section is to prove the following theorem.

Theorem 3 (PF(®) is indistinguishable from Haar-random). Let A be a t-query oracle adversary
that only makes forward queries, and let ® be an exact unitary 2-design. Then

oy 401} < #t -1
T (B ML B APaf) < I 5.1)

Since quantum-secure pseudorandom permutations and pseudorandom functions exist assuming
one-way functions |Zhal6, Zha21|, the existence of computationally-secure PRU follows immediately
from Theorem 3.

Theorem 4. If quantum-secure one-way functions exist, then pseudorandom unitaries exist.
The main technical component of the proof of Theorem 3 is the following lemma.

Lemma 5.1 (PRU(D) is indistinguishable from V). Let A be a t-query oracle adversary and let ©
be an exact unitary 2-design. Then

2t(t — 1)

N+1 (5:2)

10 O 1% 1% <
TD <o<-£>EF(©) |APNAL |, Trgr (A7 XA, |/—\BR)> =
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Lemma 5.1 implies Theorem 3. Lemma 5.1 implies Theorem 3 by the following argument. We
can instantiate ® = ppaar, i-€., ® outputs a Haar-random n-qubit unitary. Then the output of
PRU(®) = PRU(ftHaar) is Py - Fy - C for random 7, f and Haar-random C. By invariance of the Haar
measure, this is exactly the same as outputting a Haar-random unitary. Thus, we have the following
corollary of Lemma 5.1.

Theorem 5 (V is indistinguishable from Haar random). Let A be a t-query oracle adversary. Then

T (B PNAT] Ton (1A A ) ) = 20 (5.3

O~ pipaar

Theorem 3 follows from combining Lemma 5.1 and Theorem 5 using the triangle inequality. It
remains to prove Lemma 5.1.

5.2 Proof of Lemma 5.1

Proof of Lemma 5.1. We will use a hybrid argument. Define the mixed states

(9) 4
po = (9 AP AP (5.4)
= < | APFOCy AP C|ABPF> (5.5)

— < dlst . |Apf0 C><Apf0 C|ABPF Hdlst> (56)

o = (Hdz% o A Al g1 57
A = Toe (B AV XA laoe) 63)
ps = TrR ( ‘AYX-AY‘ABR) : (5.9)

We argue indistinguishability between each consecutive pair of mixed states:
° pg@) = pg:g) by Claim 3.

Hp§ - ,02 dl L <t(t—1)/(N +1) by Corollary 4.2.
® _ ()

py = ps  ,since by Lemma 4.4, these are two mixed states whose purifications are related by
the Comp isometry, which only acts on the purifying register.

HP(D) _ ,04 )|| L <t(t—1)/(N +1) by Corollary 4.1.
?) .
e py ' =ps since

@ . .
pi” = E_Trr (JA XAV Clagr) = E_Tra (A YA Iagr) = s, (5.10)

where the second equality follows from Lemma 4.3, which states that for any C, | A} C) A} “|
and |A}Y).A}| are related by a unitary on the purifying register.

Using the triangle inequality, we obtain Eq. (5.2), which completes the proof. O]
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Part II
Strong PRUs

The goal of Part II is to construct strong PRUs, which are secure against adversaries that make both
forward and inverse queries to the unitary oracle. It is important to note that several operators that
were defined in Part I, including pfO, Comp and V', will be have new definitions in Part II.

6 The purified permutation-function oracle

In this section, we analyze the view of an adversary that makes queries to an oracle Py - Fy, for
uniformly random 7 < Sym, and a random ternary function f < {0,1,2}". We will do this by
analyzing the purified permutation-function permutation oracle, which uses a purification of = and f.

Definition 18 (Purified permutation-function oracle). The purified permutation-function oracle pfO
18 a unitary acting on registers A, P, F, where

o P is a register associated with the Hilbert space Hp, defined to be the span of the orthonormal
states |m) for all m € Sympy.

o F is a register associated with the Hilbert space Hg, defined to be the span of the orthonormal
states |f) for all f € {0,1,2}V.

The unitary pfO is defined to act as follows:

PfOpr 204 [m)p 1 1)F = i ™ (@) I |1} (6.1)
= > W)ade=y Ml 1), (6.2)

for all z € [N],m € Symy, and f € {0,1,2}". Here, ws = exp(27i/3).

The action of pfOT is

pfOT (1) Im) 1f) = S [a)p Gnaymy ) w3 7 11). (6.3)

z€[N]

The view of an adversary that queries the purified oracle is equivalent to the view of an adversary
that queries the standard oracle Py - Fy, for uniformly random 7 <- Symy and f « {0, 1, 2}V,

Claim 6 (Equivalence of purified and standard oracles). For any oracle adversary A, the following
oracle instantiations are perfectly indistinguishable:

e (Queries to a random Py - Fy) Sample a uniformly random 7 <— Symy;, f < {0, 1, 2}V, On each
query, apply Py - Fy to register A.

e (Queries to pfO) Initialize registers P, F to ﬁ > resymy 1T ® ﬁ > refon2yy [f)e. At each
query, apply pfO to registers A, P, F.

The proof is the same as the proof of Claim 3 in Part I.
Next, we define the following states on the P, F registers.
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Definition 19 (pf-relation state). For L = {(x1,y1),...,(xe,ye)} € Re and R = {(21,v}), ..., (x,,y.)} €
R, where £ and r are non-negative integers such that £ +r < N, let

1 1 F@r) ot f (o) = (F @)+ f (7))
PfLp) = e Y brirIT) = ) wj ' U, (64)
(N — - T)' TESym p 3N fe{o,1,2}N

where 6 LuR 15 an indicator variable that equals 1 if m(x) =y for all (x,y) € LUR, and is 0 otherwise.

Note that when ¢ = r = 0, i.e., L = R = & are both the empty relation, the pf-relation state
IPfz o) pr is the uniform superposition over all permutations 7 € Sympy and all ternary functions
fefo1,2}Y,

1 1
Pfoolpr = = Z [m)p ® — Z | f)e- (6.5)
NI meSym 3N fe{o, 1}

Recall that a relation R is bijective if and only if |Im(R)| = |Dom(R)| = |R|. Equivalently,
writing R = {(z1,v1),.-., (2, y1)}, R is bijective if z1,...,x; are all distinct, and y1,...,y; are also
all distinct.

Definition 20. Let R>%S' be the set of all ordered pairs of relations (L, R) € R? where LUR is a

bijective relation.

6.1 Orthonormality of the pf-relation states

Claim 7 (Orthonormality of pf-relation states). { |pfy, g)} (1, r)cr2.ait is an orthonormal set of vectors.

Proof of Claim 7. For x € [N], let e, € {0,1,2}" denote the N-dimensional vector that has a 1 in
the z-th position, and is 0 everywhere else. Then by writing f(z) as f(z) = f - ez, we get

1 C(F( )b F 2!
— Z wg(m)'f‘ +f(e)—(f(@))+f(z1)) ’f>F (6.6)
fe{0,1,2}
1 J-(exy teay) —f-(epr ey
_ r 6.7)
= Y e (
3 fe{o,1,2}N
= QFTN [(eqy + -+ + €x,) = (€a + -+ + €q) (mod 3))p, (6.8)
where QFT3 denotes the 3-ary quantum Fourier transform. When {z1,...,zp,z],..., 2.} are all dis-
tinct, there is a bijection between (ez, ++ - +ez,)— (e, + - ~+ea7 ) and the sets {z1, ..., ze}, {29, ..., 2} }:

the first set corresponds to the indices where the vector is 1, and the second set is the indices where
the vector is —1 = 2 (mod 3). Thus, there is an isometry that maps

1 1)+ f(xe) = (f(2))+ f(x!
Y W e GEDRTED ) a2, (69)
,/3N

fe{0,1,2}

whenever {z1,...,z¢,2),...,2,} are all distinct. Thus, for any L = {(z1,91),...,(zs,y0)}, R =
{(z},9)),--., (2., y.)} where L U R is a bijective relation, applying this isometry to the F register of
[pfLz) vields

IpfL.R) = \/m Z Seror |T)p @ @1, ... @}y {2, ... 2 }) . (6.10)

TESym
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Next, we can apply an isometry that, controlled on |7), sends each x; to the tuple (x;, 7(x;)) = (zi, y;).
The result is

mﬁ;}vaﬂ,www {Gnmn), . nw)}) ), s} . (610)

Finally, controlled on the last two registers, we can uncompute the superposition on the P register.
The result is

{1 ), - (@ y)}) @), - @)} = L) [R). (6.12)

This completes the proof. O

Definition 21. Define the partial isometry Comp : Hp @ Hg — HL ® HRr to be

Comp = Z IL). @ |R)g - (Pfrlpp (6.13)
(L,R)E'RZvdiSt

Here, L and R are variable-length registers as defined in Section 2.1. Note that Comp is a partial
isometry by Claim 7.

6.2 How pfO acts on the pf-relation states
Claim 8 (Action of pfO). For any (L, R) € R?>45* and x € [N] such that x € Dom(L U R), we have

1
pfO [x) A |PfL R)PE = UN_ILOE Z WA IPFLU{(@)), R PE (6.14)
€[N]:
yQZIJm[(L]UR)
Similarly, for any (L, R) € R*>Yt and y € [N] such that y ¢ Im(L U R), we have
1
fof f = — z) 5 |pf . 6.15
pfO [y)A |P L,R>PF N—|LUR| x;}:ﬂ: lz)a IP L,Ru{(fc,y)}>PF ( )
xZDom(LUR)
Proof of Claim 8. Recall that
POApE [0 [Mp [£)r = D [yda Sneymy Im) ] 1) (6.16)

y€E[N]

Let us write L = {(x1,11), ..., (ze,y¢)} and R = {(2},v}),..., (2., y.)}. Then

1 @)+t f @) —f(@h) ——f(
f = On ™ w !
|P L7R>p|: \/mﬂeszym LUR| >P \/7 Z 3 |f>

fe{0,1,2}N
(6.17)

Thus, we have

PfOppE [7) A |PfL R>PF (6.18)

_Z |y W Z 6 =y TI'LUR‘TF>
yE[N] o TESYmM
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\/%N St e @I gy (6.19)
fe{0,1,2}¥

In this sum, |y) has a coefficient of 0 whenever y € Im(L U R), since in that case the constraints that
Or,LUR and 0y (;)—, are impossible to satisfy since z ¢ Dom(LUR), and thus satisfying both constraints
would require y to have two different preimages under the permutation 7. We can therefore rewrite
the above sum as

PfOapE Z)a IPfL.R)PF (6.20)

1 1
= Y |y > S rufyur Ime
VN—T-r = VIV l-1-nt o
y#Im(LUR)
1 = x T 2 )—e e
Z o @)t @)+ f (@)= f @) == f( |f> (6.21)

3
fe{0,1,2}N

1/3N
1

TN —I—r Z 9) A PFLU{(@)} ) PF - (6.22)
y€E[N]

This completes the proof of Eq. (6.14). Since pfO' applies the map

pfOT [y)a [m) 1f) = D [#)a dnarmy Im) w5 ”11), (6.:23)
z€[N]
the proof for Eq. (6.15) follows by a symmetric argument. O

7 The partial path-recording oracle W

In the previous section, we proved Claim 8, which partially characterizes how the unitaries pfO and
pfOT act in terms of states |z), |pf L.r)pr- We also proved that there exists an isometry Comp that
maps |pfy g)pr to |L) [R)g for all pairs of relations L, R such that their union L U R is a bijective
relation. In this section, we will define a linear operator W that we call the partial path recording
oracle. This W operator, up to isometry, implements a restricted version of the pfO operator. In
particular, we have the following.

e On states of the form |z), |L), |R)g such that L U R is a bijection and = ¢ Dom(L U R), the
linear map W performs exactly the same map as pfO (up to isometry).

e On states of the form |y), |L), |R)g such that L U R is a bijection and y ¢ Im(L U R), the
linear map W1 performs exactly the same map as pfOf (up to isometry).

In the above, “up to isometry” refers to the isometry Comp that maps |pf;, g)pr to |L), |R)g. For-
mally, the registers L and R are both wvariable-length registers that store the two relations L and
R. We refer the reader to Sections 2.1 and 2.1.1 in the Preliminaries section for our definitions of
variable-length registers, relations, and relation states.

The role of the W operator in our proof. Looking ahead to our main proof, we will show
that if C, D are sampled from any n-qubit 2-design, then an adversary (making both forward and
inverse queries) cannot distinguish between an oracle that implements Da - pfO - Ca and an oracle
that implements Dp - W - Ca, except with negligible advantage. Thus, even though W only behaves
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like (a compressed version of) pfO on a restricted subspace, we will show that the twirling of C, D
prevents the adversary from detecting the difference.

In the next section, we will show that the W operator can also be seen as a restricted version of
another linear operator V' that we call the path-recording oracle. The connection between W and V
plays a crucial role in our proof; see Section 8 for further discussion.

7.1 Defining W’ and WF

Before we define W, we will first define helper operators W% and W. The W operator is defined
to capture the (partial) characterization of pfO given in Eq. (6.14), while W is defined to capture
the (partial) characterization of pfO' given in Eq. (6.15).

Definition 22 (W% and WT). Define W to be the linear map such that for any (L, R) € R>dist
and x € [N] such that © ¢ Dom(L U R),

WE - Jz)a [ |R)g - W) ILU{(z,9)}) [R)g - (7.1)

1
/N —-|LUR] yez[;v]:

y&Im(LUR)
Similarly, define W1 be the linear map such that for any (L, R) € R>3' and y € [N] such that
y ¢ Im(LU R),

W Jy)a L) |R)g - ) L) [RUL(2,9) R - (7.2)

ey DY
N — |LUR] e[V
z¢Dom(LUR)
It is useful to define the following projectors to describe the actions of W& WE,

Definition 23 (Bijective-relation projectors). Define the projectors

= > |LXLI ® |RXRlg, I = I0R - Hapip = Teyir - 1008, (7.3)
(L,R)GRdeiSt

where the projector Il<y | r is the maximum-length projector defined in Notation 8.

By the definition of W and W%, we have the following fact about the action of W% and W on
states with a bounded length.

Fact 5. For any integer i > 0, WL WE map states in the subspace associated to the projector
lda ® szi,LR into the subspace associated with the projector lda ® H2Ji+1,LR'

The following property follows from the relation between W% W1 and pfO, pfOf.
Claim 9. WL and W are both partial isometries.

Proof. Since pfO is a unitary operator, the operator obtained by restricting the domain of pfO to the
span of the states |z) |pf, p) is a partial isometry. Up to relabeling |pf;, g) as |L, R) (i.e., applying
the partial isometry Comp), this is W, Similarly, pfOT is a unitary, and the operator obtained by
restricting pfO' to the span of states |y) IpfL ) is a partial isometry. Up to relabeling [pf g) as
|L, R), this is WF. O

Notation 12. For a partial isometry G, let D(G) and Z(G) denote its domain and image. Let
P = G- G and TTIH) = G - GT denote the orthogonal projectors onto D(G) and Z(G).
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Claim 10. For all integers t > 0, II<; commutes with HD(WL), HI(WL), HD(WR), and TIZWV™),

Proof. By Fact 5, PWH) — L.tk maps states from Ilda ®H2 g to lda ®ngt Lg for t > 0. This
implies that P commutes with II<; for all £ > 0. By Fact 5, ZW*) — i .yl maps states
from lda ® Hl;JtH,LR to ldpy ® HZJH—LLR for t + 1 > 0. This implies that TI?(W") commutes with <y

for all ¢ > 1. Additionally, IZW") = WL . Wi has no support on Il<g, and thus it commutes with
IT<p. By symmetric arguments, we obtain the analogous statements for WE, 0l

It will be useful to state the connection between the W W% and pfO more formally.

Fact 6. We have

W = Comp - pfO - Comp' - W) — iz . Comp - pfO - Comp', (7.4)
W = Comp - pfOT - Comp' - W — gZWw™ . Comp - pfOT - Comp'. (7.5)

7.2 Defining W

We now use W% and WF to define the partial path-recording oracle W.

Definition 24. The partial path-recording oracle is the operator W defined as
Wo=wt+whi, (7.6)
From Fact 5, we immediately obtain the following fact.

Fact 7. D(W), Z(W) are subspaces of the image of lda ® HE%. Moreover, for any integer i > 0, W

and W1 map states in the s.i_tbspace associated to the projector lda ®H27LR into the subspace associated
with the projector lda ® HZJH-I LR

Claim 11. W is a partial isometry.

Proof of Claim 11. Since W% and W% (and hence W) are partial isometries, the operator W =
WE + WHT is a partial isometry as long as both of the following are true:

e The subspaces D(WF) and D(W 1) = Z(WF) are orthogonal, i.e., W is a sum of two partial
isometries with orthogonal domains.

e The subspaces Z(W') and Z(W 1) = D(WF) are orthogonal, i.e., W is a sum of two partial
isometries with orthogonal images.

D(WF) and Z(WF) are orthogonal because D(WT) is only supported on states |x) |L) |R) where
z & Dom(L U R), while Z(W %) is only supported on states |z) |L) |R) where z € Dom(L U R) (this
can be seen by inspecting the right-hand-side of Eq. (7.2)). A symmetric argument shows that D(W 1)
and Z(WF) are also orthogonal, which completes the proof. O

In fact, our proof of Claim 11 establishes the following relationship between the domain and image
of W and the domain and image of W% and WF,

Fact 8. The domain and image of W are given by
W) — Pwh) HI(WR)7 (7.7)
mZW) — qPWH) | z(wh). (7.8)
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Claim 12. For all integers t > 0, <, commutes with TPW) and TIFW).

Proof. This follows immediately from Claim 10, which states that the projector II<; commutes with

the projectors HD(WL), HZ(WL), HD(WR), zZwe), O

Corollary 7.1. For all integerst > 0, the image of H?gXBR s a subspace of the image of lda ®H21LR.

Similarly, the image of Hé(t‘,/K)LR s a subspace of the iT_nage of lda ® Hg,LR‘ )
Using Fact 8, we can now establish the following relationship between W and pfO.

Claim 13 (W is a restriction of pfO up to isometry). We have

W = Comp - pfO - Comp’ - TP, (7.9)
W = Comp - pfOf - Comp! - TIZW). (7.10)
In words, Claim 13 says that for any state in D(W), the domain of W, the action of W is the

same as pfO up to isometry. Additionally, it says that for any state in the image in Z(W), the image
of W, the action of WT is the same as pfO up to isometry.

Proof of Claim 13. We will prove the first equality, Eq. (7.9); the second equality, Eq. (7.10), follows
from a symmetric argument. From Eq. (7.4) and Eq. (7.5), we have
Comp - pfO - Comp' - 2w — wk, (7.11)
Comp - pfO - Comp! - ZWH = i, (7.12)

Summing Egs. (7.11) and (7.12) yields
Comp - pfO - Comp' - (HD(WL) + HI(WR)) =wl 4+ whi (7.13)

and plugging in IPW) = IPW") 4 IZWH) from Eq. (7.7) and W = WE+WHET yields Eq. (7.9). O

8 The path-recording oracle V

In the previous section, we defined a linear operator W and showed that W acts as a restricted version
of pfO, up to an application of the Comp isometry. In this section, we will introduce a second linear
operator V', which will satisfy a number of key properties that will be crucial for our proof. We will
show that V satisfies the following properties:

e I/ is indistinguishable from W under twirling, i.e., for C, D sampled from any n-qubit
unitary 2-design ®, an adversary making forward and inverse queries cannot distinguish between
queries to Da -V - Cp and queries to Da - W - Ca.

e V satisfies approximate unitary invariance, which we will use to conclude the following: an
adversary making forward and inverse queries cannot distinguish between queries to Dp -V - Ca
for C, D sampled from any n-qubit unitary 2-design @, and plain queries to V.5

We will refer to V' as the path-recording oracle. We remark that this definition of V' is different
from the one given in Part I, as this V' will need to be designed to handle forward and inverse queries.
In Appendix A.3 we describe how to implement V efficiently.

5For technical reasons, our main proof will handle both of these bullets in one argument.

30



8.1 Defining V¥ and VF

To define V, we first introduce helper operators VX and VE,

Definition 25 (left and right partial isometries). Let V' be the linear operator that acts as follows.
For x € [N] and (L, R) € R><N-1,

1
[2)a 12} [R)g % N (LU R

yZIm(LUR)

W)a ILU{(z,9) 1) Rk - (8.1)

Define VE to be the linear operator such that for all y € [N] and (L, R) € R><N-1

R, = ! T T
VR B S e o O ROl (62
xQDom(LLJR)

By construction, VI and VT take states in lda ® HE;J_R to lda ® H7<35+17LR.

Why these definitions of V' and V®? On states of the form |z) |L) |R) within the domain
of WT, the operators W’ and V¥ act in the same way. However, the domain of W is limited
to states |z) |L) |R) where L U R forms a bijection and = ¢ Dom(L U R) (which also implies that
|LU R| < N—1). On the other hand, the definition of V* extends W so that it acts on all |z) |L) | R)
satisfying |L U R| < N — 1. In particular, we have dropped the requirement that L U R is a bijection
and that x ¢ Dom(L U R). An analogous relationship holds between V* and W#. We define these
extended operators, V¥ and V| to establish a property known as (approximate) unitary invariance
(see Claim 23). Importantly, this property holds only for the extended operators V¥ and V, and
not for the original W% and W% operators.

Claim 14. VL and V® are partial isometries.

Proof. We will give the proof for V*; the proof for V follows by a symmetric argument. V7 is a
partial isometry if and only if V- V&1 is the orthogonal projector onto D(VL). From the definition
of VI, we can see that its domain is

D(VE) = span{ |2), |L), |R)g : z € [N], (L, R) € R>SN-1}. (8.3)
It suffices to show that for all z, 2’ € [N], and (L, R) € R><N~1 and (L', R') € R><N~! that
<5L‘/|A <L/||_ <R/|R vhToyh. ’$>A |L>|_ |R>R = <$l|$>A (L/|L>L <R/|R>R' (8.4)

We can expand out the LHS as

5 (W |p (L' U’y <R’!R) (¥ W)a ILUA(z,y) 1), |R>R) (8.5)

VN — [Im(L/ U R)] VN — |Im(L U R)|

y'ZIm(L'UR’) y¢ZIm(LUR)

The summand is zero unless ¢ =y, L' Uz'y’ = LU {(x,y)}, and R' = R. Combining the first two
constraints, we have L' U2’y = L U {(x,y)}. Since y does not appear in either Im(L’) or Im(L),
this implies ' = x and L’ = L. This means that the sum is 0 unless x = 2/, L = L' and R = R'.
When these constraints are satisfied, the sum becomes > oy, rop) 1/(N — Im(L U R)[) = 1. This

completes the proof that VI is a partial isometry. O
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8.2 Defining V
Definition 26. The path-recording oracle is the operator V defined as

V=vl.(d-vE.VvE) 4 (d-vE.vhi). yRT (8.6)

By construction, V and V1 take states in ldp ® H?ZLR to lda ® H?:H,LR for any integer i > 0.

Why this definition of V? Recall that since we defined W := WL + W it might seem natural
to define V := VL + V1T However, if we defined V this way, it would not be a partial isometry. As
we showed in the proof of Claim 11, W + W1 is a partial isometry because W and W1 do not
“overlap”, i.e., they are partial isometries with orthogonal domains and orthogonal images . On the
other hand, this is not true for V¥ and VT, Thus, in order to ensure that V is a partial isometry,
we need to “project out” the overlap between VL and V7.

Claim 15. V is a partial isometry.

Proof. We will first show that V% - (Id — V. V1) is a partial isometry. This is true if and only if
(Id—VE. VRN VL. VL. (Id — VE.VRT) is a projector. To show that this operator is a projector,
it suffices to show that IP(V") = VL. VL and IZVY = VR. VAT commute. From the definition
of VI, its domain is the image of the projector ldp ® H7§€]2V—1,LR' Since V1 takes states in Hg:,LR
to H§;+1,LR (for 0 < i < N — 1), it follows that V. VT takes states in H7§21-2+17LR to H§:+1,LR (for
0 < i < N —1). In particular, this means it commutes with ldy ® H7<z]2\,71. Using a symmetric
argument, we can conclude that (Id — V% . VL’T) . VB is also a partial isometry.

Now, we just need to show that the sum of these two partial isometries is a partial isometry. It
suffices to show that their domains are orthogonal and their images are orthogonal. To see that their
domains are orthogonal, note that the domain of V% - (Id — VE. VR’T) is a subspace of Id — HI(VR),
while the domain of (Id — VZ . VE1) . VR is a subspace of HI(VR), and hence they are orthogonal. A
symmetric argument shows their images are orthogonal. This completes the proof. O

V being a partial isometry implies that any state generated by an adversary that queries V' and
VT will have a norm at most 1. This is an important property that will be central to our strong PRU
proof. Recall that in the standard PRU proof of Part I, the path-recording oracle acts as an isometry
on all states that can be generated by querying the path-recording oracle. This first property of
V being a partial isometry is a relaxation of the isometric property of the standard path-recording
oracle. While V is a partial isometry, we will later show that the state generated by an adversary
that queries V and VT will have a norm close to one for subexponential number of queries.

8.3 Two-sided unitary invariance

The path-recording oracle V' satisfies an (approximate) two-sided unitary invariance property, which
we state below.

Definition 27. For any n-qubit unitary C, D, define
Q[C, D] = (C ® D")®* @ (C® DHZ*. (8.7)

Claim 16 (two-sided unitary invariance). For any integer 0 < t < N — 1 and any pair of n-qubit
unitaries C, D,

2t(t+ 1
IDa - Ve - Ca ® Q[C, Dlir — Q[C, Dir - Vet < 16 (N) (8.8)
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2t(t + 1
<16,/ 24D

|ck- (V< DL @ QIC, Dlik - QIC, Dlis - (V)< . " (8.9)

Claim 16 is proven in Section 10. The two-sided unitary invariance of V' allows us to move the
random unitaries C' and D acting on system register A to the purifying registers L, R.

8.4 W is a restriction of V'

We now show that W is a restriction of V. First, we need the following basic facts relating W&, W VI
and V! that follow immediately from the definitions of these operators.

Fact 9. We have
o WL is a restriction of VE and W is a restriction of VE:
wk =yl . mPWh = gZWh .yl (8.10)
WR = VR . I PWH) _ qZW"5) /R (8.11)
o The image of VE is in the kernel of W, and the image of V¥ is in the kernel of W&, i.e.,

whk.ovE=whk.yl =y, (8.12)

Lemma 8.1. IfIIy and Ily are projectors, and 11y = I 11s11y then Iy is a subspace of Ils.

Proof. Consider any normalized state [¢) € IIy, i.e., II1 [¢) = |¢)). We have the following identity,
L= (Y| [¢) = (| IHILIL [¢) = (YT [¢) . (8.13)
Because I3 is a projector and (1| Ilg [¢0) = 1, we have [¢)) € II,. O

Lemma 8.2. Consider any partial isometries Vi, Vo. If Vo =1 ~HD(V2), then D(Va) is a subspace of
D(V1). And if Vo = TIFV2) . V| then T(V3) is a subspace of Z(V}).

Proof. From Vo =V) -HD(VQ), we have
P2 — v vy = P02 Ly vy P = pP(Y2) PV L P(V2), (8.14)

Hence from Lemma 8.1, we have D(V43) is a subspace of D(V}).
From Vo = ITZ(V2) . V;, we have

HZ(V2) — ‘/"2 . ‘/"; — HI(VQ) . ‘/"1 . ‘/f i HZ(VQ) — HI(V2) . HI(V1) . HI(V2). (815)
Hence from Lemma 8.1, we have Z(V3) is a subspace of Z(V7). O
Corollary 8.1. Z(WT) is a subspace of Z(VE). And Z(WR) is a subspace of Z(VR).
Proof. This follows immediately from Eq. (8.10), Eq. (8.11), and Lemma 8.2. O]

Claim 17 (W is a restriction of V). We have

W =v.1uPW), (8.16)
wt=v. W), (8.17)
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In words, Claim 17 says that for any state in D(W), the domain of W, the action of W is the
same as V. Additionally, it says that for any state in the image in Z(W), the image of W, the action
of WT is the same as V7.

Proof of Claim 17. To prove Eq. (8.16), it suffices to show that

VPt it (8.18)
V- IEWH = R (8.19)

This is because summing these two equations gives
V- (HD(WL) + HI(WR)) =Wk whi (8.20)

and plugging in IIPW) = IPW5) 4 IZW5) from Eq. (7.7) and W = W + WET yields Eq. (8.16).
It remains to prove Egs. (8.18) and (8.19).

e Proof of Eq. (8.18). By the definition of V', we have
V. IPWh = (VL A(d=VE VRN 4 (1d— Vv VR’T> 1P, (8.21)

Note that VET . [IPWH) = yRI Wit Wl = (WL.yR) . WL =0, where the final equality
uses Eq. (8.12). Thus,

v .mPWh) — L g PWh) = L (8.22)

where the second equality follows from Eq. (8.10).

e Proof of Eq. (8.19). By the definition of V,
VI = (VL (id = VE. VR 4 (1d - VE- VR VR’T> IEWE), (8.23)

Since Z(WF) is a subspace of Z(V ) by Corollary 8.1, we have VL (Id — VE. V1) TIEWH) =,
Next, we have VAT . TIZW) — (IZW™) . yB)t — Wit by Eq. (8.11). Thus, we have

_ Rt _yL yLd R (8.25)
_ WR’T, (826)

where the last equality uses the fact that V5. WS = (WE. VIt =0 from Eq. (8.12).
This completes the proof of Eq. (8.16). The proof of Eq. (8.17) follows by a symmetric argument. [
Corollary 8.2. II?M) s a subspace of IIPV) . And TIZW) 4s a subspace of TIZ(V).
Proof. This follows immediately from Claim 17 and Lemma 8.2. O

Corollary 8.3. We have

wt.v =P (8.27)
w. vt = W), (8.28)
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Proof. From W =V - TIPMW)_ we can multiply VT on the left of both sides to obtain
vi.w=vt.v.PW), (8.29)
Using V-V = IPV), we have
vi.w =P . gPW) — fPW), (8.30)

since ITPW) is a subspace of IIP(Y) from Corollary 8.2. Taking dagger yields Wt .V = IPW).
From Wt = VT.TIZW) | we can multiply V on the left of both sides to obtain

v.-wh=v.vt. iz, (8.31)
Using V - VI = IZ(V) | we have
VoW = [EV) IOV — pIon) (8.32)

since IIZW) is a subspace of TIZ(V) from Corollary 8.2. Taking dagger yields W - V1 = ITZ("). 0

9 The strong PRU proof

9.1 Setup
We define a distribution over n-qubit unitaries parameterized by any n-qubit unitary 2-design ©.

Definition 28 (sPRU(®) distribution). For any distribution © supported on U(N), define the distri-
bution sSPRU(D) as follows:

1. Sample a uniformly random permutation T < Symy, a uniformly random f < {0,1,2}", and
two independently sampled n-qubit unitaries C, D < ®. Following the definitions in Section 6,

Fp= 3 @B aya| and Pri= Y |m(e))al. (6.1)
] ]

z€[N z€[N

2. Qutput the n-qubit unitary O =D - P, - Fy - C.
The goal of this section is to prove the following theorem.

Theorem 6 (sPRU(D) is a statistical strong PRU). Let A be a t-query oracle adversary that can
perform forward and inverse queries and let ® be an exact unitary 2-design. Then

18t(t 4+ 1)

T (9.2)

Oy A9 Oy 4O .
™ <O<—5£U(©) ANA | as ’OJE | AT KA |AB> <

Haar

Since quantum-secure pseudorandom permutations and pseudorandom functions exist assuming
one-way functions by [Zhal6, Zha21]|, the existence of computationally-secure strong PRUs follows
immediately from Theorem 6.

Theorem 7. If quantum-secure one-way functions exist, then strong pseudorandom unitaries exist.

The main technical component of the proof of Theorem 6 is Lemma 9.1, which relates the PRU
adversary to an adversary that queries the path-recording oracle V', defined previously in Section 8.
Recall that V is a partial isometry that acts on registers (A, L, R), where L and R are variable-length
registers. Initially, L and R are both initialized to the length-0 state |@). To state Lemma 9.1, we
will need the following definition.
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Definition 29 (the global state after queries to V). For a t-query oracle adversary A that can perform
forward and inverse queries and any 0 < i <'t, let

¢
JAY) agiR = H <<(1 —bi) - VaLr + bi - VATLR> ‘ Ai’AB> 0" ™) ap ® 19)L [9)R (9.3)
i=1

denote the global state on registers A,B,L,R after A makes i queries to V.

Lemma 9.1 (sPRU(D) is indistinguishable from V). Let © be any exact unitary 2-design. For any
t-query oracle adversary A,

9t(t + 1)

N8 (9.4)

T (4 By MO s Tuw (LAY HAY o) ) <
Lemma 9.1 implies Theorem 6. Lemma 9.1 implies Theorem 6 by the following argument. We
can instantiate ® = ppaar, i.€., ® outputs a Haar-random n-qubit unitary. Then the output of
sPRU(®D) = sPRU(tHaar) is D - Py - Fy - C for random 7, f and Haar-random D and C. By invariance
of the Haar measure, this is exactly the same as outputting a Haar-random unitary. Thus, we have
the following corollary of Lemma 9.1.

Theorem 8 (V is indistinguishable from a Haar-random unitary). Let A be a t-query oracle adversary
that can perform forward and inverse queries. Then

9t(t 4 1)

T (9.5)

< HMHaar

T ([, B 147A o Tun (LA A o) ) <

Theorem 6 follows from combining Lemma 9.1 and Theorem 8 using the triangle inequality. The
remainder of this section is devoted to proving Lemma 9.1.

9.2 V is indistinguishable from twirled W

Our first step towards proving Lemma 9.1 is to prove that an oracle adversary A that makes both
forward and inverse queries cannot distinguish whether its query is implemented by the path-recording
oracle V' (Definition 26), or as D - W - C' where C, D + ® are sampled from a 2-design, and W is the
partial path-recording oracle (Definition 24).

We will require the following definitions. Let C and D be a pair of registers that each contain the
description of an n-qubit unitary. These registers will be part of the purification and will not be in
the adversary’s view.

Definition 30. For any distribution ® over n-qubit unitaries, define the state

nit(D))cp = /C Vs ClduaD)[C)c © D). (9.6)

where pgn(C) is the probability measure for which C is sampled from ©.

Recall from Definition 27 that for any pair of n-qubit unitaries C, D, the operator Q[C, D] R is
defined as

QIC, D] == (C ® D)?* @ (C @ D")&*. (9.7)
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Definition 31 (Controlled C, D and Q). Define the following operators

C ::/CCA® CYCle, <D ::/DDA® DD, (9.8)

Q= CDQ[CvD]LR@ |CXClc @ [DXDp - (9.9)

We now state a key lemma that we will need for our proof.

Lemma 9.2 (Twirling). For any unitary 2-design ©, and any integer 0 <t < N — 1, we have

t
< 6t4/ — 1
< 6t/ o7 (9.10)
<6ty ]~ (9.11)
— N7 *

Note that in the statement of Lemma 9.2, Hg | r is shorthand for Idp ® Hiijt L rs and thus the
operators inside the [|-||,, act on A, L, R. We prove Lemma 9.2 in Section 11.
Next, we define the following adversary states.

E (CA®QIC, D)t (1 ¢ — IZ(NR ) - (Ca @ QIC, Dlir)

C,D+D

op

bij (W
CJ%EHQ(DL ®Q[C, D]LR)T ’ <H§Jt,LR - Hg(t,A)LR) ) (DL ® Q[C, D]iRr)

op

Definition 32 (Twirled-W purification). Define the states ].AZV’©>ABLRCD as follows:

AT ) = [0") 5 [0™)g @), |@) [init(D))cp (9.12)
For i=1,...,t: JAY?):= ((1-@) : (cD‘W‘cC)—Irbzw(cD-W-cC)T) A ARy (9.13)

For contrast, let us recall the definition of |.AY).
Definition 33 (V purification). Define the states |AY ) g g for 0 <i <t as follows:
[AG) = 10")a |2)0 12)g (9.14)
For i=1,...,t: |A):= ((1—b7;)-V+bi-VT) A AL (9.15)
Note that because b; € {0,1}, in the construction of these purified states, one either queries V,
cD-W -cC for b; = 0 or VI, (cD-W -cC)t for b; = 1. Because W and V are partial isometries

from Claim 11 and Claim 15, W, W, V, VT are all equal to applying a projector followed by a unitary.
Hence, |AY), |A}"®) are both states with norm at most 1.

Fact 10 (Norm of the purified states). For any t >0, |AY), |AY"®) both have norm at most 1.

Furthermore, from Definition 26, V and VT take states in the subspace associated with the pro-
jector Ida ® HE:LR to the the subspace associated with the projector ldy ® HE:H L r- Hence, after ¢

queries in total to V and VT, we have |A}’) is in the image of Hgf . Similarly, from Fact 7, W and W1
map states in lda ® H?LLR to lda ® H;”Z.H’LR. Hence, after t queries to W and W1, we have ]AXV’®>

is in the image of Hg. We collect these two basic properties in Fact 11.
Fact 11 (Spaces that the purified states are in). For any t > 0, we have the following guarantees:
o |AY) is in the image of H?:

o ]AZV@) is in the tmage of Hg{.
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The main technical claim of this subsection is the following.
Claim 18. For any integer t > 0,

W0 v . 35t2
Re [<~At ‘ABLRCD - cQLReD - (\At >ABLR ""'t(g»co )} >1- N1/4 (9.16)

Proof of Claim 18. We prove this claim by induction. When t = 0, we have

cQLReD - (|AX>ABLR |init(®)>CD) = cQLrep - <|0n>A 12)0 |2)r |init(©)>CD> (9.17)

= [0")a 12} [2)g [nit(D))cp (9.18)

= |45") agirep (9.19)

where the first equality is by the definition of |A}) (Definition 33), the second is because cQ acts as

identity on |@), |@)g |init(D)) g, and the third equality is the definition of ]Agv’©> (Definition 32).
This implies that

Re [ (A" |agrreo - <Qureo - (14§ apr it @) cp )] =1, (9.20)

so the base case holds.
For the inductive step, assume that

W0 v . 35¢2
Re [<~At |aBLRCD - CQLRCD - (\At )agLR [Nit(D))cp )} 1= (9.21)

for some integer ¢ > 0. We will prove that the claim holds for ¢t + 1. To simplify notation, let us
assume that the adversary makes a forward query at step t + 1, i.e., by11 = 0; this is without loss of
generality because the argument is symmetric if the adversary makes an inverse query at step ¢ + 1.
We have

LAY D W cC Ay - AV, (9.22)
Q- (1A,) finit(®)) ) = Q- V- Ay - JAY) [init(D)) (9.23)
and thus
Re | (AT Q- (|AY) finit(®)) )| (9.24)
— Re [<,4tW7©\ Al cCh Wt DT cQ V- Ay - |AY) \init(m»} (9.25)

By Fact 11, the states \.A,YV’@) and |A}) are both in the image of II<;. Following Notation 9, we
write W<, = W - Il<; and V<; = V - II<;. We can then rewrite (9.25) as

(9.25) = Re [<A}M® Ay oWl oD eQ Vi Ay - AY) yinit(@»] (9.26)
Next, we will write cQ - V<; as
Q- Vap=cD: Vg -cC-cQ. + (CQ Vep—cD-Vey - cC- cQ) (9.27)

This allows us to rewrite (9.26) as

Re [ (A/"®]- Al - cCT WL, - Vey - cCoeQ- Ay - |AY) finit(D))]
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+Re | (AM?]- 4, -l Wi, oDt <cQ-V§t—cD-V§t-cC-cQ> Agpr - JAYY finit(@))] .
(9.28)

We can lower bound the second term in the sum as follows. We know that Ayy1 - |A}) [init(D)) and
(AP 'AI+1 -cCl W;t -cDT have at most unit norm by Fact 10 and the fact that A;y1,cC,cD, W;

all have operator norm at most 1 (since W; = (W -Tl<,)" and W is a partial isometry by Claim 11).
Then by Claim 16, the second term can be lower bounded by

— H (cD Vep-cC-cQ—cQ - Vgt) (9.29)
op
— |3 (Pa+ Vet - Ca® QIC, Dl — QIC, Dlik - Vit) @ 1€, DYC, D) (9.30)
C,D op
—max [Da - Ver - Ca ® Q[C, Dlig = QIC, Dir - Vell (9.31)
> —16 2t(tN+1) (by Claim 16)

Combining this bound with the sequence of equalities (9.24) = (9.25) = (9.26) = (9.28), we get

Re [ (AT cQ- (JAY) finit()) )] (9.32)
2t(t+1
> Re [<AtW’©| AL cCHWE Ve cCo Q- Agy - JAY) |init(®)>} ~16 (AJ;) (9.33)
=Yt
Next we can use properties of the W and V operators to rewrite
.I.
wh, v, = (W-Hgt) VIl (9.34)
=Ty - WV - Tl (9.35)
- D(W)
=1 -1I <y (by Corollary 8.3)
— I, - (Hbij (b - HD(W))> i (9.36)
= ngt - (ngt - ng)> (Definition 23 and Claim 12)
Plugging this into ¢, we get
v = Re [<AtW’i’y-Ajﬂ-ccf-ng-cc-cQ.AtH- AY) |init(®)>} (9.37)
=
~Re [(AXV’9| LAl -cCl (Hgﬁt - H§§W>) cC-cQ- App - |AY) [init(D)) (9.38)
=B
Bounding a;. Observe that
D bij
(AP AL et (9.39)
= <AZV©\ : Hg . AIH -cCt ( Hl;iiLR commutes with (AIH ~cChp)
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= <AXV© -AIH - cCT. (by Fact 11)
Thus,
D . 35¢t2
_ (AP cQ- |AYY [init(D))] > 1 — et (9.40)
by the inductive hypothesis.
Bounding §;. We will lower bound —f5; by upper bounding S;:
B < | (AM2)- Al ech (12 - 12 - eCoe@- Arga - AY) [init(D))| (9.41)
< o ’ ul - (125 — 2 L. eQ- o) finit(@))], 9.42
< e |l (2 - mg) [v) [init()) (9.42)

[v)€HaLR:[|0}[[;<1

[v) EHABLR:

1/2
= ( max  (v] (init(D)| - cQf - cC- (ngg_ngm cC-cQ- ) \init(@))) (9.43)

)]l <1
1/2
ij DWW
= C,DE<—©<CA ® Q[C, D]LR)Jr : (H;Jt - Hgi )) - (Ca ® Q[C, D]r) o (9.44)

t\1/2  3¢3/4
<(6n/w) <7 (9:45)

e the first inequality uses the fact that Re(z) < |z|,

where:

e the second inequality holds because cC - As1q - |A};V’D> € HagLrep and Agyq - |AY) € HagLr
both have at most unit norm,

e the third line uses the fact that

[l -2 - o) = ( (- ytar ) (9.46)
max ul - U = max vl - . - |V s .
[u):lllu) |, <1, [v):[l]v)[l,<1

[o):l[lv)llo <1

and the fact that (H%'Jt — ng)) . (ngt — ng)) = szt — ng), since Ht;Jt — ng) is a

projector.”
e the fourth line follows from the definitions of [init(D)),cC, cQ (Definitions 30 and 31),
e and the last line follows from Lemma 9.2.

Note that in the fourth line, we can drop the B register since the operator inside the ||-|,, acts as
identity on B. Putting everything together, we have

A1 Q- (1AL fine@) )] 2 o - g — 16/ 2D (9.47)

"By Fact 7, TPV — oPM) s a projector. By Claim 12, PM™) commutes with IT<; and by Claim 12, 1Y commutes

with II<; by Definition 23. Recall the fact that if II; and II; are projectors such that [II;,IIs] = 0, then II; - Il is a
D(W) _

projector. Thus, since Hb<ijt — 2" = 1P — mPM)) . T1<,, we have that Hb<ijt — HEEW) is a projector.
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3512 3t3/4 2t(t +1)

Zl_W_W_w —N (9.48)
>1- ﬁ . (35t2 + 334 116 - %) (9.49)
>1- ﬁ - (35t2 + 35t) (9.50)
>1- W, (9.51)
which establishes the claim for ¢ + 1. This concludes the proof. O

Lemma 9.3. For any 0 <t < N and any unitary 2-design ©, we have

9t

W, D\, W, D
TD(Tr—ag |4 XA lapirep » Tr-ne AV XA lasir) < 75

(9.52)

Proof. Using the fact that |-’41‘6/K©>ABLRCD and |A})sg g are subnormalized states from Fact 10 and
that TD(|u)(u|, |[v)v]) < |||u) — |v)||, for subnormalized states |u), |v), we have

2
D ( |«4¥V’®><AZV’©‘ABLRCD ,CQLRcD - (|Ay><v4¥|ABLR ® |i”it(©)><i“it(®)|co) 'CQIRCD) (9.53)

< [ 142 ap — cQuren - (141 ) apir @ finit(®))co )| (9.54)
= (A4 + (A |AY) - 2Re [(AXV@!ABLRCD - cQLrep - (’AY>ABLR ® |init(©)>CD)] (9.55)
<2-2-(1- iii) = ;]Olt/z (Using Claim 18)
Therefore, using the fact that cQ rcp acts only on L, R, C,D and cQ|rcp is a unitary, we obtain
TD(Tr-ag [A )AL [agiren » Tr-ag AL NAY [apir) (9.56)
= TD(TT—AB A2 XAY P LReD
Tr_ap [CQLRCD' (’-AYXAHABLR ® “"it(g)xi”it(@)’co) 'CQTLRCD] ) (9.57)

< TD (|42 XAN® apirep - CQurep « ((AY HAY |apLr @ finit(@))init(D)lcp ) - Qlrcp)  (9:58)

[ 70t2 ot

This completes the proof. O

9.3 Twirled W and twirled pfO are indistinguishable

Let |+n1)p and |+3n)p denote the uniform superposition over all permutations and functions, re-
spectively. We define the follow state obtained by querying twirled pfO.

Definition 34 (Twirled pfO purification). Let
fO,D . n m -
A ) asprcp = 10™)a [0™)g [Ha0)p [H385)¢ [init(D))cp , (9.60)
For 1 <i<t, define

APO®) i (1= i) (cD - pfO - cC) + by - (cD - pfO - cC)F ) - A; - [AP®). (9.61)

)
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To connect twirled W and twirled pfO, we need to define the following projections.

Definition 35. Define the projectors

ﬁZ(W) = CompT . HI(W) . Comp. (963)

We define the following state obtained by querying twirled pfO, but depending on whether forward
or inverse query (determined by b;) is made, we will add a projector.

Definition 36 (Twirled projected pfO purification). Let |A'§f6’©> = ]Agfo’g). For 1 <i<t, define
| APTODy ((1 —b;) - (cD - pfO - TIPM) . cC) + b; - (cCF - pfOT - TIZW) . cDT)) A A9y (9.64)

Claim 19. For all integers 0 <t < N,

w,D pfO,®
A7) agLrep = Comp  [AT) agprcp - (9.65)
Proof. We prove this using induction. The base case t = 0 follows from the fact that
Comp - [+n1)p [+3v)F = |D) D)k - (9.66)

If |.AZV’®>ABLRCD = Comp - |Aff0’®>ABPFCD for ¢ > 0, then we have

‘AK?>ABLRCD (9.67)
- ((1 b)) (cD-W-cC)+b;-(cD-W - cC)T) A JAY®Y G ren (9.68)
= ((1 —b;) - (cD - Comp - pfO - Comp’ - IIPM) . cC)

+b; - (cCT - Comp - pfOT - Comp' - TIZW) -cDT)> A LAY s LReD (Using Claim 13)

= Comp - ((1 —b;) - (cD - pfO - IPM) . <)
+b; - cCt - pfOf . TIZW) -CDT> - A; - Comp' - |A"®) s ke (9.69)

— Comp - ((1 —b;) - (cD - pfO - TIPMW) . cC)
+b; - cCt - pfOT . IIZW) . cDT) CA; - ]AEfVO’Q)ABPFCD (inductive hypothesis)
= Comp - \Aﬁ’DMBPFCD- (9.70)
This concludes the proof. O

Lemma 9.4 (Norm bound). For any 0 <t < N and any unitary 2-design ©, we have

WD, ;WD 70t
1> (A7 AT ) agLrep = 1 — NI (9.71)
Proof. We can utilize the following bounds,
WD, ,WD
(A7 A7 ) ABLRCD (9.72)
WD, WD
> (A 1A ) astrep © (AY TAY ) aBir ((AV[AY ) ppLr < 1 from Fact 10)
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= (AP eiren - (A air (it @)lep ) €@ cQuren + (14 )agir linit(®)ep ) (973)
> ) (AV®] 6 ren - CQLRCD - (|A¥ VaeLr init®))cp ) ‘2 (Cauchy-Schwarz inequality)
> Re [<AZV’©|ABLRCD - cQLReD - (|~A1Y>ABLR [init(D)) cp )}2 (9.74)
> (1 - ;51324)2 >1- J%, (Using Claim 18)

which completes the proof. O

Lemma 9.5. For all integers 0 <t < N,

fO,D\, 1pfO,D WD\, WD 92
TD (Tr-as AP O HA O pgprco T AN XA hapiren) € < (979)
Proof. Because Comp acts on registers P, F and maps to L, R, we have
WD\, W, D pfO, D\, 1pf0,D
Tr_pg [Ay “ XA [agLrep = Tr-as |A? ><AE | ABPFCD - (9.76)

Because pfO is an isometry, |.AP fo’i)) agprcp has norm 1. Furthermore, from Claim 19, because Comp
is an isometry, we have

pfO.D| ,pfO,D wo| WD
<A5 ’A? >ABPFCD = <At ‘At >ABLRCD <L (9-77)

Together, we can obtain the following,

D (TT—AB |A?fo’©><¢4§fo’® ABPFCD » 1T-AB |A¥V’©><A}§M®|ABLRCD) (9.78)
=TD (TT—AB APO2YAPO® | peen » Troap |A7§1;6’©><A§]E6’Q|ABPFCD) (9.79)
<TD ( AFOPNATO® | agprcp » |-At;f6’®><¢4§fvo’®|ABPFCD) (9.80)
< || 14E°®)neprco = O neprco,  Gillul o, < flu = vl if Julls ol < 1)
<t- \/1 - <.Ai)?6’® ‘Ai)?é7®>ABPFCD (Lemma 2.3 on sequential gentle measurement)
— ¢ \/1 - <AtW’©‘AF/’D> (Claim 19)
ABLRCD
<t- \/ﬁ < ]\?58' (Lemma 9.4)
This concludes the proof. O

9.4 Proof of Lemma 9.1

From Claim 6, we have

f0.D\, 1pfO,D
Trprcp AP )AL

- E OV A9, . 9.81
ABPFCD OesPRU(@) |'At ><At |AB ( )

From Lemma 9.3, we have

9t

W, D\, (W, D
D (TTLRCD |A N A, |ABLRCD , Trir ‘Az‘f/xAy‘ABLR)
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From Lemma 9.5, we have

9¢2

f0,D, 1pfO,D WD\, WD
D (TTPFCD AT HAT | agprco » Trirep Ay (A, |ABLRCD) S NiE” (9.83)
By triangle inequality, we have
™ E APYAL | ag » Trir [AY WAL 9.84
(o0 By MA s Tre LAY YAY g (9.84
f0,D\, 4pfO,D
=1TD (TTPFCD JAP T XAT | agprep  TELR |A7§/><A¥|ABLR) (9.85)
f0,D\, 4pfO.D WO\ 4W.D
<TD (TI‘pFCD ’.A? ><A? ’ABPFCD , Tri ReD ‘At ><At ’ABLRCD)
WD\, (WD
+TD (Trireo A HAN | apiren s Trir AV AL |apie ) (9.86)
Ot(t + 1)
< S (9.87)

This completes the proof of Lemma 9.1.

10 Proof of Claim 16

In this section, we prove Claim 16, which states that the symmetric path recording oracle V is
approximately unitary invariant. For convenience, we restate the lemma below:

Lemma 10.1 (Claim 16, restated). For any 0 <t < N, and any pair of n-qubit unitaries C, D, we
have

2(t +1)

”DA'Vgt’CA®Q[07D]LR_Q[C7D]LR'VgtHOp <16 N , (10.1)
2(t + 1
HC,T\ (VD)< - Dl @ Q[C, D]k — Q[C, Dk - (V)< <16 (N) (10.2)

To prove this lemma, we will define a pair of operators EX and E® that satisfy eract unitary
invariance. We will then prove that E” is close in operator norm to V%, and that ET is close
in operator norm to Ef. By combining these guarantees, we will show that V¥ and V% satisfy
approximate unitary invariance, which we will use to prove that V satisfies approximate unitary
invariance.

10.1 Defining X and EF
Definition 37. Define the operator E* and E® that act on registers A,L,R as follows:

Bl o 0 ey e 0 vVaum(L )+ 1 EU{GaNEL © Y IRKR. (103)
z,y€[N] LeR RER

Ef = } > la)yla® D> LKL @ Y v/num(R, (2,y)) + 1+ [RU{(2,y)})Rlg. (10.4)
z,y€[N] LeR ReR

We will show that EX and EF satisfies the following unitary invariance property. To state the
property, recall that we define the operator Q[C, D] as follows:
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Definition 38 (Definition 27, restated). For any pair of n-qubit unitaries C, D, define

QIC, D] == (C ® DT)®* @ (C ® D"&*. (10.5)

Claim 20 (Exact unitary invariance of B and E®). For any pair of n qubit unitaries C, D, we have
Da - Efir - Ca = Q[C, Dlir - Bfir - Q[C, D[, (10.6)

CL- Efix - D) = QIC, Dlir - BAg - QIC, D], (10.7)

To prove Claim 20, it will be useful to have the following alternative expressions for E and EF.

Claim 21 (Alternative form of E* and EF®). The E' operator can also be written as

1
B == 30 lela® 3 TR (VI T Jey) ©11) @ 1IE. (10.8)
z,y€[N] £2>0
1
B 3 et ey il e (Ve T ey ©10) (10.9)
z,y€[N] r>0

Here 11y denotes the projector onto the span of length-C states |x1,y1,..., e ye), and (|x,y) @ Iy
1$ the linear operator that maps

(|.T,y> ®H5)L : |x17y1a"'7x€>y€> = ’xvyaxlvylv"'vxﬁ7yﬁ> . (1010)

Proof. We will prove the statement for E¥, and the proof for E¥ will be symmetric. To establish
(10.3) = (10.8), we need to prove that for all (x,%) € [N]? and £ > 0,

S° V(L (e y) 1 LU (@) = TR, (VIR T ey @IL) . (10.1)

LeRy

Since I} | = ZRGR@H |RXR| (Notation 5), we can write the right-hand side of Eq. (10.11) as

> ILXL|- (\/m |z, y) ®He)R (10.12)
LERp41
= 3 LU @y NE U {@ - (VETT- e @) (10.13)
LeRy

Therefore, we need to prove that for all £ > 0 and L € R, that
(LU{@ - (VEFT- |o.y) @ T) = aum(L, (z,y)) - (L]. (10.14)

To see this, note that (L U {(z,y)}| is a superposition over all permutations of the elements of L U
{(z,y)}, and thus when we right multiply by <\/€ +1-|z,y) ®Hg>, the resulting state is proportional
to (L|. To compute the proportionality constant, note that a

-1 )

(num(z )1 _ num(L, (z,y))

(vam( L)) ¢

(10.15)

fraction of the permutations of the elements of LU{(x,y)} will have (z,y) in the left-most slot. Thus,

num(L, (x,y))

(LU{@ - (ley) @10 = T, (10.16)
which gives Eq. (10.14) when we multiply by /¢ + 1. O
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We can use Claim 21 to prove exact unitary invariance of E* and E® (Claim 20).
Proof of Claim 20. To prove Eq. (10.6), it suffices to prove that
Da-Efig-Ca®QIC, D]ir = Q[C, D]ig - Efg. (10.17)
Recall that
QIC, D]ir = (C ® DT)®* @ (C @ D)E*. (10.18)

Expanding the left-hand-side using the definition of Q[C, D] and the expression for E given by Claim 21,
we have

D - EﬁLR -Ca ® Q[C, D] 1r (10.19)
\F > Dalydala - Ca@ > 5, - (VI+1: |2,y) @11%) - (C® DT)E* (10.20)

z,y€[N] >0
<®HR-«7®Lﬁ) (10.21)
\ﬁ Z Nola @Y TF - (CoDT)PH - (VI 1 |2,y) @ ITY) (10.22)

z,y€[N >0

®(Cw® DT)?* (TR (10.23)
= Q[C, Dlir - Exir (10.24)
A similar argument works for EL ; to establish Eq. (10.7). O

10.2 Approximate unitary invariance of V! and V%

We now prove approximate unitary invariance of the operators V¥ and V. The key step is the
following lemma, which relates these operators to E* and EF.

Recall that for an operator M acting on registers L, R, the notation M<; = M - Il<; | r refers to
the restriction of the operator M to states where the combined length of the L and R components is
at most .

Claim 22. For any positive integer t,

2(t + 1)

Op_

2(t + 1)

o < ~ (10.25)

IVE, — B VS, - B4
Proof. We will only prove this for V<t, as the proof for V<t is analogous. Let |¢)), g be an arbitrary

unit-norm state in the image of Idy ® Il<; | r. In particular,

V) aLr = Z oL, |T)a [L) |R)R - (10.26)
z€[N],
(L,R)eR?

where o 1, g is zero whenever |L U R| > t. It suffices to show that for any such [¢),

2(t + 1)

HVL ) EALR |¢>H0p = N (10.27)

46



Expanding out V¥ [¢)), we get

Vi) = Y A Y ) LUy} [R). (10.28)
el VN — Im(LUR)| el
(L,R)eR? yZIm(LUR)

Expanding out EX  [¢) g, We get

az7 K
Birley= Y JLNR S Jy) v/num(Z LU {(z,y)}) |R) (10.29)
z€[N], y€[N]
(L,R)ER?

Then we have

VAir [¥) — EXiRr [0 (10.30)
Oygim(zur)  /num(L, (z,y)) +
= > owrr Y, ) ILU{(z,y)}) IR) ( - (10.31)
z€[N], velN] N —|LUR| VN
(L,R)ER?
1 1
= QLR ly) [ILU{(z,y)} ( )
xez[;v]’ yez[;w VN — Im(L U R)| VN
(L,R)ER? y&Im(LUR)

=|v)

+ > aer Y W ILU{@y))) R><—V““m“ -

z€[N], y€Im(LUR) \/N
(L,R)ER?

y)+ 1) . (10.32)

i=lw)

Note that |v) and |w) are orthogonal, since |v) is a superposition of states |y) |L') |R) where y is in
Im(L' U R) exactly once, while |w) is a superposition of states |y) |L’) |R) where y is in Im(L' U R)
at least twice. Thus,

VAR 18 — Ekir 1)) = (vlo) + (wlw) (10.33)

Bounding (v|v). By changing the order of summation, we can rewrite |v) as

wy=">_ v IL)IR) ( > ax,m(\/N_ |II1H(LUR)| - &)) (10.34)

y€[N], (z,L):
(L',R)ER? L'=Lu{(z,y)},
yZIm(LUR)
and thus
1 1 ?
(vv) = Z < Z Oz LR - ) (10.35)
VeV, (o y: <\/N—|Im(LUR) \/N)
(L’,R)GR2 L'=Lu{(z,y)},
y¢ZIm(LUR)
1 1 \2
< Y ( > Iax,L,R|2> ( 3 ( ) ) (10.36)
y€[N], (z,L): (z,L): \/N Im(L U R)| \/N
(L', R)eR? L'=LU{(zy)}, L'=LU{(z)},
y&Im(LUR) yZIm(LUR)
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where the last inequality is by Cauchy-Schwarz. We can bound the summand by writing

! 1\2 _ VN — \/N ]ImLUR)|

(CE’L): ((E,L)I
L'=LU{(z,y)}, L'=Lu{(z.y)},
yZIm(LUR) yZIm(LUR)

Tm(Z U R)| 2
(;L:) (\/N |ImLuR)\)>

L'=Lu{(z,y)},
yZIm(LUR)

(since ﬁ—ﬂgx/a—bwhenazbZO)
B Im(L U R)|
N (;L) N(N — |Im(L U R)|) (10.38)

L'=LUu{(z,y)},
yZIm(LUR)

(IL| + 1) - |Im(L U R)|
= N(N — Im(ZUR)))

IN

(10.39)

where the last inequality uses the fact that for any fixed L', there are at most |L|+ 1 choices of (z, L)
that can satisfy L' = LU {(z,y)}. Thus,

(IL]+1) - Im(LU R)| 2
< . .
W) < N Tz o B > > L, (10.40)
y€E[N], (z,L)
(L',R)ER?  L'=LU{(zy)},
yZIm(LUR)
(IL]+1) - Im(L U R)| 2
T N(N—m(LUR)|) Z |, z.R| (Z 5y¢1m(LuR)> (10.41)
z€[N], yE([N]
(L,R)ER?
L|+1) - [Im(LUR LI+1)-[Im(LUR
QLD MaEOR] gy e (L4 D @ UR), 10.42)
(L,R)ER?

Bounding (w|w). By changing the order of summation, we can rewrite |w) as

wy= 3 Iy L) |R>< > awnn(- Ynum(L ﬁ ”1)). (10.43)

y€E[N], (z,L):
(L',R)eR? L'=LU{(z,y)},
yEIm(LUR)
Thus,
(ww) = Y ‘ ooa LR(_ V/num(L, (a:,y))—l—l) 2 (10.44)
yE[N], (z,L): \/N
(L'\R)eR? L'=L{(zy)},
y€Im(LUR)
<3 (% ) n e
- Xy Ly N
y€E[N], (z,L): (x,L):
(L', R)eR? L'=LU{(z,y)}, L'=Lu{(z,y)},
y€Ilm(LUR) y€Im(LUR)

(by Cauchy-Schwarz)
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< > < > Iax,L,zaeIz)-('L‘]\,H), (10.45)
( :

y€[N], z,L)
(LI7R)6R2 L,:LU{('I7y)}7
y€Im(LUR)

where we have used the fact that for any y, L', we have the upper bound

> num(L (2,y) + 1 <L+ 1, (10.46)
(z,L):

L'=Lu{(z.y)},
y€Im(LUR)

since each tuple in L’ increases the value of num(L, (x,y)) by 1 for at most one z. Thus,

|L| +1
who) === > Jawral (Y dyermion) (10.47)
z€[N], y€E[N]
(L,R)ER?
(IL[+1) - [Im(L U R)| 2 _ (L[ +1)-|Im(LUR)|
< 5 > lowrrl N (10.48)
z€[N],
(L,R)ER?
Putting everything together, we have that for all |1), g in the image of ldall<; g,
2(|L1 + 1) - [Im(L U R)] 2t(t+1)
HVALLR ) — EXir )| < \/ | ]\‘f < N (10.49)
since [Im(L U R)| <t and |L| 4+ 1 <t+ 1. This completes the claim. O
Claim 23. For any positive integer t, and any pair of n-qubit unitaries C, D, we have
2t(t+1
HDA VL Ca—QIC, DIk - VE - QIC, DI <2 (N) (10.50)
2t(t+ 1
|Pa- V- cn - Qie. Dl - VAT Qle. il <2 el (10.51)

Proof. We first prove Eq. (10.50). Using Claim 20 together and the triangle inequality, we have

HDA VL O - QIC, D)k - VE - QIC, D]{RHOP (10.52)

< ||Da -V - Cn — Da- B2 Cal|
+|@le. Die - 2L, - Qle. Dl ~ @lo. Dlie - VE - QO Dl | (10.53)
<2 vaLt — EétHOp (by unitary invariance of [|-[|,)

2 1
<. 2D (by Claim 22)
N

Eq. (10.51) follows from a symmetric argument. O]

Note that with our convention that M<; = M - Il<;, the operator Mlt = (M Tl<)" =Ty - MT
is not the same as (M1)<; = MT-Tl<,. However, since our V¥ and V" operators map I<; to <1,
we have the following identities,

(VEN g = VI Ty =Ty - VBT = Vth’L (10.54)
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(Vg = VT Tl = Thgpy - VAT = VAT (10.55)

As a consequence, Eq. (10.51) also holds for the “mis-parenthesized” version. In particular, for any
positive integer ¢ and any C, D, we have

2(t + 1)

~ (10.56)

|Pa- (VE1)<i- €0 = QIC, Dl - (VP)<r- QIO DIl <2-

To prove the approximate unitary invariance of V', we need to utilize the following basic lemma.
Lemma 10.2. Given any operators A, B, A', B' with operator norm bounded above by one, we have
/ / / /
HAB_A -B Hop S HA_AHop+ HB_B Hop' (1057)

Proof. We can prove this lemma via triangle inequality,

|A-B-A" B <|A-B-A"B| +][4-B-A"B (10.58)

< HA - A/Hop ' HBHOP + HA/HOp ) HB - B/Hop (1059)

<|A-a,+B-B, (10.60)

This completes the proof. O

We start by proving the approximate unitary invariance for the projectors VL.Vt and VE. Vi1,

Claim 24. For any positive integer t, and any pair of n-qubit unitaries C, D, we have

t 1
+ (10.61)

442 N* (10.62)

Proof. By the definition of V', we have (VL. VET) o, = Vth—l . VSLt’L. We have

HDA. (VL : V“) D} —Q|C, D]k - (VL : VL’T> .Qlc, pif

<t <t

t

HCZ - (VR - VR’T>§ -Ca = Q[C, D]ir - (VR ' VR’T)< -Q[C, D]y

HDA ' VSLt—l ’ V<t 1 DT Q[C, D]LR ’ VSLt—l ) VgLiil ’ [C’ D]IRHOP (10-63>
= H(DA ’ VSLt—l ) CA> : <CT <LtT1 DTA)

— (QlC. Dlr- V41 - QIC. DIy ) - (QIC, Dluw - VAT, - QIC. D) (10.64)

op

<DA . Vth—1 . C’A> — (Q[C, DR - VSLt_1 -QIC, D”L_R)

op

(ch- v, D)) = (QIo, pliw - VAT, - qle, D) (by Lemma 10.2)

op
2t(t+ 1
<4- 2w+l (by Claim 23)
N
The statement for V' can be proven similarly. This concludes the proof of this claim. O
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We can now prove approximate invariance of V' (Claim 16). By unitary invariance of [|-||,, we can
restate lemma Claim 16 as follows.

Lemma 10.3 (Claim 16, restated). For any positive integer t, and any pair of n-qubit unitaries C, D,
we have

2t(t+1)

HDA Ver - Cp — Q[C, D)ir - Vey - QIC, D} H <16/ = (10.65)
21(t + 1
|ck- (vh<e- DL - QIC, Dk - (V)< QIC, Dllg||, <16 (N ), (10.66)

Proof. We will prove the first inequality, as the second follows from a symmetric argument. From the
definition of V', we have

V=vE.(d-VE.VENH L (d-VE. VY. yRT (10.67)
From the definitions of II<, VL and VE we note that

(VP VE VRN = VE (VR VD o, (10.68)
(VP VvEL VRN = (VR VED o (VD < (10.69)

Using this fact and the definition of V', we can apply the triangle inequality to obtain,

HDA Ve - Ca — QIC, Dig - Vi - Q[C, DIf H (10.70)
< HDA VL Ca—Q[0, DIk - VL - Q0 D) 4 (10.71)
op
|| Da- V- (VE.VED L Ca - QIC, DIk - VE - (VE-VED ., QlC, DI (10.72)

op
+ || Da - (VB < - Ca = Q[C, Dlir - (VR <, - QlC, DIl (10.73)
op
+ [ Da- (VEVEN < (V)< Ca = QIC, Dlir - (VE - VT < - (VRN <, - QIC, DY || - (10.74)
op

We now bound each of the four terms. The first term Eq. (10.71) is bounded above by 2 - Qt(j\;rl)

from Eq. (10.50). The third term Eq. (10.73) is also bounded above by 2 -4/ (Hl) from Eq. (10.56).
The second and fourth terms Eq. (10.72), Eq. (10.74) require the use of Lemma 10.2. Hence, we can
bound the second term Eq. (10.72) as follows,

HDA VE - (VR VRN Ca—Q[C,D]ir - VE - (VR VED - Q[C, Dl (10.75)
op
:'DA-V<Lt~CA'CI\'(VR'VR’T)§,:-CA
~QIC, D)ir - V& - Q[C, DI - QIC, D - (VE - VAT, - Q[C, DI (10.76)
op
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< |[Da-VL - Ca —QlC, DIk - VE, - Q[C, D)l & (10.77)
op
+llcl- (vE.VvEN - QIO DIk - (VE-VEN . Qo DI, (10.78)
op
2t(t +1)
<6- . .
<6 N (10.79)

where we used the fact that Eq. (10.77) is bounded above by 2 - % from Eq. (10.50) and

Eq. (10.78) is bounded above by 4 - /24 from Eq. (10.62). Similarly, we can bound the fourth
term given Eq. (10.74) using the same argument to obtain

2t(t+ 1
‘DA-V<Lt-(VR-VR’T)StCA—Q[C, Dlir-VE - (VvE.VEY Q[0 D)l|| <6- (N) (10.80)
op
Combining the bounds on the four terms, we obtain
2t(t+ 1
HDA Vi Ca— QIC, Dlir - Vet - Q[C, D]IRHOP < 16- (N) (10.81)
This completes the proof of the approximate unitary invariance of V. O

11 Proof of Lemma 9.2

In this section, we prove Lemma 9.2. For convenience, we restate the lemma below.

Lemma 11.1 (Lemma 9.2, restated). For any unitary 2-design © and integer 0 < t < N — 1, we

have
bij D(W) t
o E o (Che Qe D)ir)t- (HS'Q,LR - HSMLR) - (Ca ® Q[C, D)1r) . < 6t/ 5 (11.1)
t bi (W) f ¢
o E DOlele. D)’ (12 - E/Rx ) - (DL @ QIC. D) <o |+ (1)
In the above expressions, Hg Lr is shorthand for ldy ® Hg Lr> and thus the operators inside the
[lop act on A, L,R. - -

11.1 The domain and image of W

In order to prove Lemma 11.1, we will first need to give an explicit characterization of the projectors
IPW) and ZW),

Definition 39. Let

o™ = N Ja)ala ® XL ® [RYRIg (11.3)

(L,R)ER?,
z¢Dom(LUR)

™= % Jylyla ® ILXLI, © |RYRlg- (11.4)

(L,R)ER?,
y&Im(LUR)

52



Definition 40. Let

1 1
PR = |EPRy)EPRy| = (mez[;v] 2} Iz} ) - <ﬁ S Gl ) (11.5)

y€E[N]
Notation 13. We use the notation HiPRRE,,) for the projector on registers A,R") that applies TIEPR
X,

to the registers A, Rgg (where i € [r]), and acts as identity on the rest of R7). The same notation
applies for HEP Lo

dist X,Y

Fact 12. The projectors HF and 11} 5 commute, and moreover

bl = T Tty (11.6)
Claim 25.
D(W) _ 1ybij D bij
P =17 - (HALI(?)m + > N — € Nog— e ® > Uy R(’“)) ik (117)
£,r>0: 1€[r+1]
€+T<N
TOW) _ bij 1 N EPR bij
) — I - (HALIE + Z mHﬂR ® ' Z HA,L&:A)) IR (11.8)
£,r>0: 1€[l+1]
l+r<N
Proof. By Fact 8,
mPW) — PW*h) 4 qZw™), (11.9)

To prove Eq. (11.7), it suffices to prove

W) — HEIIJ? Hf?gm ) HEE{ (11.10)
" i N bii
HI(W ) = 1—ILIIJ? ) ( Z N — /¢ — Hé L® Z HiPRR;’"fl)> ’ 1—ILIIJ? (11'11)
EK,TZ%V i€[r+1] o
+r<

Proof of Eq. (11.10). From the definition of W its domain is the image of the projector

L
PV = N Ja)al, @ [LYL] ® |RXR|g (11.12)
(L,R)ERQ’diSt,
z¢Dom(L,R)
= ( Z |LXL| ® \RXR\R) : ( Z lzXz[p ® [LXL| ® |R><R\R>
(L,R)eR2:dist (L,R)ER?,
z¢Dom(LUR)
: ( > XL ® !RXRIR) (11.13)
(L,R)eR2dist
=TI - TR ™ - T (11.14)
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Proof of Eq. (11.11). We can expand out

D = Wi Wit = Wi 7 Ty e W (11.15)
£,r>0,
l+r<N
— Z Wi W;}T (11.16)
677"20’
l+r<N

where the second equality uses the fact that the domain of W% is contained in the image of the
projector Ef,r20,£+r<N Iy, R, ie., W is only defined on states where the L and R registers have
sizes £, > 0 where £ +r < N. Thus, it suffices to prove that for all £, > 0 such that /+r < N that

N

R,

Wer WMT WHZT—HLR (HM@ E HERML) H£r+1LR7 (11.17)
i€[r+1]

where we use our notational convention that for an operator B acting on a variable-length registers
L,R, the operator By, = B -1l;, r is the restriction of B to states where the L register is length ¢
and the R register is length 7.

We will do this by relating W to the Ef operator defined in Definition 37. From the definition
of W% in Definition 22, we immediately have:

Wi = \/17 Y l2Xyla® [LXLIL © [RU{(2,y)}XRlg (11.18)

(L R)€R2 dlst

|L|=¢,|R|=r
a:QDom(LUR),
y¢Im(LUR)
Using Eq. (10.4) for E¥, we have
1
= o 2 VR ) 1 el LKL @ RU{@ o) B (119)
(L,R)ER?,
|L|=£,| R|=r,
z,y€[N]
By inspection, we can see that
rR___VN bij

R
Wer = VN (-1 Wpri1 iR B (11.20)
since multiplying by Iy restricts the sum in Eq. (11.19) to x,y, L, R such that (L, R) € R>dist,
y ¢ Im(LUR), and and = ¢ Dom(LUR), and for all such z,y, L, R, we have /num(R, (z,y)) + 1 = 1.
Now, recall from Eq. (10.9) in Claim 21 that Ef can be also be written as

Ef = f > )yl @ I{ @ IR & - (v 1 |z,y)® HT)R. (11.21)
z,y€[N]
And thus, we have the following expression for Efr
B B (11.22)
1
(= X ke T ol (Vitl: sy o) )
\/N z,y€[N] ’ ’ R
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1
: ( DS AN (\/r+1. (2| ® 11, ) 1A R) (11.23)
'y’ €[N]

VN
1
=5 Y e TR oM (4 1) kel @ X ol ©TL) TR
x,z' €[N] ' y '
(11.24)
1
=N ECN= HZ,QL ® HE{—LR : ( Z \3?><$/\R><(7-_+1> ® Z |y><y\R<Yv-+1> ® Hr>R : HZE&-LR
a2’ €[N] i€fr+1] y
(11.25)
2
=Tk <He L® Y H§PR3,+1>> 1 k- (11.26)
i€[r+1]

And thus, combining this with Eq. (11.20), we obtain

Wi Wb (11.27)
N bij EPR R bij
== 'I”H€7T+LLR : Hg 7+LLR (Hz L® Z I R<’+U> SR | Ty R (11.28)
i€r+1]
N g Il TIEFR 1ol 11.29
TN ¢ otrLR T AL ® Z ARV | 1R (11.29)
i€[r+1] !
This concludes the proof. 0

Definition 41. Define

D(W dist dist

P e (e X e o)t
L,r>0: 1€[r+1]
(4r<N

w dist st

Paly ) =TI (H}fﬂ?m Y. v e Y H,EPL%)) ey (11.31)
£,r2>0: i€le+1]
€+7"<N

Combining Claim 25, Definition 41, and Fact 12, we have the following corollary.
Corollary 11.1.

nPW) — R* . pPW) . R* (11.32)
ZW) — [R* . pIW) , 1R* (11.33)

11.2 An operator upper bound

Claim 26. For any non-negative integers £,r,

distx,y D(W) N EPR {+r
Uk~ Prralr = N—t—r+1 ( Z Al L(i) + Z ( ARG T I RY) > T2 ldaLr

icll] gl
(11.34)
dist x, T(W) N EPR {+r
Wk = Porale = =71 (Z e + > <HZ‘TL$2 s L(/)) + 201/ ldag
1€[r] ’ i€[{]
(11.35)
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Proof. We will prove the first inequality, and the second will follow from a symmetric argument. We

begin by writing out Pﬁ(Z_)R as

D(W) dist gD EPR dist x,
PMALR —H o (HALI(?)m+ Z N _ gl Hf L® Z H <7’+1>> ‘HLR o Uy ir

7XL

' >0: i€[r’'+1]
C4r<N
(11.36)
dist ZDom N EPR dlbt
_HZT§Y'<HZTZLR+N 7 eL®ZHAR<7> “L)EY, (11.37)
i€[r]

where the second equality uses the fact that IIy .| r commutes with every other projector in the above
expression. Note that in the special case where r = 0, the above expression simplifies to

distx vy ZDom dist x|y

HZ ;LR HZ r,ALR HZ,T,LR : (1138)

. D(W)

Next, we use our expression for P, AR tO expand out
diStX,Y D(W) o diStX7y ZDom N EPR diStX,y
He,r,LR - PZ,r,ALR = Hz,r,LR ’ (Hf,r,LR - He,r,ALR TN —/—r +1 Z HA_RQQ) ) He,r,LR : (11-39>
i€[r] S
Using the definition of HgDom we have
ZDom eq eq

Herir — érALR = Z H Lo + Z I ARY) (11.40)

K

i€l i€(r]

This inequality holds because any state in the image of Il ;.| r — [1%Pom st have a collision between

the A register and at least one of the registers {L§f )i}iE[f] U{Rg(r )i}ie[r}v and will therefore be in the image
of at least one of the projectors on the right-hand-side. Plugging this inequality into Eq. (11.39), we

have
dist x, D(W)
Hf,r,l_)i?y — Py alR (11.41)
dlstx Y | Z Heq + Z H N Z HEPR ) Hdistx,y (11 42>
Z r, LR A, R(T) N—(—r+1 - A7R§(7‘3 £,r,LR :
i€lf] i€(r] i€lr] '
N dlst dlst
= N—¢—r+1 ( ML)I(?Y (Zneq (/>) M,LAEY)
1€[¢] i
Term1q
N dist x EPR dist x
Ly ] (H&ﬁy (20 (e IR ) I ) (11.43)
1€[r] X X
Termsg

Comparing (11.43) to the right-hand side of Eq. (11.34), it suffices to prove that:

Term; < ZHZ‘TL(XQ, (11.44)
iefg] ™'
L+
EPR
Termy < ) (HZ‘TR@ - HARQ.)_) + 2\ ldaLr. (11.45)
i€[r] B "’



Bounding the first term. To prove Eq. (11.44), it suffices to prove for each i € [¢],

distx,y eq dist x v eq
Hé,r,LR AL @ Hz,r,LR <IT° - (11.46)
A’Lx,i A’LX,'Z
; . dist ) . ) _
This holds because HZqL(“ commutes with Hzfljg’y (since both are diagonal in the standard basis)
"X, 7
and thus:
Hdistx,y Bk . Hdistx,Y — 1% . Hdistx,Y 11 ~< T8¢ Tk - I1ed — e (11 47)
£rLR A,L;@i £,rLR A’L;@z‘ 2, LR AL;@ = A’ng )T A,L@ A,L@' .

Bounding the second term. To prove Eq. (11.45), it suffices to prove for each i € [r],

dist x|y eq EPR distx y eq EPR {4+
IV (HA,R(X’(E - HA.,R;,’,Z) 3 T (HA,RQ‘E - HAR&’JZ) + 2/ Ak (11.48)
di .
Note that Hflftl_)ﬁ’y and (HZqR(,,) - HE‘PRRE,,J do not commute, so we cannot simply apply the argument
e R i R i

we used to bound the first term. However, these two operators almost commute. In particular,

{4+
< . .
<\ (11.49)

distx y eq EPR eq EPR dist x|y
II I (H =1 ) = (I =I5, ) - 10 ;

op

We prove Eq. (11.49) in Claim 27, which follows this proof. To simplify notation for the following

: — prdistx,y — EPR : : EPR
steps, let us write A = H@,r,LR and B = HeAq,RQ:; — HAR;’;Z' Note that B is a projector because HA RV
projects onto a subspace of the image of HZqu.

> &
Using the definition of operator norm, we have
A-B-A—B-A-Bj||A-B~A—B-A'B||Op-ld. (11.50)
Adding B - A - B to both sides, we get
A-B-AjB-A-B—I—HA-B-A—B-A-BHOP-Id (11.51)
jB—l—HA-B-A—B-A-BHOP-Id, (11.52)

where the second inequality uses the fact that B- A-B < B-ld- B = B for projectors A and B. Now,

|A-B-A-B-A-B|,,<[[A-B-A-A-B-A-B|,,+|A-B-A-B-B-A-B|,,
(triangle inequality)
=[A-B-(B-A=A-B),, +[(A-B-B-A)-A-B|,,
(since A2 = A and B? = B)
<[[A-Bllop-IB-A=A-Bl,, +|A-B=B-Al,,-[|A-Bl,, (11.53)

§HB-A—A-BHOp—l-HA-B—B-AHOp (11.54)
l
<o /LT (by Claim 27)
N
. .. . . . . _ pdistx, . EPR
Plugging this inequality into Eq. (11.52), and plugging in A = HM,L)I;Y and B = HT,RQQ — HA,RQE
yields Eq. (11.48). This completes the proof. O
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We now prove Claim 27, which we used in the previous proof.

Claim 27. For any integers £,r > 0 such that £ +r < N and any index i € [r] (if such an i exists®),
we have

{4+
< . .
<\ (11.55)
op

distx y eq EPR eq EPR distx y
it -(H C—TEPR ) - (T - TEPR ) iy
H £,rLR /—\,R)(g_) A*R><<,f)i AR;; A>R§<,2 4, LR

1

Similarly, for any integers £, > 0 such that £+r < N, and any index i € [{] (if such an i exists), we
have

L+
- N

dist x,y eq EPR eq EPR dist x|y
II . <H —1II — (II —1II -1 ; . 11.56
H ¢rLR ALY T HALY Al T HaLn) Hentr ( )

i

op

Proof. We will prove the first inequality, and the second will follow from a symmetric argument.

. . . . dist
Assume without loss of generality that ¢ = 1. Since HKI:L)I;’Y and HeAq (y commute,
3Ty Ry
sty (Heq _ TIEPR ) - (Heq _ TIEPR ) LIy (11.57)
4,r,LR A7R>(<7t)1 A,R;T’i A,Rg(fi A7R>(<T)1 £,r,LR .
_ T1EPR distx,y distx,y 17EPR
= HA.RQ{ AL g — R HA.R)([{' (11.58)

. . .. . dist dist .
We will write down an explicit expression for the operator IIEPR . T2y 10" XY L TIEPR © which
A~R§(7% £,r,LR ,r,LR A~R§(7% ’
we will then use to bound the operator norm.

diStX’y
We can expand out H“,LR

dist
Hf,ls,l_)l('\;y = Z |Z‘, y><:1:7 y|L(€) ® |$/7 y,><l‘/a y/|R(T') ) (1159)
(z,2")E[NIGT,
(vy)eNGET

where in the above sum, z,y € [N], 2/,3/ € [N]", and |2, y) ) = |21, Y1, e, Yo) -
We can then expand out

dist
(Ida ® 1L RY) - T (11.60)
X1
1

- ( Y el ® |a:',y'><m',y'rR<r>> ~ (N S leela ® ol ) (11.61)

(@a)eNIG, u,vE[N] ’

(yyy’)E[N]st%

1
= Z ’.le, y><:):, y‘L(l) ® ‘x,[2:r]7y/><x/[2:r]’ y/‘R\RQ} ® N Z ’u><v’A ® ‘u><U‘R)(g">l )
(@,2l, )ENIGH Y, ’ vE[N], ’
[2,7] dist Ug{w,ﬂffz,r]}

(w.y)EINIGEr
(11.62)

where 7, , € [N]""!, the notation u & {x,z], .} means u must be distinct from each element of x
[2,7] (2,7]

and a;’[2 ] and R\ Rg)l refers to all of the registers R = (Rgz:)l, Rgl), e Rgz)r, Rg;) except for R§Z)1

8Note that [r] == {1,2,...,7}, so no i exists when r = 0. But in this case, the bound is trivially satisfied.
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.. . dist . .
Next, to get an explicit expression for HiPRFi,.) . Helf L);’Y, we can just take the conjugate transpose
Ry .1 I

of Eq. (11.62). By exploiting symmetry, we can write the result in such a way that it looks nearly
identical to (11.62), except for the part highlighted in red.

dist
L3 - (da ® I RY) (11.63)
1
= Z |‘/Ea y><:c, y|L(‘> & |x,[2:r]7y,><:l"/[2:r]’ y/|R\R)(<7:§ ® N Z |u><U|A ® |u><U|R>(<7")1 .
(@aly ENIG, ue[N], )
(y,y’)e[N]ﬁTs: ’UQ{(I?,:E[Q"T]}
(11.64)
Subtracting (11.62) from (11.64), we get
EPR dist x, dist x, EPR
HA,R§(")1 ~(lda @ H&TJ-)I(?Y) — (lda® Hf,r,lﬁiy) : HA-,R;")I (11.65)
= > [z, yXz, Yl Lo ® ‘xfzzrwylxxl[?:r]’y/‘R\R(x'ﬂ
(IE,ZE2,T])E[N]§;‘;:_1,
(v.y")ENIGr
1 1
@5 O |ula® uvlge % Do Tuela® Ju)elge - (11.66)
uE[]\f}7 ’ ’UE[N], )
Ug{zvxh,r]} ug{az,mhﬂ}

Since this is a block diagonal matrix with blocks indexed by z, ¥, 3:’[2:7,},,1/ , the operator norm is

EPR dist x, dist x, EPR
HHA7R§<73 - (Ida ® HZ,T,L)I(?Y) — (Ida ® H&T’L);Y) . HARQ’)1 . (11.67)
1 1
= e, o | W > ulae !UXU!RQ& -~ Yo luva@ [uXvlge) || - (11.68)
"2,r] dist > u€[N], vE[N], op
(yy)EINIG v {27y 1} u{w,2ly .1}
Fix any choice of (z, x’[2 ) € [IN]ST=Y (y, ) € [N]5T. We can rewrite
1 1
Y e el YD el ® el (1169
u€[N], ' vE[N], ’
v€{x,xf2ﬂ} ug{x,xflr]}
1 1
=5 2 [|uhe [ulvlger =+ Y. luwula® [uv]ge) (11.70)
ue{x,z’[ZT]}, ’ u¢{:p,xi2’r]}, ’
vg{m,zhm]} ve{x,mb’r]}
(N—r—0+1)(r+¢-1)
- Y N (loxwl =)ol ). (1171)
where [¢) and |¢) are the following vectors
1
= w)a U)o 11.72
V) = == Z [uda w)g) (11.72)
uQ{x,x[Qﬂ']}
1
_-— . 11.73
ue{x,xb’rl}
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Note that if » = 1 and ¢ = 0, these vectors have norm 0 and we are done. For all other choices of
r > 1, £ > 0 such that r + ¢ < N, these are orthogonal unit vectors, and thus |[¥)¢| — [#)1)| has
operator norm 1. It follows that the overall operator norm is at most

\/(N—r—£+1)(r+£—1)< O+
N -V N

(11.74)

which completes the proof. O

11.3 An intermediate lemma on 2-design twirling

Claim 28 (Twirling). For any unitary 2-design © and any non-negative integers ¢, r,

CDEHD<CA © Q[C, D]LR>T . (Z + Z (HeAqR(T - HipRRz )> > . (CA & Q[C') D]LR)
’ Ze[ﬂ ’7 E['r] op
204 r
= 11.
<NTT (11.75)
t T eq eq EPR . t
o2 (Pa®QIC, DliR) ( Z e + Z <HA7L([) s Lm) ) (D} @ Q[C, D]ir)
i€(r] ’ €[4 op
2r + /4
< . .
“ N+1 (11 76)

Before we prove Claim 28, let us recall the following claims that were proven in the preliminaries.

Claim 29 (Claim 1, restated). For any n-qubit unitary 2-design O,

2
. 1780 N,2
JE [(U@U) II (U®U)} N1 Uom: (11.77)

Claim 30 (Claim 2, restated). For any n-qubit unitary 2-design D,

E [weD) (- 1R) 0 e 1)) = - (d - TER), (11.78)

Proof of Claim 28. We prove the first inequality, and the proof for the second one is symmetric. By
the triangle inequality,

E (CAr®QIC, Dlir) <Zneq ot < ARY) — 11 R(r))) (Ca®Q[C, Dir)

epes icl) el op
(11.79)
< %{;} o & o(CA®QIC, Dlig)! T, - (CA® QIC, Dlie) )
o o2t D))’ (I ~ T, ) - (Ca © QIC, D) p (11.80)
ic o
Plugging in
QIC,D)ir = (C® D")®* @ (C ® D)g*, (11.81)
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we can rewrite (11.80) as

(11.80) = >

iclf) op
+ Z E (Car® CR('E) (H:(TRQ) EPRRQJ (Ca® CR§("3) (11.82)
i€[r] " ’ © lop
20 r :
_N—|—1+N—|—1' (by Claims 1 and 2)
This completes the proof. O

11.4 Finishing the proof of Lemma 9.2

We now prove Lemma 9.2, which we state again for convenience.

Lemma 11.2 (Lemma 9.2, restated). For any unitary 2-design © and integer 0 <t < N/2, we have

bij D(W

o E L(CreQlC, D)ir)t- (n o R HSQABR) (Ca ® Q[C, DIir) \/> , (11.83)
bij (W

CJ%[%_@(DL ®Q[C, D]LR)T ) (HSJt,LR - Hg(t,A)LR> (DX ® Q[C, D]ir) \/7, (11.84)

Proof. Using Fact 12 and Corollary 11.1, we have

HEE{ = HR2 HcLhrth v HLRv (11.85)
D(W 2
HAIER = =10l PAL(R : HLR: (11.86)

Since II?” commutes with IT<;, this implies

bij 2 dist
m% o =Mk TSR - Tk, (11.87)
DW 2
H<£ABR = I Pgt(,AL)R S (11.88)

Plugging this into the left-hand side of Eq. (11.83), we get

2 dist 2 D(W 2
- C[I)E<—©(CA ®Q[C, Dlr)" (HFR T R IR — TR P<t(AL)R FR) -(Ca ® QC, D]Rr)
: o
(11.89)
2 dis D(W 2
= || - (CDE(_@(CA ® Q[C,D]r)T- (Hstjﬁiy _ Pét(,AL)R) (Ca®Q[C, D]LR)) B (11.90)
op
dis
<o o (Ca®QIC, Dlir)"- (Hgt,tlf(Fiy - PQSX?R) (Ca®Q[C, DIR)|| (11.91)
: o

where the second equality follows from the fact that HE: commutes with Q[C, D] g, and the inequality
uses the fact that [|IT- M - II|| , < ||M][,, for any projector IL
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Next, we use the fact that the operators Hii:tx‘y and PZ(XVL)R are block diagonal with respect
to {Il¢, R}er>0 (recall that II,, denotes the projector that restricts the registers L and R to have
lengths ¢ and r, respectively), i.e., they map the image of IIy, to the image of I, ,. Thus,

(11.91) = max || E (Ca®Q[C, D]r)" - (njijtgf - PﬁFZVL)R) - (Ca ® Q[C, D]ir) (11.92)

£,r>0: ||C,D+D ) ) op
l4r<t

< max N E (Ca®Q[C,D]Rr)f Zﬂeq

>0 ||N—0—7r+1 DD ALY
l+r<t i€lf]

L+ .
+y (Hj\iR(ii - HE\PRF*(, > +2ry[ IdALR> - (CA ®Q[C, D]ir) (by Claim 26)
i€(r] " op

< N 2+ +2r fhr (by Claim 28 and the triangle inequality)
max .
oo N—f—r+1 \N+1 N Y gl mediatly
€+7“<t

This expression is maximized by setting » =t and ¢ = 0, which yields a final upper bound of

N t [t N [t [
. ot — | < . — | < — 11.
N—-t+1 (N—i—l+ t N)‘N—t <3t N)‘Gt N (11.93)

where the last inequality uses the assumption that ¢ < N/2. O
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Part 111
Appendices

A Efficient circuit implementation of path-recording oracle

We briefly describe how to efficiently implement the path-recording oracles on a quantum computer
to simulate forward and inverse queries of a Haar-random unitary up to inverse-exponential error.

A.1 Implementing relation states

There are multiple ways to implement the relation state |R) for a relation R. We describe one simple
approach. We represent |R) using |R| 2n-qubit registers by sorting the tuples (x,y) € [N]? in the
relation R. For example, consider R, we can store |R) on a quantum computer as

[z1) [y1) -+ |zR) 1YiR)) » (A1)

where R = {(a:i,yi)}yjl and (x1,91) < ... < (g, yjr|)- Here, (2,y) < (2/,%) denotes the lexico-
graphical ordering, which means either (a) x < 2/ or (b) x =2/ and y < ¢/.

A.2 Implementing forward queries

In Section 4, we defined a (standard) path-recording oracle V' that simulates forward (but not inverse)
queries to a Haar-random unitary. In this subsection, we describe how to implement this linear map
efficiently.

Definition 42. [Definition 10, repeated| The path-recording oracle V is a linear map V : Hao @ Hr —
Ha @ Hr defined as follows. For all x € [N] and injective relations R € R™ such that |R| < N,

N TH [RU{(z,y)})r - (A2)
Bl yGZN] » !

y¢Im(R)

Vi fo)a [R)g

We briefly sketch how to implement V' on an input |z) |R).
Input: a state of the form |z) |R).

1. The first step is to perform the map

|z) S ) |z R). (A.3)

TN |R )

yZIm(R)
This can be done as follows:

(a) First, prepare a new register containing a uniform superposition over {1,2,..., N —|R|}.

(b) Next, observe that given y; < --- <y (Which are stored in subregisters of |R)), there is
an efficiently computable bijection f from {1,2,..., N —|R|} to the set {y : y € [N],y &

Im(R)}: on input z, compute the number n, of elements y; in the list (y1,...,yr|) such
that > vy;, and output = + n,. Using a similar algorithm, we can also compute f~!
efficiently.

This allows us to efficiently compute f in place. Applying this to the uniform superposition
over {1,2,..., N — |R|} produces the desired superposition.

66



2. Next, compute the function that maps (y,z, R) to RU{(z,y)} (where R and RU {(x,y)} are
represented as sorted lists of ordered pairs). This step corresponds to the map

\/ﬁ yez;v] \/—|R yg;v] y) ) |R) [RU{(z,9)}) - (A.4)

y¢Im(R) y¢lm(R)

3. Finally, use the |y) |[RU{(z,y)})) register to uncompute the |z) |R) registers; note that =, R
can be uniquely computed from y, RU{(z,y)}, since y is guaranteed to be outside Im(R). This
corresponds to the map

y) |z) [R) [RU{(z,9)}) Sy [Ru{(z,y)}), (AD)

VN \R Z TN IR el

y€1m(R) y¢Im(R)

which corresponds to the output of V.

A.3 Implementing forward and inverse queries

In Section 8, we defined a (symmetric) path-recording oracle V' that simulates both forward and
inverse queries to a Haar-random unitary. In this subsection, we describe how to implement this
linear map efficiently. Recall that this linear map V is defined in terms of two helper linear maps V%
and V.

Definition 43 (left and right partial isometries). [Definition 25, repeated] Let V* be the linear
operator that acts as follows. For x € [N] and (L, R) € R¥><N—1,

L — 1
Ve D Rl = 3 ey e LU M R (40
yZIm(LUR)

Define VE to be the linear operator such that for all y € [N] and (L, R) € R><N-1

R, = ! T T
VR D B S e I RO (4D
ngom(L'uR)

Efficient implementation of forward queries to V¥ and V' can be done similarly to Appendix A.2.
Now, let U” denote the efficient unitary implicit in the procedure described in Appendix A.2, which
satisfies the guarantee that U” |z) |R) [0™) = (VI |z) |R)) @ [0™), where m and m’ denotes the
number of ancilla qubits in the input and output respectively. Define U similarly. Technically, the
number of ancillas depends on the size of L and R. However, we can always assume that the sizes of
L and R are upper bounded by the number of queries so far, and so we can also use this to bound
the size of the ancillas needed to implement the t-th query.

Implementing V2, VAT Since we can efficiently implement U”, we can also implement its inverse
ULt Note that on states of the form [¢) [0™'), where |¢) is in the image of V%, applying U™
produces the output state (V5 [¢))|0™). Thus, we can use U to implement V1.
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Implementing coherent measurements on V.V and V. VT Before we describe how we
implement V', we will need to describe how to perform measurements corresponding to the projectors
VL. VET and VE. VBT In fact, we will need to implement these measurements coherently, i.e.,
apply the unitary that computes the binary measurement outcome onto an external qubit. This
can be done as follows (for simplicity, we only describe the procedure for implementing the coherent
VE . VET measurement, as the coherent V- V2T measurement is symmetric).

Input: a state [¢)) = Zx,L,R agr.rlx) |L) |R).
1. Add m’ ancillary qubits ]()m/> and then apply UL

2. Initialize a new one-qubit register to |0)z. Controlled on the last m qubits of the rest of the
state (i.e., all registers except for B) being 0™, apply a Pauli X to the B register. By definition of
ULt this Pauli X is applied if and only if the original input state was in the image of V. VI,

3. Apply UL to the non-B registers.
Now, recall the definition of V.
Definition 44. The symmetric path-recording oracle is the operator V defined as
V=vl.(d-vE.vE) 4 (d-vE.vhi). yRT (A.8)

We sketch an implementation of a forward query to the symmetric path-recording oracle V. The
inverse query is symmetric by swapping L and R.

Input: a state [¢) = Zx,L,R azLr|z) |L) |R).
1. Add two ancilla qubits initialized at |0) to obtain |0) |0) |¢).
2. Implement coherent measurement V. V1 writing the outcome onto the first ancilla qubit.
3. Apply the following controlled operation:

e Controlled on the first ancilla qubit being 1, apply V.

e Controlled on the first ancilla qubit being 0, apply V1. Then, apply the coherent mea-
surement V. VBT writing the outcome onto the second ancilla qubit.

4. Measure the second ancilla qubit, and abort if the outcome is 1.

5. Apply the coherent measurement of V¥ . VT with the outcome applied onto the first ancilla
qubit.

6. Trace out the remaining ancilla qubit (the first one), which is guaranteed to be |0).

B The path-recording framework

In this section, we develop a mathematical framework by generalizing the path-recording oracle intro-
duced in Section 4. This new framework enables one to develop modified versions of path-recording
oracle in which the set of relations that the oracle uses is restricted to a subset S™ C R of the
set of all injective relations. This mathematical framework offers flexibility for establishing indistin-
guishability from Haar-random unitary via the path-recording oracle.

To develop the path-recording framework, we define the following notations.
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® 1ax 1S an integer between 1 and N sets the maximum size of the relations. This integer also
sets the limit on how many queries we can make to the path-recording oracle. In the canonical
path-recording oracle introduced in Section 4.1, tyax is equal to N.

° Sti"j is a subset of all the injective relations R;nj of size t for any 0 < t < tax. In particular, we
require the subset for the maximum ¢ to be non-empty: [S;" | > 1.

o SN = Uig‘(‘)xSinj. The set S restricts the relations that the path-recording oracle could use.
We define the following two constraints on the restricted set S™™.
Definition 45 (Consistency). We say the set S™ of relations is consistent if
Y(z1,...,2) € [N]Y, 3y1,...,u) € [N, (B.1)
such that {(zi,y;) Y, € S™. (B.2)
Furthermore, if {(xi,y;)}i_, € 8™, then for any 0 < 7 <t, {(xs,v:)}_, € S™.

The consistency constraint ensures that all possible (x1,...,2¢) € [N]' are valid. This is central
for path-recording oracle because the adversary algorithm can choose the inputs x1, ..., z; arbitrarily.
The constraint also ensures that all relations in S™ are “meaningful” because they can all be obtained
by adding in each tuple (x;,%;) one by one while maintaining in the restricted subset S™.

Definition 46 (Uniform growth). We say the set S™ of relations satisfies the uniform growth con-
straint if for all 0 <t < tmax, there exists Z; > 1, such that for all x € [N] and R € S,",

Z, = > 1. (B.3)
yE[N] st
RU{(zy)}eSY,

The uniform growth constraint ensures the number of y that can be used to grow the relation R
by by size one is uniform across all € [N] and all relations R of the same size. We illustrate these
two constraints with the following examples.

e S contains all relations where the first & bits in yy,...,y; € [N] are distinct. In this case,
tmax = 2F. Furthermore, S'" is consistent and satisfies the uniform growth constraint.

e S contains all relations R where R = {(azi,xi)}iﬂl. In this case, tmax = N. And S™ is
consistent and satisfies the uniform growth constraint.

e SM ={RecRM||Rl =N} In this case, tyax = N. However, S™ is not consistent and does
not satisfy the uniform growth constraint because it violates Z; > 1.

For any consistent set S™ of relations, we have @ € S™ because we can take 7 = 0 in Definition 45
for any relation R € &' to obtain that @ € §'™.

B.1 Defining V(S™) and the V(S™) state

We now define the behavior of the S™M-restricted path-recording oracle.
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Definition 47 (S™M-restricted path-recording oracle). Given any consistent set S™ of relations. The
S™M-restricted path-recording oracle V(S™) is a linear map

V(Sinj) tHA Q@ HR — Ha @ Hr (B.4)

defined as follows. For all 0 <t < tpax, R € S;nj, and x € [N],

V(SM) ¢ a)p [R)g = — S ga [RU{@ ) e (B.5)
Za.R yE[NT,

RU{(z,y)}eS),

The normalization factor Z, g is given by

ZyR = > 1>1, (B.6)
ye[N],
RU{(mvy)}e‘S‘Lﬂil

where the last inequality follows from the consistency constraint that for any (x1,...,x;) € [N]t, there
exists (y1,...,yt) € [N]', such that {(z;,vi)}i_, € S™.

Next, we define the G-rotated V(S™) state, which represents the global state after an adversary
has queried the §'"™-restricted path-recording oracle multiple times.

Definition 48 (G-rotated V(S'™) state). Given a consistent set S™, an n-qubit unitary G and a
t-query adversary A with forward queries specified by a t-tuple of unitaries (A aB,...,ArAB), the
G-rotated V(S™) state is

147 er =11 (V(S'”J) -Gh - Ai,AB) 0)ag D)k - (B.7)

=1

The G-rotated V(S™) state ]AX(SIHJ)GMBR is the state of the entire system after the adversary
has made ¢ queries to V(S"™) - G, and includes the adversary’s query register (A), auxiliary register
(B), and the purifying registers (R), after ¢ queries to the oracle.

B.2 V(SM) is a partial isometry

A crucial property of the G-rotated V(S™) state is that it maintains unit norm up to .y queries.
We formalize this in the following lemma:

Lemma B.1 (G-rotated V(S™) state has unit norm). For any consistent set S™ of relations, any
adversary A making t < tmax forward queries to an n-qubit oracle, and any n-qubit unitary G, the

G-rotated V (S™) state ].Ay(sinj)'GMBR has unit norm.

To prove this lemma, we first need to establish that the SM-restricted path-recording oracle V(S i“j)
acts as a partial isometry on certain states. This is formalized in the following lemma:

Lemma B.2 (Partial Isometry). For any consistent set S™ of relations, the S™-restricted path-
recording oracle V(S™) is an isometry on the subspace of Ha @ Hr spanned by the states |x) |R) for
x € [N] and R € 8™ such that |R| < tmax-
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Proof of Lemma B.2. To prove that V(S™) is an isometry on the specified subspace, it suffices to
show that for all z,2" € [N] and R, R’ € 8™ with |R|,|R/| < tmax,

<$/’A <R/‘R V(Sinj)T : V<Sinj) [Z)p [R)g = <93I|95>A : <R/’R>R' (B.8)

The proof proceeds in the same way as the proof of Lemma 4.1 after one notes the fact that the
normalization factor Zx, R > 1 from the consistency of the set S"™. O

We can now prove Lemma B.1.

Proof of Lemma B.1. Note that S™ is consistent implies @ € S(i)"j. Hence, we can use Lemma B.2 to
establish this lemma via the same mathematical induction as the proof of Lemma 4.2. O

B.3 V(S™M) is right unitary invariant

So far, we have not used the uniform growth constraint. To show that V(S™) is (exactly) right
unitary invariant, we need to utilize the uniform growth constraint.

Lemma B.3 (Right unitary invariance). Given a consistent set S™ of relations that satisfies the
uniform growth constraint. For any n-qubit unitary G, we have

V(SM).G V(Sn)
A 5 )ABR = (GR§<t>1 ®...® GR@)) |«4 >ABR' (B.9)
Lemma B.3 implies right unitary invariance since

V(Sm). V(sn).q
Teg (A ™Iyl ) r)
= Trr((Gy @+ ® GR<t>) A7 ™A™ aer (Gpo ®...® GRQ)T) (by Lemma B.3)

= Trg( ].Ay(sinj)X.At V(s™) |ABR) (by the cyclic property of Trg)

The first line corresponds to the adversary’s view after making ¢ queries to V(S™) - Ga, while the
last line corresponds to its view after making t queries to V(S™).

Fact 13 (Explicit form of the G-rotated V(S™) state). Given a consistent set S™ of relations that
satisfies the uniform growth constraint. The definition of V(S™) and |R)g enable us to expand the
V(S™) state after t queries to obtain

t—1
14 SmJ 1
|A ( >ABR = HZ Z
i=0 (21, 7mt)€[N} -
(yl’ 7yt)€[N]dlsg

R= {(1‘1 7y1)}7, 1 ESmJ

NI (lyizila - G- Ais) 10)ag

=0 """ (zy,a)e[N)E L -
(1) €[N,
R={(xi,y:)}i—, €S;"

- . B.11
Z <R |z1) RY) ‘xt>R§:)t> ® (R \y1>R<Yt’)1 \yt)Rg’)) (B.11)

7r€Sym

—

Il
—

(lyiXaila - Ga- Ains) 0)rg | © IR} (B.10)

=

I
—

Proof of Lemma B.3. By utilizing Fact 13 instead of Fact 3, we can prove this lemma in the same
way as the proof of Lemma 4.3. O
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B.4 Relation between V(S™) and V state

Using the states |R)g, we can define the following restricted subspace projector based on the restricted
restrict,t

subspace Iy

Definition 49 (Restricted subspace projector). For 0 < t < tyax, we define the size-t restricted

restrict,t

subspace projector Il as follows:
i 7t .
It = >~ |RYRIg. (B.12)
ReSM
The restricted subspace projector is defined as:
tmax
IIfgstrict .= ™ Ittt (B.13)
t=0

From Fact 13 and the projector defined above, we immediately obtain the following equation
relating the G-rotated V(S™) and the | A} ¢) ggrs.

Fact 14 (Relation between V(S'™) and V state). Given a consistent set S™ of relations that satisfies
the uniform growth constraint. For any n-qubit unitary G, we have

[(N ) (SM).G i .
H Z;- A4 Yasr = TR LAY ) pgr (B.14)

where the prefactor \/Hf;(l) Z; - \/(N]\F!t)! is between 0 and 1 because the V(S'™) state |A¥($inj).G>ABR

has unit norm and the projected V state ISt | AV-G) .o has norm at most one.

B.5 V(S™M) is indistinguishable from Haar random unitaries

When the restricted set S™ of relations has a large enough growth, then V(S™) is indistinguishable
from Haar-random unitaries. This is formally captured by the following theorem.

Theorem 9 (V(S™M) is indistinguishable from Haar random). Given a consistent set S™ of relations
that satisfies the uniform growth constraint. Let A be a t-query oracle adversary with forward queries.
Then

™ (O B APA?) T (147 AL ) ) (B.15)

<~ HHaar
2t(t —1)
S +2<1—HZ ) (B.16)

Proof. Using Theorem 5 and triangle inequality, we have

T (B 1APKAT] o (147 AT ) B.17)
2t(t — 1 inj inj
< J(v+1) +7TD (TrR (LAY WAY | agr) > Trr (|,4tV (S™y AYS >\ABR)) . (B.18)

We can bound the second term as follows,
\a Sinj 14 Sinj
TD (T ( JAY HAY agr) - Tr (14770 550 )) (B.19)
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< TD (Trg (A7 KAV |agr) » Trm (TGS LAY CYAY € g TTE0)) (B.20)
+TD (Trr (T LAY YAV C g ) T (14 )AL ) ) (B.21)

Using Lemma 2.2 and Fact 14, Eq. (B.20) is equal to

V.G yyrestrict | 4V-G T (N — t)‘
— (A TR AL T aer = | 1— HZZ' NI (B.22)
i=0 '
Again, using Fact 14, Eq. (B.21) is equal to
V(ST AV(S™ V(S , V(S
™ (H Zi o T (AT A) S ) T (1AY A |ABR)) (B.23)
(N —1t)!
= (1 — Hz,- : N‘> . (B.24)
i=0
Together, we obtained the stated result. O

C An elementary proof of the gluing lemma

In this section, we show how to use the path-recording framework to establish an elementary proof
of the gluing lemma recently shown in [SHH24|. The proof in [SHH24| makes use of representation
theory and Weingarten calculus. Here, we present an elementary proof using the path-recording
framework for analyzing Haar-random unitaries.

The gluing lemma presented in [SHH24| shows that the composition of two Haar-random unitaries
on system AjAs and AsAjz that overlap only on a small number of qubits is indistinguishable from a
Haar-random unitary on the entire system A;AgAs.

Theorem 10 (Gluing two Haar-random unitaries). Consider three systems A1, A, As of qubits with
A = A1A2As. Let |Ayl, |Az|, |As| denote the number of qubits in each system. Let U a,, Uny,ag, Un be
Haar-random unitaries on system A1Ao, AoAs, A, respectively. We have

Ot(t — 1)

SIA] (C.1)

T, B AP AR ) <
A

Unqag:Ungng

Proof. We approximate the three Haar-random unitaries Ua,a,, Ua,A5, Ua AoA; by three restricted
SNi(D)  gini(CD)

sets SX‘f Ass SAsAs + OAL AZAS of relations. The three subsets of injective relations are given as follows.
° Srf'(of): Injective relations R over system AjAs such that the system Ay part of elements in the
image Im(R) are distinct, i.e., given Im(R) = {y1,...,Yr|}> ¥i A, 7 YjA, for all i # j.
° SXE'(A?): Injective relations R over system AgAj such that the system Ag part of elements in the
image Im(R) are distinct.
. SX?,(Q%A)S: Injective relations R over system Aj;AsAs such that the system AiAs part of elements
in the image Im(R) are distinct.

Here, given a bitstring y, we denote ya, to be the substring corresponding to bits in Ag. It is not
hard to see that these restricted sets is consistent and satisfies the uniform growth constraint. We
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consider the path recording oracle V(S,i:f'(QQ)) to act on system Ap, Ay, Ry, the oracle V(SK‘;.EAA;)) to

act on system As, A3, Ro, and the oracle V(SX?SQQA)S) to act on system A, Ag, A3, R3. Let

pri=, BT e (€2)

Uniaq:UngAg

inj(Ay) inj(A2)
UAIAQV(SA2A32 ) UAlAQV(SA2A32 )

pri= E T, |A, A, E (C.3)
172
SmJ |nJ(A2) Smj |nJ(A2)
p3 = Trg, Trg, ]At (i)Y (Szhg )><At( w1a2)V (Sazhg )\ (C.4)
( |nJ(A2) ) ( inj(Ag) )
pa = Trgr, |A, AT A, (C.5)
psi= B AR AN (C.6)

Uniazng

Using Theorem 9 and properly computing the normalization factor Z;, we have

t—1
2t(t — 1) Aol +|As|  olAs| (21A2l+1As] _ ¢y
TD(p1,p2) < Sl TTAs] T 2 (1 - ‘70(2 —i217%) - T @mA | (C.7)
2t(t — 1) = oA 2(t—1) tt—1) _ 3t{t—1)
S Ssrial T2 (1 —1 (12 ™) ) < S+ gmr < g (€9

Similarly, we have

— il [Ar[+|A2] _ 4)1 —
TD(pz, p3) < M +2 (1 (2\A1|+\A2| Z’2|A1\) . (2 t)) < 3t(t 1)’ (C.9)

— 9|A1[+]Az] e (2|A1|+|A2|)! 2|Az|
1=
(s ps) < 20D o (4 - ﬁ(2|A| _ jolAiltiAsly (2R —or) _ st —1) (C.10)
1=

Finally, we show that ps = ps. Let z||y denote bitstring concatenation. Using the definition of the
restricted subsets of injective relations, the explicit form of the purified state in Fact 13 yields

inj inj t—1 t—1
V(ISP (s202) B 1 1
A >ABR1R2 - H olAs[+As] — j9lAs] | H olAL[+A[ _ jolAl] (C.11)

1=0 1=0

t
> [H (lyikila - Aine) 10)ag
(x1,...,m¢)€[21 A1) i=1
(y1,ye) €24,
(#1,...,20)€[21421]8,
S5 (Y1, Ag ¥t A5 E[21421]5
R={(=;, Ag |3, AgvzzAQHyzAg)H 165

-nJ(Az)
AgAg

A
S={(wi, A, |121, 49 95,4, 193, 45) Vi €S0 R

and, similarly, Fact 13 also yields

inj t—1
V(SAi(AA;A)S) _ 1
“At >ABR3 - 1_‘([) 9lA] _ ’L'2|A1|+|A3‘ ’ (C13)
7=
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t
Z [H<|?/z (zip - zAB) 0 ag | @ (TR, - (C.14)
(xh..,,zt)G[Z‘A‘}t =1
(y1,y0) €214,
S.b6. (Y1, 4 Yt A9 ) E[21421]5,

ini(Ag)
T={(zi,yi) =1 €Sh, A22A3

We define a linear map Uncompress that maps registers Rs to registers Ry, Ry. For any T' = {(z;, y;) }i_;
such that (z1,...,2) € 24, (y1,...,u) € 24, and (y1.45, .-+, ve.4,) € [21420]%,, the linear
map Uncompress acts as

t—1

1
H 9lA2] Z [R)R, ISR, - (C.15)
= (z1,eez) €121

s.t. R= {(xl AQHI'L Ags”i, A2||y'L Ag)}f 1
S={(zi, A, 12,49 93,4, [1yi,45) Yy

Uncompress [T')g, =

: : . V(SmaZy)
One can directly check that Uncompress is a partial isometry and |4, = "1"2"3
of Uncompress by construction. Furthermore, by definition, we have

) ABR, 1S in the domain

inj(Ag) ) V( |nJ(A2))V( |nJ(A2))
Mty Bry = 1A M s )ABRIR, - (C.16)

Uncompress | A,
Because Uncompress acts isometric in its domain, we have

in A in A
VST IVSHS2) VS, IV(SaR2)

p3 = Trg, Trg, |A; XA, | (C.17)
— Trn, |4} SRRy 4Y R, (C.18)
Together, by a series of triangle inequality, we have
TD(p1,p5) < TD(p1, p2) + TD(p2, p3) + TD(p4, p5) < 9t(2tA—2|1)7 (C.19)
which concludes the proof of this theorem by noting the definition of p; and ps. O

As shown in [SHH24], one can iteratively apply the gluing lemma to glue many small Haar-random
unitaries over small number of qubits into a pseudorandom unitary on the entire system. If we have

an n-qubit system A that is separated into consecutive subsystems Aq, ..., Ag,,, we can glue together
small Haar-random unitaries Ua, a,, Ua,A4; - - - as follows,
m—1 m—1
Ug“led = H (UA2+2kA3+2k) H (UA1+2kA2+2k)' (C'QO)
k=0 k=0

Using triangle inequality, the trace distance between a t-query adversary output state that queries
Uglued versus Haar-random unitary is upper bounded by

9t(t — 1)

2m s ——— .
9min; e (2, A

(C.21)

If each subsystem is of size w(logn), then the glued unitary Ugyeq Will be a pseudorandom unitary
secure against poly(n)-time adversary. This can be seen by noting that a poly(n)-time adversary can
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only make ¢ = poly(n) queries, so the trace distance between the adversary state querying Ugjyed and
Haar-random unitary is upper bounded by

9t(t — 1) poly(n)
. - <
QN ¢ (2] Al — 2w(10gn)

= negl(n). (C.22)

By replacing the small Haar-random unitaries over w(logn) qubits with small pseudorandom uni-
taries secure against subexponential adversary, one can show that the glued unitary U is an n-qubit
pseudorandom unitary secure against poly(n)-time adversary.

Assuming the subexponential hardness of LWE [Reg09], we have proved that a pseudorandom
unitary secure against subexponential adversary can be generated in polynomial-depth on any circuit
geometry using the PF'C construction, including a 1D geometry. Hence, an n-qubit pseudorandom
unitary secure against polynomial adversary can be generated in polylog(n) depth on any circuit
geometry. This work fills in the gap in [SHH24| that assumes the PF'C construction forms a pseudo-
random unitary under LWE hardness to rigorously establish the surprising fact that pseudorandom
unitaries can be generated in extremely low depth under standard cryptographic assumptions.
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