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Abstract

In this article, we derive the weight distribution of linear codes stemming from a subclass
of (vectorial) p-ary plateaued functions (for a prime p), which includes all the explicitly known
examples of weakly and non-weakly regular plateaued functions. This construction of linear
codes is referred to in the literature as the first generic construction. First, we partition the
class of p-ary plateaued functions into three classes %, %2, and %3, according to the behavior of
their dual function f*. Using these classes, we refine the results presented in a series of articles
[16, 18, 22, 24, 28]. Namely, we derive the full weight distributions of codes stemming from all
s-plateaued functions for n + s odd (parametrized by the weight of the dual wt(f*)), whereas
for n 4 s even, the weight distributions are derived from the class of s-plateaued functions in %
parametrized using two parameters (including wt(f*) and a related parameter Z). Additionally,
we provide further results on the different weight distributions of codes stemming from functions
in subclasses of the three classes. The exact derivation of such distributions is achieved by
using some well-known equations over finite fields to count certain dual preimages. In order
to improve the dimension of these codes, we then study the vectorial case, thus providing
the weight distributions of a few codes associated to known vectorial plateaued functions and
obtaining codes with parameters [p" — 1,2n,p" — p"~1 — p(”+s_2)/2(p —1)]. For the first time,
we provide the full weight distributions of codes from (a subclass of) vectorial p-ary plateaued
functions. This class includes all known explicit examples in the literature. The obtained codes
are minimal and self-orthogonal in nearly all cases. Notably, we show that this is the best that
can be achieved—there are no g-ary self-dual minimal codes for any prime power ¢, except for
the ternary tetracode and the binary repetition code.

1 Introduction

There are a vast number of methods for constructing linear codes—constructions based on p-ary
functions are among the most renowned methods. In their pioneering work, Carlet, Charpin and
Zinoviev [5] showed the first explicit connection between AB (and APN) functions and linear
codes. Soon after, Carlet and Ding [6] constructed codes based on perfect nonlinear mappings.
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Since then, many authors have addressed the construction of linear codes using p-ary functions
[2, 11, 26, 14, 17, 18, 19, 20, 25, 30, 31]. In particular, highly structured functions such as weakly
and non-weakly regular bent functions, addressed in [16, 31] and [21], respectively. Moreover, the
use of weakly regular plateaued functions was considered in [18, 20, 25], whereas non-weakly regular
plateaued functions were employed in [28].

In another direction, a combinatorial structure known as (cutting) blocking sets is closely related
to the notion of minimality, originally studied in [10], which means that there are no linearly
independent codewords that cover each other. We recall that a sufficient condition for minimality
of a linear code C over [, the so-called AB bound, is given as wmin/Wmaz > (¢ — 1)/q, where
Winin and Wynee respectively denote the minimum and maximum nonzero Hamming weights in C.
In odd characteristic, infinite families of minimal linear codes over Iy, with ¢ odd, for which the
Ashikhmin-Barg (AB) bound does not hold were given in [2]. The employment of blocking sets for
the purpose of constructing minimal linear codes violating the AB bound was then addressed in [3].
An upper bound on the length of minimal codes was provided in [13], while a full characterization of
projective minimal linear codes as cutting (strong) blocking sets was given in [27]. More precisely,
both primary and secondary constructions of minimal linear codes over F, were obtained in [27],
and some infinite families of minimal linear codes not satisfying the AB condition were obtained.
We also mention a recent work on minimal linear codes [4], where both the currently best known
upper and lower bounds on the size of strong blocking sets were improved.

In this work, we address the construction of p-ary codes from (vectorial) plateaued functions.
There has been much work on linear codes stemming from perfect nonlinear functions, however,
less is known for the plateaued case. Elaborating on the results of [16, 18, 22, 24, 28], we present
the full weight distribution of subclasses of weakly and non-weakly regular s-plateaued functions
f:Fpn — ), yielding three-weight codes and five-weight codes, for n 4+ s odd and n + s even,
respectively. These results are obtained by using well-known solutions of equations over cyclotomic
fields, which are field extensions of the rational numbers by adding the complex p-th root of unity.
These solutions are then used to compute the cardinalities of preimages of suitable dual functions
that allow the exact derivation of their Walsh distributions and then the weight distributions of
associated codes. The parameters of the obtained codes are [p” — 1,n +1,(p — 1)p"~! — pn+§_1]
and [p* — 1,n + 1,p" — p*~ 1t — p(+5=2/2(p — 1)], for n + s odd and n + s even respectively. In
order to obtain linear codes with a larger dimension, we study the vectorial case. Little is known
about infinite families of vectorial plateaued functions, however, some examples have been given in
the literature. Based on such examples, we extract general properties of these functions to obtain
the weight distribution of codes stemming from a class of vectorial plateaued functions yielding
three weight codes with parameters [p" — 1,2n, p" — p*~' — p(+5=2)/2(p — 1)]. We then prove that
these codes are minimal and self-orthogonal, which makes these codes quite interesting also from
a practical point of view. Interestingly, this is the best we can expect since we prove that there
are no g-ary self-dual minimal codes for any prime power ¢, except for trivial examples, i.e., the
ternary tetracode and the binary repetition code.

2 Preliminaries

Let Fpn denote the finite field with p" elements, where n > 0 and p is prime. Let F be an
n-dimensional vector space over F,. A function F' from F,» to Fpm is called a vectorial p-ary



function. When p = 2, F' is simply referred to as a vectorial Boolean function. The adjective
vectorial is dropped when we refer to functions mapping to the prime field F, (thus m = 1).
Such functions will be usually denoted with lowercase letters. = Throughout the paper we will
assume p > 2, unless otherwise specified. We treat a function f: F,» — [F, and its truth table
as the same object whenever there is no ambiguity. The component functions F, : Fy,n — F,
of a vectorial function F': Fyn — Fym are the mappings x — Tr{"(aF(z)) for a € Fym, where

F5m = Fpm \ {0} and the function Try" denotes the usual trace function from Fym to Fp, i.e.,

T (z) = a4+ aP +aP° + -+ 2P,
The Walsh transform of f: F,» — ), at a point b € Fy» is the sum of characters given by

x)+Tr" (bx
W)= Y g @rmien (1)

xG]Fpn

where £, = e?™/P is the complex primitive p-th root of unity. The inverse Walsh transform of f is
then defined by

PE@ = ST wyp)g, O 2)
bG]Fpm

The Walsh spectrum of f is the multi-set of values {x W(b) : b € Fyn x}. For a vectorial
function /', its Walsh spectrum is given by {* W, (b) : (a,b) € Fym x Fyn x}. The set of linear
functions from F,» to F,» will be denoted by L, ,,, whereas the set of affine functions will be
denoted by A, . A function f: F,» — F, is called balanced when its Walsh value at zero
vanishes, i.e., W;(0) = 0, otherwise f is unbalanced. A p-ary s-plateaued function f: F,» — F),
is characterized by the property |[W;(b)|> = 0 or p"** for each b € Fyn. If s = 0, then there are
no zero spectral values and we call such a function a p-ary bent function. It can be shown [18§]
that the nonzero Walsh values of a p-ary s-plateaued function f: [F,» — F, can be expressed as
ubp*("ﬁ)/?Wf(b) = .Sg*(b) for a complex number u, with |up| = 1 and a p-ary function f*, where
f*: supp(Wy) — Fp, where supp(Wy) = {b € Fpn : [Wy(b)|> = p"T5}. If up = 1 for every b € Fyn,
then we say that f is a p-ary regular s-plateaued function. More generally, if the value of uj does not
depend on b, then the function f is called p-ary weakly regular s-plateaued, and non-weakly regular
s-plateaued otherwise. The function f* is called the dual of f. Furthermore, it was shown [18] that
a weakly regular s-plateaued function f satisfies W(b) = € f\/ﬁnﬂfg *(b), where €y = %1 is called
the sign of the Walsh transform of f and p* = n(—1)p, where the function n : F, — {-1,0,1}
denotes the Legendre symbol on F, defined by

0, j5=0
nG) =31, FieF,i= (3)
—1, otherwise.

The notation (%) will be used interchangeably with 7(j). In a similar fashion, one can easily

show that a non-weakly regular s-plateaued function f satisfies W (b) = ef(b)/p*" +8§]J; *(b), where
ef(b) = £1 will be called the sign of the Walsh transform of f at b € Fpyn. As usually, the weight
of a function f, denoted by wt(f), is the number of elements in its domain which are mapped to a
nonzero value, i.e., the cardinality of its support.



2.1 Linear codes from functions

A linear [n,k,d] code C over the alphabet F, is a k-dimensional linear subspace of Fy, whose
minimum Hamming distance (equivalently, the minimum weight of its nonzero codewords) is d.
Every code considered in this paper is a linear code, thus we will not distinguish between the terms
linear code and code. The code S, spanned by all linear functionals over F, is a [p"—1,n,p"—p" 1]
code, called the n-affine simplex code, i.e., S, = {(L(.%'))xeﬂ?;n : L € L£,} (a pruning of the first

order Reed-Muller code).

Let a; be the number of codewords in C with Hamming weight j, 0 < j < n. The weight
distribution of a code C is the vector (1, aq,...,a,) and it is fully specified by its weight enumerator
polynomial: 14 a1z + -- -+ a,z". We say that a code with parameters [n, k, d] is distance-optimal,
or simply optimal, provided that there does not exist an [n, k, d’] linear code with d < d’. A generic
method to specify linear codes from a mapping F': Fn — Fpm with £/(0) = 0 is described as follows.
For positive integers n and m, the linear code Cr C Fﬁn_l is defined by

sz{c%u:aEFpm,uEFpn}, (4)

where ¢q4 = (Tr*(aF (z)) + Tr?(ua:))zep . The dimension of Cr is at most n 4+ m and its length
pTL

is p" — 1. If F': Fpn — Fm has no linear components, the linear code Cr derived from the generic
construction in (4) has dimension exactly n + m. Moreover, its weights can be expressed by the
Walsh transform of absolute trace functions of the map F': Fyn — Fpm as shown in [16].

3 Cyclotomic relations relevant for plateaued functions

Let @R denote the set of quadratic residues modulo p and let NQR be the set of quadratic non-
residues modulo p. Denote by i the complex imaginary unit, i.e., i = y/—1.

Lemma 1. (Folklore) The following relations are true for the Legendre symbol, defined in (3), and
&p-

1. ZjeIF; n(j) = ZjeQR* 1+ ZjeNQR(_l) = 0;
2. ngp;; fz]? = -1
3. For any a € Z, the integral equation

Zajgj:{a\/ﬁ, p=1 (mod 4);
p

jeFs ia\/p, p=3 (mod4);

has a unique solution a; = an(j) € Z.

Note that i & Z(&) since it is not a root of unity for p 0 (mod 4) [23]. Therefore, Zf:_ll ai€l, =

pgu for a; € Z, 0 € N and v € {1,i} implies that either 6 is odd or v # i. Therefore, we have the
following.

Lemma 2. [15] Let (a1,...,a,) € ZP, 0 € N and v € {1,i}. Suppose that Zf:_ll azf; :pgy.

4



1. If 6 =0 (mod 2), then v = 1;
2. If 0 =1 (mod 2), then

4 Dual value distributions of plateaued functions

Using a similar notation as in [18], given fi: Fpn — Fp, and any function fo: supp(Wy,) — F,,, we
define the sets Ny, (j) = {z € supp(Wy,) : fa(z) = ]} and the numbers ny,(j) = #Ny,(j), for
j € F,. Following the terminology introduced in [21, 22|, for a given set S C F,n, we say that
a function f: S — T, is bent relative to S if |W;(b)| = #S'/2 for all b € Fyn, where Wy(b) is
considered as the restriction to S of the Walsh transform of f, i.e., Wy(b) = > ¢ ff(x)+Tr ibo)
For weakly regular plateaued functions, the dual function f* is bent relative to supp(Wy). For
non-weakly regular plateaued functions, the dual may or may not be bent relative to supp(Wy).
There are infinitely many examples of both cases.

Let S C Fym and let f: S — F, be a function such that W(0) = 33, ¢ &@ = t(f)uprel,
where t(f) = £1 or 0, v € {1,i}, j € F, for some px € N, > 0. The number ¢(f) will be called the
type of f. For an s-plateaued function f: Fyn — F, with 0 < s < n, let T (f) and I'"(f) be the
sets that partition S = supp(Wy) and are given by

n+s

It(f)=4{beS:Wib)=vp 2

OV T () ={beS: W) = —vp T el O,

where v € {1,1}. Note that in this case t(f) = e7(0)n(—1)""*, where €;(0) denotes the sign of Wy
at 0. For an s-plateaued function f: F,» — F,, define the numbers

Aj = #(Np(j) NT7(f)) and B := #(Ny=(j) NI (f))
for j € F,. We also define Z; := A; — B;.

Lemma 3. Let f: Fyn — F, be any s-plateaued function. Let f(0) = jo. Then Aj, # By, (i.e.
Zj, #0). The distribution values A;, B; associated to f satisfy exactly one of the following.

i) Aj # Bj for every j;

ii) The number n — s is even and A; = B; for each j ;é Jo- In this case, Aj) = pT o+ Bj, and,

Z]#JOA 2]7&]03 _wiAJOZ#*BJO;
iii) The number n — s is odd and Ajij, = Bj+j, for j € T and Ajtj, — Bjtj, = 20 (1%) pnfgfl for
j €T, where
1, p=1 (mod 4);
g =
-1, p=3 (mod4);
and

Z;

I:{QR7 |ng|:_‘7§

NQR, otherwise.



In this case, Zj, = —o (l> pn7571 for (any) j € I. Moreover, if Aj, # 0, then 3, ., Ai =

p
p"‘s+a<i)pn_5+l o i>pn_5+1

5 — Ajy, and, if Bj, # 0, then 3, .. B = i (; — By, for (any)
j&T.
Proof. Consider the inverse Walsh transform (2) of f(z) at x =0,

PR = D Wb =Y (4 - B))&lup"3".

bEFPn jer

Using 2) of Lemma 1, this can be rewritten as

> (Aj— By — Zj)gvp 2 =pgl, (5)
J#jo

which can be rearranged as
> (Aj=Bj— Zi)g ™ =p T v (6)
J#Jo

Suppose that n — s is even. Thus, v = 1 by Lemma 2. We first show that Z;, # 0. On the
contrary, suppose that Zj, = 0. Then (6) implies that A; — B; = —p% by Lemma 1. Since
[ is plateaued, 3 cp (A; + Bj) = p"*. Then 23,5 A; = p"™° — p 7 (p — 1), which is a
contradiction since p"~°% — p%(p — 1) is an odd number. Therefore Zj, # 0. To prove ii), let us
suppose that i) is not true, i.e., suppose that there is an index j' # jo such that Aj/ = Bj:. From
(6), we get A; — Bj = Zj, — p = for each j. In particular, 0 = Ay — By = Zj, — pz, so that
Zjy = pz and A; = B; for every j # jo. The second part of i) comes from this and the fact that
Zje]Fp (Aj + Bj) =p"c.

Suppose that n — s is odd. To show that Z;, # 0, suppose the opposite. Equation (6) implies

that .
A~ Bj—o <J —Jo> Pt
p

where 0 = 1if p=1 (mod 4) and 0 = —1 if p = 3 (mod 4), by Lemma 1. Since f is plateaued,
> jer,(Aj + Bj) = p"*. Then 23 ,.p A;j = p"*, which is a contradiction since p"~* is odd.
Hence Z;, # 0. Again, suppose that i) is not true, i.e. suppose that there is an index j’ # jo such
that Aj = By. We will prove iii). From (6), we get A; — B; = Zj, + 0 (%) pnisil for each j.

In particular, 0 = Ay — Bjy = Zjy + o (3 p”) D e , so that Z;, = —o (]/_T’O) pnigil. This tells

us that for every j such that <%> = <%), we have A; = B;. Defining 7 as in the statement,

this is equivalent to Aj4 , = Bj4j, for every j € Z. Additionally, A; — B; = 20 < s )p%?l
each j — jo & Z. The second part of 7ii) comes from the above and the fact that }_,cp (4; + B;) =
pnfS. D



Using the previous lemma, we can partition the set of s-plateaued functions into three classes.
These classes will be denoted by 41, %2, and 63, respectively. Thus, %) corresponds to the functions
specified in ) of Lemma 3, %, corresponds to the functions specified in i7) and %3 corresponds to the
functions specified in i7i). First we show that %;, 1 <1 < 3, is non-empty (Example 1). Afterwards,
we will determine the exact values of A;, B; for certain s-plateaued functions in each family %;.

Example 1. Any weakly reqular plateaued function whose dual is surjective belongs to €1 for which
there are several infinite families of functions.

To construct an infinite family inside €y, consider the function f(x) = Tr3(z7) over Fss. This
function is a non-weakly 1-plateaued function with zero dual, namely, {Wy(b) : b € Fgs} = {0,9, -9}
with distribution {x0'8,95 —93x}, so f*(x) = 0 for each x € supp(Wy). For anyl € N, we consider
the l-th iteration of the direct sum of f with itself, f!: Fisa-1) x F3s — F3, defined recursively by

fl=f
flay) = @) + fy) forl>2,

which is an l-plateaued function defined on Fyz (upon identifying Fas = Faso-1y XF3s ) with constant
zero dual (recall that the Walsh values of the direct sum of functions are directly related to the Walsh
spectra of the summands).

For €3, consider the function g(zx) = Tr3(2z* + 22) in Fys. This function is a weakly regular
2-plateaued function with {W;(b) : b € Fas} = {0,i3%/2,13%/2¢2} with distribution

{*0247 (i35/2)1, (135/253)2*}

For any | € N, consider f' as before. The direct sum of f' with g gives a non-weakly regular
(I + 2)-plateaved function in Fqsai1) with

5441 5441 5441 5441

{Wp() :b€Fasaen} ={0,i372 ,—i372 ,i372 &, -3 2 &},

which belongs to €3.

Although the previous example (Example 1) shows that the classes 41, %2 and %3 are non-empty,
it also gives rise to some existence problems. Namely, the following questions arise naturally.

Question 1. Are the classes %> and %3 non-empty for p > 3 and for every n?

Note also that every function in %5 is non-weakly regular. Indeed, any function in %, is an
s-plateaued function that satisfies A; = B; for each j # jo. Obviously, any such function is non-
weakly regular if A; = B; # 0 for some j # jo. Then, we only need to show that a zero dual
plateaued function is non-weakly regular: it must hold that

nts 1
(Ajo — Bj)p 2 =p"§),
in this case, ¥ = 1 and n + s is even. Hence, jo = 0 as the left-hand side of this equation is an
integer. By plateauedness, Ag + By = p™~%. Therefore, a zero dual plateaued function satisfies the
system of equations
Ag—Bo=p'T and Ag+ By = p" ",



which implies Ay # 0 and By # 0.
Question 2. Are there infinite classes of functions in %5 whose dual is nonzero?

Question 3. Are there infinite classes of functions in %3 whose dual is surjective (necessarily
non-weakly regular plateaued)?

In the following (Propositions 1-6), we determine the exact values of A;, B; for certain subfamilies
of p-ary plateaued functions which carry enough information about the dual to derive these values.

Proposition 1. Let f: Fyn — ), be an s-plateaued function in €1 with f(0) = f*(0) = 0. Suppose
that W;(0) = t(f)upnT“ and Wy (0) = t(f*)z/pg for some v,/ € {1,i} and § € N, § > 1. For
j € Fy, the numbers Aj, B; are either zero or depend on Ay and By, respectively. Moreover,
Ao+ Bg = p"*~1 when 0 is odd and Ag+ By = p" 5L +t(f*)(p — 1)])%71 for 0 even. The values
of Aj, B; are displayed in Table 1 for different parities of n+ s and 0.

Proof. Suppose that n + s is even. Suppose that 6 is even, too. By Lemma 1,

Aj—Bj=Ay—By—p? (7)

2
5 —

for each j € F;. On the other hand, Wy« (0) = t(f*)u’pg. By Lemma 2, v/ = 1. Since t(f*)p
Wy (0) = Z]]D;i (Aj+ Bj — Ag — Bo)&), we have

2]
2

Aj+ Bj = Ao+ Bo — t(f")p (8)

for each j. From (7) and (8), one can obtain the values of A;, B; in terms of Ag, By respectively.
Lastly,
p—1 )
P =) (A + By) = (p — 1)(Ao + By — t(f*)p?) + Ao + Bo.
j=0
Thus, Ao+ By = p" >~ L +t(f*)(p— 1)pg_1. Assume now that 6 is odd. Since t(f*)v/p

Zg;}(Aj + Bj — Ag — Bo)&), we have

(SIS
I
3
*
—
=
~—
Il

Aj+ Bj= Ao+ By + (;) t(f*)p? (9)

for each j. From (7) and (9), one can obtain the values of A;, B; in terms of Ay, By respectively.

Lastly,
p—1

P"* = (Aj+ Bj) = p(Ao + By)
=0

Thus, Ay + By = p" 1.
For the case when n + s is odd, use the fact that (by Lemma 1)

Aj— Bj = Ay — By + (;) P (10)

for each j € F%. Combining this with (8) and (9), we obtain the desired result. O
P

8



Table 1: Values of A;, B; and Ag + By in Proposition 1 for different parities of n + s and 6, where
the pairs stand for (n + s (mod 2),60 (mod 2)).

A; B; Ao + By
(0,0) [ 0,01, Ag—p"= TN 0, or, By —pz 1D T et p(f7) (p— 1)pi !
0.1 ] 0 o A+ (2)us >p22 e 0. or. By + (;g)tu*)pfﬂa%fl ot
(1,0) | 0, 0r, Ag+ <%>pngs{t(f*)pg 0, or, By + 7(91’“52@ S P () (p— Dp3 !
A1) | 0 or, Aot (%)(t(f*)igﬂo"?) 0. or. B+ (%)(t(f*);o%—p"ES) P

Remark 1. Proposition 1 extends the results of [16, 18, 22, 24, 28]. Namely, in [16], the value
distribution of the dual of a weakly reqular bent function f was studied. Then the extension to
weakly regular plateaued functions was given in [18]. In [22], the case of f being a non-weakly
reqular bent function whose dual is bent with respect to supp(f) was investigated. Later, in [24], the
authors presented the case of non-weakly reqular s-plateaued functions f whose dual is bent with
respect to supp(f), which was further analyzed in [28]. Therefore Proposition 1 is the most general
result of this kind.

Remark 2. Proposition 1 covers the value distributions of all known instances of weakly and non-
weakly regular bent functions.

Next, we analyze three subclasses of functions in 42 and determine the values of A;, B;. The
necessary conditions to derive these values are imposed on Wy (0), namely, we study the cases

Wi (0) = t( f*)pg for some # € N. The case of 6 even is treated in Proposition 2, whereas
Proposition 4 deals with the case 6 odd. The subclass of zero dual functions is further analyzed in
Proposition 3.

Proposition 2. Let f: F,n — F), be an unbalanced s-plateaued function in 6> such that f(0) =

f*(0) = 0. Suppose that Wy«(0) = t(f*)pg for some 6 € N, 8 > 1, 6 even. Then, Ay =
—s— n_—s . 9_ s n_s . o_

Pl 4p 2 +2t(f )(p—1)p? 1, By = Y= 2 +2t(f )p=Dpz~" Moreover, for j € F%, A; = B; =

n—s [
2 4+t f*)p2
Ag— 2 2(f P2

Proof. Since t(f*)p 5= W (0) = Z?;i@Aj — 240+ p 7 )&}, we have

[4

Pz +t(f*)p2

Aj= Ay - 5 (11)
n— n—s [%)
for each j. From Lemma 3, ”5+7p2 = Z =(p—1)(Ao — w) + Ap. Thus,
n—s—1 n-s * 91
AP +p 2 +i(f")(p—1)p>
0 5 .
So that o .
B, =P =P i) Dp2

2



The values of A; are then obtained via (11). O

Proposition 3. Let f € €5 be a plateaued function with f(0) = f*(0) = 0 such that W« (0) =
t(f*)p%y, 0 € N and v € {1,i}. Then f* is the constant zero function if and only if v = 1,
0=2(n—s)and t(f*)=1.

Proof. Suppose that f* is the constant zero function. Compute

AN n—s
tfprv=We(0)= > 1=p""
xesupp(Wy)

Hence, v =1, § = 2(n—s) and t(f*) = 1. Conversely, suppose that W;«(0) = p"~*. By Proposition

n—s n—s e oyt
st _prs_p™a . * _ _p"p 2 p 2 4+p"T°
2, Ag = B—=F——, By = B—=P— and, for each j € F};, Aj = B; = o) - 2 = 0.

Then, the function f* is the constant zero function. O

Proposition 4. Let f: Fyn — F), be an unbalanced s-plateaued function in €2 such that f(0) =
f*(0) = 0. Suppose that Wy-(0) = t(f*)l/pg for some V' € {1,i} and 6 € N, 0 > 1, 0 odd. Then,

we have Ay = W, By = W. Moreover, for j € Fy, the value of Aj(= Bj) is
n—s . 0—1

pZ +(2)tf T
equal to Aj = B; = Ay — (pg :

Proof. Since Wy-(0) = t(f*)y’p% /P, we have

2Aj =240 — p% + (;) t(f*)pT

for each j. Summing these terms up, we get
p—1
pnfs = ZZA] —p% = 2pAg —p%+l,
§=0

Thus 249 = p" 1+ p 2 and the result follows. O
Similarly as for %3, we analyze two subclasses of functions in 43, depending on whether 6 is

even or odd, where Wy« (0) = t(f*)p%.

Proposition 5. Let f: Fyn — F), be an unbalanced s-plateaued function in €3 such that f(0) =

f*(0) = 0. Let the set T be defined as in Lemma 3. Suppose that W« (0) = t(f*)pg for some 8 € N,
0 >1, 0 even. Then,

P () - pE T — o (;) P
Ag = 5
and
P ()= DpE T o (5) 9"
By = 5

10



n—s— w, g1
for any i € . Moreover, for j € I, Aj = B; =L 1_t2(f Jp> and, for j € I, we have

n—s—1 %), 21 .

—_— t n—s—

a0 (f*)p> U(])p 51
2 P

—s— 8- . n—s—
and B; = £ l_g(f)p2l+o<l)p 21,wherea:1ifpzl(mod4) and o = —1 if p =3
(mod 4).

Proof. Since t(f*)p% =Wy (0) = Z?;%(Aj +B; — Ay — By)&), we have

Aj + Bj = Ao+ By — t(f*)p* (12)
for each j. Summing up, we get
p—1 .
P = Ag—Bo =Y Aj+Bj = (p—1)(Ao + By — t(f*)p?).
j=1

n—s—1

Thus, Ag+ By = p" 1 —l—t(f*)pg_l(p— 1). By Lemma 3, we know that Ag— By = —o (%) p 2
for any ¢ € Z. Combining these two equations, we have

P () (- Dpt -0 (ﬁ) p
Ay = 5
and
n—s—1 * 91 i n—s—1
p +t(f*)(p — 1)p2 +a(5)p 2
By = 5
The result follows at once from i) of Lemma 3. O

Proposition 6. Let f: Fyn — F), be an unbalanced s-plateaued function in €3 such that f*(0) = 0.

Let the set I be defined as in Lemma 3. Suppose that W-(0) = t(f*)z/pg for some V' € {1,i} and
feN,0>1,0 odd. Then

pn—s—l (;3) p"7;71 pn—s—l + <]£J) pn7§71
AO = 9 and Bo = 9
. 6—1
n—s—1+ J t(f* 5
for any i € Z. Moreover, for j € I, we have A; = B; = ? (pz) Uoe and, for j & T, we
have
j 0-1 e j oy =1
P (DT P ()T N
A= —o(=]|p 2z andBj= +o(=|p 2 ,
2 p 2 p

where 0 =1 ifp=1 (mod 4) and 0 = —1 if p =3 (mod 4).

11



Proof. Since t(f*)v’p%\/ﬁ = Wp(0) = Z?:(Aj + Bj — Ay — By)&}, we have

Aj+Bj = Ay + By + <‘;> Hfop T (13)

for each j. Summing up, we get Ag + By = p"*~!. By Lemma 3, we know that Ay — By =
. n—s—1
pn—s—lio.(%)p

2

—0 (%) pni;il for any i € Z. Combining these two equations, we have Ay =
p”‘s‘lJrU(%)Pn_S_l . s . .
and By = > . Combining these values with #i¢) of Lemma 3, we obtain the desired

conclusion. 0

Remark 3. Propositions 1, 2 and 6 cover all known examples of plateaued functions (up to now).

5 Codes from plateaued functions

In this section, we will use plateaued functions f: F,n — ), to construct linear codes using (4). This
approach extends the results in [16, 18, 22, 24, 28]. In order to explicitly compute the weights of
the derived codes Cy, where f is an s-plateaued function, we must count the number of elements in
the preimage of a given function. We will do so by considering the possible dual value distributions
studied in Section 4. In the following sections, we derive the full weight distributions of codes
stemming from plateaued functions such that f(0) = 0, where the distributions are parametrized
by wt(f*) when n + s is odd and by wt(f*) and Zy when n + s is even, in the latter it is also
required that f*(0) = 0.

5.1 The weight distribution of C; for n + s odd

Throughout this section, n + s will be odd. Define the following three subclasses of plateaued
functions: -
Po={f € €5 | fis weakly regular},

Py={f€C |Vic QR*A; =0,B; # 0 and Vi € NQR A; # 0, B; = 0},

and
Po={f€b |Vic QR* A; #0,B; =0 and Vi € NQR A; =0, B; # 0}.

Define Py = 7/3; U 772 U Ps. These classes yield codes with two weights (see Theorem 2), thus they
can be regarded as exceptions since every other plateaued function gives rise to a 3-weight code,
as shown in the following theorem, which is quite general and it does not necessarily follow from
Lemma 1.

Theorem 1. Let n > 0 and 0 < s < n be integers such that n+ s is odd. Let f be any s-plateaued
function defined over Fpn with f(0) = 0 such that f & Po. The code C¢ in (4) (m = 1) is a

n+s—1

three-weight code with parameters [p" —1,n+1,(p—1)p" "t —p 2 |, whose weight distribution is
displayed in Table 2.

12



Proof. The weights are easily derived from the results in [16], which are w; := p" — p"~! —

p =172 py = p — p?~ 1 and ws = p" — p? 1 + p("t5=1/2 Note that there are exactly three
weights since f € P. Indeed, when n + s is odd, counting the number of different weights in Cy
comes down to counting the number of possible values taken by ef(a™tu)n(f*(a~1u)) € {-1,0,1}
for each (a,u) € Fy x Fyn (see [16] for more insight on this derivation). It is easy to see that the
number €7(a"tu)n(f* (a1 u)) equals 1 if and only if a='u € A; for some j € QR* or a lu € B;
for some j € NQR. Similarly, ef(a™u)n(f*(a"'u)) equals —1 if and only if a'u € A; for some
j € NQR or a~'u € B; for some j € QR*.

Denote by X,Y and Z the number of codewords attaining the weight p™ —p™~! —pnts=1)/2 yn_
p" 1t and p" — p? 1 4 pts—1/2 regpectively. Using the first two Pless power moments, we get the
system of equations

X+Y+Z=p""1 -1 (14)
w1 X +wY +wsZ =p"(p—1)(p" —1). (15)

Balanced codewords come from three types of codewords, namely, codewords stemming from
linear functions, codewords whose underlying values (a,u) € Fy x Fy» yield a zero in the Walsh
spectrum of f, and codewords whose underlying values (a,u) € Fy x Fpn make the value f* (a=tu)
zero. Therefore, the number of balanced codewords is

Y=p"—1+(@-10@"—p" ")+ {@-1D0"° —wt(f)) =p"" = (p— Dwt(f*) - 1,

and the above system of equations can be solved in terms of wt(f*). Namely,

x = P D) (p - prery (16)
2= D un() 1 (p - p) (1)
O

Table 2: Weight distribution of the code Cy, derived in Theorem 1, for an s-plateaued function
f:Fpn — Fp with f(0) =0 and A; # B; for each j, when n + s is odd.

Weight w Number of codewords
— n—s—1
pt—p Tt —pr V2 | D () + (p— DpE )
i P = (p = Dwt(f7) — 1
p = DR | R () — (o= 1p )

From Theorem 1, we can easily derive the weight distribution of C; for s-plateaued functions
with f(0) = 0 such that wt(f*) = p"~* — p"~*~!. The corresponding values are displayed in Table
3.

As noted in the proof of Theorem 1, when n + s is odd, the number of different weights in
Cy equals the number of possible values taken by es(a™ u)n(f*(a™u)) for each (a,u) € Fj x Fyn
(which takes values in {—1,0,1}). Therefore, the code C; is readily seen to be two-weight exactly
when f € P,. This observation essentially proves the following theorem.
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Table 3: Weight distribution of the code Cy, derived in Theorem 1, for an s-plateaued function
f:Fp — F, with f(0) =0, A; # Bj for each j, and wt(f*) = p"~% — p" 571 when n + s is odd.

Weight w Number of codewords
—1)2 n—s—
Pt — pn—l _ p(n+s—1)/2 (p 21) (pn—s—l +p 2 1)
pn _ pnfl anrl _ (p _ 1)2pn7571 —1
—1)2 n—s—1
P — pn—l +p(n+s—1)/2 (p 21) (pn—s—l —p 2 )

Theorem 2. Let n > 0 and 0 < s < n be integers such that n+ s is odd. Let f be any s-plateaued
function defined over Fyn with f(0) = 0. The code Cy in (4) (m = 1) is a two-weight code if and
only if f € Pa.

In the context of Theorem 2, the frequencies corresponding to unbalanced codewords must be

computed depending on the value of n(—1) "5 Consider the weights

1 p(n+s—1)/2 (n+s—1)/2’

wy =p" — P~ ,we =pt —p" T wsi=p" —p" 4 p

and the frequencies X = (p — Dwt(f*) and Y = p" ™! — (p — 1)wt(f*) — 1. The weight-enumerator
polynomial p(z) of C; equals 1 + X 2" 4+ Y 2"2 in any of the following three cases:

n+s+1 n+s+1 n+s+1

f € @aef = 77(_1) 2, 0r f S 7372777(—1) 2 = 1a or f S PN2777(_1) 2 =-1

On the other hand, p(z) =1+ Y2z"2 + X2z¥3 if

n+s+1

f € ,]/D;?Ef = _77(_1> 2 or f S 7372777(_1)

nts+1 nts+1
2 2

= —lor f €Pyn(-1)

5.2 The weight distribution of C; for n + s even

We now demonstrate that there is an essential difference when n + s is even since the derived
codes are either 3-weight or 5-weight. This is a non-trivial consequence of the behavior of some
exponential sums of the quadratic automorphism of Q(¢,), which depends on the parity of n + s.

Theorem 3. Let n > 0 and 0 < s < n be integers such that n + s is even. Let f € 6, be a
non-weakly regqular s-plateaved function defined over Fyn with f(0) = f*(0) = 0. The code Cy in (4)
(m =1) is a five-weight code with parameters [p" — 1,n 4 1,p" — p*~+ — p(r+5=2)/2(p — 1)], whose
weight distribution is summarized in Table 4.

Proof. The weights are easily obtained from the results of [16]. We have the weights w; = p™ —
pn—l _p(n+s—2)/2(p _ 1)’ wy = p" _pn—l _p(n+s—2)/2’ wg = p" _pn—l7 wy = p" _pn—l +p(n+s—2)/2
and wy = p* — p" ' 4+ p(+t5=2/2(p — 1). Using the relation between weights of the code and
the Walsh transform, the number of codewords with weight w; is equal to [{(a,u) € Fj x Fpn :

fH(a™u) =0,ep(a tu) = n(—l)nTJrSH, which equals (p — 1)Ag. Moreover,

(p—1)
2

(p—1Ag = (P" 7% —wt(f*) — Zo)-
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Similarly, the number of codewords with weight wj is [{(a,u) € Fj, x Fpn : f*(a™tu) =0,ep(a tu) =

—n(=1)"3"}, that is,

2L s~ wt(f) + 20).
1

The number of codewords of weight wy and wy is equal to [{(a,u) € Fj x Fyn : f*(a™ u) #
1 nts 1 n+s

0,ep(a™u) = n(=1)2 } and [{(a,u) € Fy x Fpn : f* (a7 u) # 0,ep(a™ ) = —n(-1)"2},
respectively. These values are

(p—1)By =

p—1
0-03 4= LD i) + -1z - 7))
j=1

and

-1 -
(-1 By = L= L(wt(f) = (0 - 1)(Z0 - p"7)),

j=1
respectively. Finally, there are p” — 1+ (p — 1)(p™ — p"~*) balanced codewords (i.e. corresponding
to the weight ws). O

Table 4: Weight distribution of the code C¢, derived in Theorem 3, for an s-plateaued function
f: Fpn — Fp such that f(0) = f*(0) = 0, when n+s is even, A; # B; for each j and Zy = Ay — Bo.

Weight w Number of codewords
pt —p Tt = pntsmD2(p — 1) w1 (s —wi(f*) + Zo)
pr—p = ptt 2 [ D wi(f) — (p—1)Zo+ (p— Dp )
i P —(p—Lp" 1
p—p 02 L E D k() + (p- )2~ (p— Dp'T)
pt = p" L p D2 (p — 1) w1 (pr=s —wi(f*) — Zo)

Corollary 1. Let n > 0 and 0 < s < n be integers such that n + s is even. Let f € €1 be any
non-weakly regular s-plateaued function defined over Fpn with f(0) = f*(0) = 0. Suppose that
W (0) = t(f*)/'p = for some v' € {1,i}. Let Zy :== Ay — Bo. The code Cy in (4) (m = 1)
is a five-weight code with parameters [p" — 1,n + 1,p" — p"~t — p("+5=2)/2(p — 1)], whose weight
distributions are displayed in Table 5.

Proof. By Proposition 1,
wt(f*) = p”*s _ (AO -+ BO) — pn*S _ pnfsfl . t(f*)(p B 1)p%71

since n + s is even. Using Theorem 3, we get the desired result by plugging the obtained value for

wt(f*). O

It is not hard to see that when f € %2 and f* is the constant zero function the code Cy is a
three-weight code: the possible values of the weight of unbalanced codewords are

wy = p" = p" = p IR (p — 1) and wy = p" - p" T 4 p IR (p — 1),
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Table 5: Weight distribution of the code Cy, derived in Corollary 1, for an s-plateaued function
f: Fpn — Fp such that f(0) = f*(0) =0 and Wy« (0) = t(f*)p"z , when n + s is even.

Weight w Number of codewords
pt—p Tt —pe DR 1) [ D 4 ()" — ()" + Zo)
Pt — pnfl _ p(n+sf2)/2 @(pnfsfl _’_p% . t(f*)pn;s_l _ Z())
pn _pn—l pn+1 . (p . 1)pn—s -1
Pl — pnfl +p(n+sf2)/2 @(pnfsfl _ p% _ t(f*)p%—l + Z())
pt—p T pre DR 1) [ U ()" — () — Z)

whose frequencies come from the cardinalities

n+s

>

[{(a,u) € Fy x Fyn : ™ u) =0,ep(a u) = n(-1)

and
n+

[{(a,w) € F) x By : f*(a ™ u) = 0,e(a ") = —n(~1)"5"})

which are equal to (p — 1)Ap and (p — 1) By, respectively. By Lemma 3, we know that

A P -pT
A = - B =
0 2 » D0 2
Thus, the weight enumerator polynomial is given by
-1 n—s —1 n—s
1+ 2D o 5o gt = (p 1 — 1) P e,

2 2

where wy = p™ — p"~!. For further reference, we record this discussion in Table 6.

Table 6: Weight distribution of the code Cy for an s-plateaued function f: F,» — I, in 65 such
that f(0) = 0, whose dual f* is constant zero (so n + s is even).

Weight w Number of codewords
pt =t = prts 220 1) | U 4t

pn _pn—l pn+1 _ (p _ 1)pn—s —1
Pt — pnfl +p(n+372)/2(p _ 1) (pgl) (pn,s _ pn;s)

Now we turn to analyzing the remaining cases of functions in 43. First, we consider the case
[
f € € and 0 even, where Wy« (0) = t(f*)/p=.

Theorem 4. Let n > 0 and 0 < s < n be integers such that n + s is even. Let f € %5 be an
s-plateaued function defined over Fpn with f(0) = f*(0) = 0. Suppose that Wy« (0) = t(f*)y’p% for
some V' € {1,i} and 0 € N,0 > 0 even. Suppose that f* is not constant zero. The code Cy in (4)
(m =1) is a five-weight code with parameters [p" — 1,n 4 1,p" — p*~+ — p(r+5=2)/2(p — 1)], whose
weight distribution is summarized in Table 7.
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Proof. Again, the weights are seen to be w; = p™ — p*~t — p(*+5=2/2(p — 1), wy = p* — p"~ ! —
p(n+372)/2’ wg = P — pnflv wy = Pt — pnfl +p(n+372)/2 and w5 = p" — pnfl +p(n+572)/2(p _ 1)
Following a similar reasoning as in Theorem 3 and using Proposition 2 to obtain the values of
Aj, Bj for each j € Fp, the number of codewords with weights w; and ws are, respectively,

(p=1DA=(-1) (p - 1>p2—1) |

and

n—s—1 _ ? % . %71
(- 1Bo=(p-1) (p P UV )

Since A; = Bj; for each j € F} in this case, the number of codewords with weights wo and w4 equals

= (p—1) 0
(p—1))_ 4 " = t(f)pE ).

j=1

Finally, there are p” — 1+ (p — 1)(p"™ — p"~*) balanced codewords.

Table 7: Weight distribution of the code Cy, derived in Theorem 4, for an s-plateaued function
f: Fpn — Fp such that f(0) = f*(0) =0 and Wy« (0) = t(f*)upg, when n + s and 6 are even.

Weight w Number of codewords
Pt p R 1) [ EED s 4 p T () (p— DpE )
T T R - M BT
Pt —p ! P —(p—1)p" -1
p — pt 4 plnte=2)2 17 (pr—s—1 _ ¢(f*)p31)
P = p Tt ptem D2 (p — 1) | BNl s (£ (p— 1)p2 Y

The last case remaining is f € %5 and 6 odd, where Wy«(0) = t(f*)/ p%. The main difference
with the previous case is the use of Proposition 4 instead of Proposition 2.

Theorem 5. Let n > 0 and 0 < s < n be integers such that n + s is even. Let f € %5 be an
s-plateaued function defined over Fpn with f(0) = f*(0) = 0. Suppose that Wy-(0) = t(f*)y’p% for
some v/ € {1,i} and € N, 0 > 0 odd. The code Cy in (4) (m = 1) is a five-weight code with
parameters [p* — 1,n + 1,p" — p*~1 — p(r+5=2/2(p — 1)], whose weight distribution is displayed in
Table 8.

Proof. As before, the weights are w; = p™ — p"~* —p("+s_2)/2(p —1), wy =p"* —p ! — plnts=2)/2
wy = p" = p" ! wg = pt = p 4 D2 and ws = pt — 4 It TA2(p — 1), Using
Proposition 4, we compute the frequencies of codewords. The number of codewords with weight

wq i8
(r—1)

),

(p—1)Ap =
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The number of codewords with weight ws is

(r—1)

(p=D)By==5—0"""-p7)
The number of codewords of weight wo and wy is
= (p—1)°
— ] - = @7 o .
p-1Y 4= O e
j=1
Finally, there are p” — 1+ (p — 1)(p"™ — p"~*) balanced codewords. O

Table 8: Weight distribution of the code Cy, derived in Theorem 5, for an s-plateaued function
f: Fpn — Fp such that f(0) = f*(0) =0 and Wy« (0) = t(f*)upg, when n + s is even and 6 is odd.

Weight w Number of codewords
P — il p(n+s—2)/2(p —1) (p;l) (pn—s—l +p";5)
P — pn 1 — plnts—2)/2 (p—21)2pn7371
pn _pn—l pn+1 . (p . 1)pn—s -1
pt— pnfl + p(n+sf2)/2 (pfl)Qpnfsfl
2

pr— p’fl—l _|_p(n+s—2)/2(p _ 1) (pgl) (pn—s—l _ p%)

5.3 The weight distribution of Cg

In this section, we extend the results in the previous sections to the case of vectorial plateaued
functions. Little is known about infinite families of vectorial non-bent non-quadratic plateaued
functions [8]. Namely, the only known examples are some power functions.

Example 2. For an integer k with n/ged(n, k) odd, consider the functions F': Fyn — Fpn given
by F(x) = @02 gng B Fpn — Fpn given by F'(x) = L (Kasami). Then, both F(x)
and F'(z) are s-plateaued functions, where s = ged(n, k), whose components have zero duals.

Example 3. Working in Fss, consider the 1-plateaued function F: Fss — Fas defined by F(x) =
2
25 = 5. Using MAGMA, we have verified that the code Cr is a minimal self-orthogonal code

with parameters [242,10,144], d*+ = 2 and weight enumerator polynomial 1+108902'44 394462162+
87122180,

The weight distributions for these two (vectorial) examples are easily derived in general.

Theorem 6. Let n > 0 and 0 < s < n be integers such that n + s is even. Let F': Fpn — Fpn be
a vectorial plateaued function whose all components are s-plateaued and have zero duals such that
F(0) = 0. The code Cp in (4) (m = n) is a three-weight code with parameters [p" — 1,2n,p" —
p L — p(nts=2)/2(p — 1)], whose weight distribution is displayed in Table 9.
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Proof. The code Cr can be seen as the union of the codes corresponding to the components of
F,ie., Cr = U,cr . CF,. Since the components have zero duals, the weight distributions of the
codes Cr, is given in Table 6. Each codeword that belongs to exactly one code associated to a
component, contributes the numbers displayed in Table 6. Each frequency has then to be multiplied
by p;%ll, due to the number of (nonzero) components that are not a multiple of the component
in question. This way we count frequencies of codewords induced by each component, except the
frequency corresponding to balanced codewords stemming from linear functions, which are counted

only once. The weight distribution is then easily obtained. O

Table 9: Weight distribution of Cr in Theorem 6, where F': F,n — Fpn is an s-plateaued function,
whose all components have zero dual and F(0) =0 (n + s is even).

Weight w Number of codewords
pr—pt Tt = p AR ) | G - D )

pn _pn—l pn — 1+ (pn _ 1)(]?” _pn—s)
pt—p" 4 p TR 1) | Lt D"t —p2)

To build an infinite family of vectorial non-weakly regular plateaued function whose components
belong to %1, consider the following simple construction.

Construction A.

1) Let Fi(z) be any planar function over F,» whose components belong to % and are weakly
regular (e.g. x?).

2) Let F5(y) be any of the functions over Fy» provided in Example 2 for which we set s = ged(n, k)
(then n and s have the same parity).

3) Consider the direct sum F' : Fpn x Fyn — Fpn given by F(z,y) = Fi(x) + F(y). This is a
vectorial plateaued function, whose components are non-weakly regular and they belong to .

4) Construct the code Cg, which is a [p*® — 1, 3n, d]-code, where d = p?" —p?—1 —p(nt+s=2)/2(; 1)
when 2n + s is odd, or d = p?" — p?n—1 — p(nts=1)/2 when 2n + s is even.

To justify 3) in Construction A, note that the function F' from Construction A is indeed a
non-weakly regular plateaued function since its Walsh spectrum is completely determined by the
Walsh spectra of Fy and Fy, namely, for all (a,b,b’) € 5 X Fpn X Fyn,

WE, (0,0) = Wig), (0)W(gy), 1)

To see that F,, € 61 for each a € 7, let us introduce a superscript notation for the dual preimage

distribution of the component functions of F, I}, and F5, i.e., we will use the symbols Af “,Bf o
Ag.Fi)“, B](Fi)“ for i € {1,2} and a € F}» to represent the (obvious) dual sets. By Lemma 3, we know
that A(()FQ)“ + B(()F2)“ and AE.FQ)“ = B](FQ)Q = 0, for each j € [y, as the dual of (F}), is the all-zero

function. Since (F}), is weakly regular bent, either A§-F1)“ # 0 and BJ(Fl)a =0 for all j € T}, or,
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B](-Fl)“ # 0 and A§-F1)“ = 0 for all j € ;. Hence, either Afa = A(()F2)“A§-Fl)“ or Af“ = B(()FQ)“B](.FI)“.
Respectively, either BJF @ = BSFQ)GAg-Fl)a or BJF @ = A(()FQ)“B](-Fl)a. In both cases, we clearly have
F, € €.

The minimum distance of Cr given in 4) of Construction A can now be easily determined: each
component Fy, is a non-weakly regular s-plateaued function in %, thus the code Cp, has minimum
distance either p?* — p?*=1 — p(2n+s=2)/2(p _ 1) or p?» — p?n—1 — p(2n+s=1)/2 depending on whether
2n + s, equivalently, s, is odd or even (see Tables 2 and 4). So, either

d = p2n o p2n71 _p(2n+572)/2(p _ 1) or d = an i p2n71 _ p(2n+sfl)/27
since Cp = Uaern Cp,.

Suppose that s is odd, then n must be odd for F5 to exist. Since Fy € 41,

wt(F;) —_ p2n—s _ p2n—s—1

by Proposition 1. From Table 2, we get the weight distribution of Cr,. Finally, each frequency
must be multiplied by Z;%ll (except those that come from linear functions) to get the number of
codewords of each weight in Cr. The weight distribution of Cr is displayed in Table 10.

Table 10: Weight distribution of Cr, where F' is given by Construction A when s is odd.

Weight w Number of codewords
2n—s—1
p2n . p2n—1 _ p(2n+s—1)/2 %(pn . 1)(]) . 1)(p2n—s—1 +p 2z )
p2n _ p2n—1 p3n _ (pn _ 1)(1) _ 1)p2n—s—21 _ 11
p2n . p2n—1 +p(2n+s—1)/2 %(pn _ 1)(]9 _ 1)(p2n—s—1 . p#)

Example 4. Let F|, F : F3s — Fgs be given by Fi(x) = 2 and Fy(y) = y°. The components
of the function Fy have Walsh spectra {x ei3%,ei3%§3,ei3%§§ x} with multiplicities (9,12, 6), where
the sign € depends on the component. This yields that the weight of the dual of each component
has weight 18 = 3% — 3371, The (nonzero) components of the function F given in Construction

A are non-weakly regular plateaued and have amplitude 3% Moreover, they belong to €1 and
satisfy the conditions in Theorem 1. Consider the code Cp. This is a 3-weight code with parameters
[728,9,477]. From Table 2, we see that the number of balanced codewords (without counting the
ones coming from linear functions) is

(33 —1)(3% — 35 + 3%) = 14742,

accounting a total of 3% —1+14742 = 15470 balanced codewords. There are (33 —1)(3%+32) = 2340
codewords of weight 35 — 3° — 3% = 459, whereas there are (33 — 1)(3* — 32) = 1872 of weight
36 — 3% + 3% = 513. Hence, the weight enumerator polynomial of Cr is

1+ 23402%9 4+ 15470286 4+ 18722513,

The minimum distance of a linear code with parameters [728,9] is at most 483. Hence, the minimum
distance of the code Cr is rather close to it. Besides having few weights and a large minimum
distance, Cr enjoys some other desirable properties that will be described in Section 6.
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Remark 4. In general, the weight distributions of codes from vectorial plateaued functions are easy
to derive when we know the distribution of amplitudes of components and the classes they belong to
(under the assumption that we can compute the dual weights and the values of Zy). The challenge
then arises when there is a miz of types and possible amplitudes, so that there is no clue on how
many of each type there are or the amplitude distribution. In contrast, there are several instances
when one can indeed compute the weight distributions of the codes, e.q., for known planar functions,
subclasses of quadratic forms, etc.

6 Properties of the obtained codes

A linear code C is said to be minimal if the supports of any two linearly independent codewords are
not included in each other. It is easily seen that the obtained codes are (almost always) minimal
by Ashikhmin-Barg’s condition [1] , which states that if the ratio between the minimum weight and
the maximum weight of a p-ary code is strictly larger than pp%l then the code is minimal.

To illustrate this fact, consider the weight distribution of the code Cg given in Table 9. The
minimum weight is (p—1)(p" ! — p"*+*=2)/2) and the maximum weight is (p—1)(p"~ 4 p(rts-2)/2),
The ratio equals

(p _ 1)<pn71 _ p(n+sf2)/2) pnfl _ p(n+sf2)/2

(p - 1)(p"_1 —|—p(”+3—2)/2) o pn—l + p(n+s—2)/2’

which is larger than ijl if and only if
pn - p(n+s)/2 > pn +p(n+s)/2 - pn—l - p(n+s—2)/2'
Equivalently, p(n=5=2)/2 4 =1 5 2 The last inequality is true whenever n — 2 > s.

Furthermore, codes stemming from plateaued functions are always self-orthogonal. In general,
self-orthogonality in the case of odd characteristic p can be characterized by the following property:
a code C' is self-orthogonal if and only if c-c = 0 for all ¢ € C. For characteristic two, a code is
self-orthogonal if and only if all weights are divisible by 2.

Before proving the main result of this section, we need the following auxiliary lemma.

Lemma 4. Let n,s be integers such that n > 2 orn = 2,5 # 0 and let g : Fpn — F), be any
s-plateaued function. The sum erFpn g(z)?, considered over Z, is divisible by p.

;1
Proof. The value of 3, cp , g(z)? is determined through the sums ijil (g7 + lg~H=5)])s>

since
—1

dog@?=Y" > g @li=d (g7 G+ lgT (=)

z€Fn 1EQR* jEF},j2=i ]

S
[

<
Il
—

If g is balanced, then |g~1(j)| is clearly congruent to 0 modulo p for each j. If g is unbalanced,
then Lemma 9 in [20] implies that |g~1(j)| = 0 (mod p) for each j whenever n > 2 or n = 2,5 # 0,
hence Zwern g(x)? is divisible by p. O
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Theorem 7. Let n,s be integers such that n > 2 orn = 2,5 # 0. Let f : Fpn — F, be any
s-plateaued function such that f(0) = 0. The code Cy defined by (4) is included in its dual CJJ;,
i.e., Cy is self-orthogonal.

Proof. Let (a,v) € Fj x Fyn be arbitrary and set L,(z) = Tr}'(vz). Since L, is linear and a € Fy,
af + L, is s-plateaued, Lemma 4 implies that the sum (over Z)

> (af (@) + T (va))?

xern

is divisible by p. By looking at the form of codewords in Cy, this implies that ¢ - ¢ = 0 for each
c € Cy, ie., Cy is self-orthogonal. O

Remark 5. A consequence of the previous approach is that codes induced by vectorial plateaued

functions F' : Fpn — Fpm are also self-orthogonal. The code Cr can be regarded as the union

User+ Cr,. Thus, any codeword c (not induced by a linear function) belongs to exactly one
pm

component, so that c-c =0 by Theorem 7.

A code that is simultaneously minimal and self-orthogonal is the best we can expect, namely,
there are no minimal self-dual codes besides two exceptions, as shown in the following.

Self-dual codes with ¢ = 2, 3 are classified in three types [7]: a self-dual code with some codeword
of weight not divisible by 4 is called singly-even or Type I; a self-dual code whose all codewords
are divisible by 4 is called doubly-even or Type II; and self-dual codes over Fg are Type III.

Proposition 7. There are no self-dual minimal linear codes for ¢ > 3. The only self-dual minimal
ternary code is the tetracode [4,2, 3]s, whereas the only self-dual minimal binary code is the repetition
code [2,1,2]s.

Proof. Let C be alinear code with parameters [n, k, d], with n even. If C'is minimal then k+¢—2 <
Amin < dmaz < n — k + 1, where d,;, and d;q; denote the minimum and the maximum distance
in C, respectively. For a reference of these results, see [9]. Thus if C is self-dual and minimal, we
have

n n
§+q_2§dmin§dmaz§§+1- (18)

Hence, for ¢ > 3, the result follows. Let ¢ = 3, i.e., C' is a Type III code. In this case, the only
possibility is that dpyin = dmez = 5 + 1, so that C is also a one-weight code with parameters
[n,m/2,n/2 + 1]. It’s known that n is divisible by 4. Since C' is self-dual, it is self-orthogonal, so
n/2+41 =0 (mod 3), which implies n = 1 (mod 3). Then n = 4(3r + 1) for some r > 0. For a
Type III code [7], dmin < 3|75 + 3. Hence, dpmin < 3[r + %J + 3 = 3r + 3. On the other hand,
dpmin = 61 + 3, which yields » = 0. Thus, C' must be the tetracode [4,2, 3]s.

Let ¢ = 2. By (18), we get: dmin = dmaz = 5, dmin = dmaz = 5 + 1 or dpin = 5 and
dmaz = % + 1. Since a self-dual binary code is even, it must be that dpi, = dines. First suppose
that C is of Type II, i.e. all codewords are divisible by four. In this case, n = 0 (mod 8), say,
n = 8r for some r > 1. It’s well-known [7] that for self-dual binary codes it holds dpin < 2|5 | + 2.
This yields dpin < 27 + 2. Since dyi, = 47, the only possibility is that C' has parameters [8, 4, 4],
that is, the extended Hamming code, which contains the all one vector 1. Now suppose that C' is
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of Type I (there are some codewords which are not divisible by four). For Type I codes, it holds [7]
Amin < 2{"1—*6% forn ¢ E :={2,12,22,32}. Assume that n ¢ E. Suppose that n =0 (mod 4), say,
n = 4r for some r > 1. It follows that dp,;, = 5. This yields 21 = dpin < 2[27"5—*% Sor < L%J,
which is true only for 7 = 1, in other words, the code C has parameters [4,2,2]2, which can be
seen to contain 1. Suppose that n = 2 (mod 4), say, n = 4r + 2 for some r > 1. It follows that
dmin = 5 +1. This yields 2r +2 = dypin < 2L2T—;'3J Sor+1< LQT—;'?’J, which cannot happen. Using
again the bound d,,;;, < QL%J + 2, we can rule out all the values of n € E except for n = 2. This

finishes the proof. OJ

7 Summary of known constructions

For an s-plateaued function f, we display, in Table 11, the families of p-ary linear codes C; described
in the literature and in this work for which full weight distributions have been determined.

Table 11: The [p" — 1,n + 1,d]-codes Cy that stem from plateaued functions, whose weight

distributions have been determined. Here ‘wr’, ‘nwr’, ‘b’ and ‘p’ stand for weakly regular, non-
weakly regular, bent, and plateaued, respectively.

Minimum distance d | # Weights Conditions Reference
Pt — Tl — panl 3 n odd, f wrb [16]
Pt — Tl — p%m 3 n+ s odd, f wrp [18]
n+s—1
A E 3 f nwrg \:/—i:holc)l(i;t dual [24]
pt —ptt — anr?1 3 n+sodd, f &P, Theorem 1
Pt — 1 pt 2 n+sodd,f€7/7\2,ef:10rf€7772 Theorem 2
p" — pn1 2 n+sodd, f € Py,ef=—1or f € Py Theorem 2
(p— 1)t —p Y 3 n even, f wrb [16]
(p—1)(p"1 —pn;s_l) 3 n+ s even, f wrp [18]
(=D - p";’s—l) 3 f nwr?;) :viilfvzee?:) dual [24]
(p—DE"" ~ p”f—l) g f nwrz —\;iilf\lj)eer;t dual [24]
(p—1)(p"t - pngs_l) 5 n -+ s even, f € € nwrp Theorem 3
(p—1)(p"1 —pn;S_l) 5 n+ s even, f € €z, W (0) = t(f*)z/pg, f even | Theorem 4
(p—1)(p"1 —pn;s_l) 5 n+ s even, f € 6z, Ws-(0) = t(f*)l/,pg, f odd | Theorem 5

8 Conclusions

In this work, we have derived the weight distributions of linear codes associated with a subclass of
p-ary plateaued functions, focusing on both single-output and vectorial cases. By partitioning p-ary
plateaued functions into the classes 47, %3, and %3, based on the properties of their dual function f*,
we have extended and refined the existing results from the literature. Specifically, for s-plateaued
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functions with n 4+ s odd, we obtained complete weight distributions parametrized by the dual
weight wt(f*). For the case when n + s is even, we derived weight distributions using both wt(f*)
and an additional parameter Zj for functions in the class %;. Our study extends previous research
by presenting new results on weight distributions from functions belonging to subclasses of the
plateaued function classes. Furthermore, by transitioning to the vectorial case, we have provided the
weight distributions for codes associated with known vectorial plateaued functions. This approach
has led to the construction of codes with parameters [p™ — 1, 2n, p" —p"~* — p(nts=2)/2 (p—1)], thus
expanding the repertoire of linear codes with the properties of minimality and self-orthogonality.
The results in this paper represent an advancement in the study of linear codes derived from p-
ary plateaued functions, particularly vectorial ones, and offer valuable insights for future research
into the properties and applications of these codes. Future work could explore more generalized
constructions and investigate other subclasses of plateaued functions, potentially broadening the
range of parameters and improving the properties of the resulting codes.
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