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Abstract This paper investigates application of Morrison primality test
to numbers of k- 2 — 1 form and finds a simple general formula, which is
equivalent to Lucas-Lehmer and Lucas-Lehmer—Riesel primality tests.

1 Introduction

There are two popular classes of deterministic primality tests: one deals with smooth numbers plus 1, the
other deals with smooth numbers minus 1. Plus 1 tests are called N — 1 tests and are based on the fact that
for any prime p, (p) = p — 1. Since N — 1 is a smooth number, there are ways to prove that it is exactly
©(N), thus proving the primality of N. Minus 1 tests are called N + 1 tests and are based on properties of
Lucas sequences.

Lucas sequences are recursive integer sequences V,, and U, with parameters P and @) satisfying the
following relations:

Vo=2, =P, V, =PV, 1—QV,_o

UO:07 U, :17 Un:PUnfl_QUn72
D=P?—4Q#0

There are many identities involving terms of Lucas sequences. Some of them are useful for this paper:

Van = V2 = 2Q" (1)

Vintn = ViV = Q"Vi sy (2)
Vinn = Vin(P =V, Q@ = Q") (3)

Usn = UpVin (4)

V,; — DU, = 4Q" (5)
DU? = Vo, —2Q" (6)
U,(Q)EO(mOdp%pTPQD (7)

=%

Of particular interest is (7), because by selecting P and @ in such a way that (%) = —1, we can have
Uns1 = 0 (mod N) as a compositeness test. Unfortunately it doesn’t work as a primality test, because
there are so called Lucas pseudoprimes, which satisfy this condition but are not prime. But we can use the
smoothness of IV + 1 to design additional criterias to prove primality.

Throughout this paper it is assumed that (%) = —1. Also, it is assumed that N does not have small
factors, (4PQD,N) = 1.

Lucas—Lehmer—Riesel test. If N =k-2" — 1, k < 2" and Von-2 =0 (mod N), then N is prime. Q is
fixed at 1, but P is chosen in a complicated process involving computing of Vj. The goal of this paper is to
avoid that process.



2 Morrison test

There is a more general Morrison test [1, Theorem 16] for numbers with the smooth part of N + 1 exceeding
V/N. When applied to k - 2" — 1 numbers it simplifies into the following statement:

Morrison test of N = k - 2™ — 1 numbers. If &k < 2" and there exist P, Q) such that Unx41 = 0 (mod N)
and (U(ny1)/2,N) =1, then N is prime.

There are several immediate problems with this test. First, U,, is more expensive to calculate than V,.
Thanks to (1), (2) and (3), V,, can be easily calculated for arbitrary n using methods like Montgomery ladder
or differential addition chains. The fastest methods compute only V,,, and it is not possible to also obtain
U,. When U, is absolutely necessary, one has to resort to slower methods.

The other problem is that due to [1, Theorem 9], if (%) =1, then Uy 41)/2 = 0 (mod N). In practice Q
is almost always fixed at 1, because that simplifies formulas a lot. Since (%) is always 1, Uyy1)/2 is always
divisible by N. Morrison test can’t be used at all.

The solution to both problems is the choice of @ = —1. It is trivial to implement, one just needs to track
parity in (1), (2) and (3). As for (%), its value is 1 if there exists quadratic root of —1, and —1 otherwise.
But for prime N, quadratic root of —1 exists only if p(N) = N — 1 is divisible by 4. But for our numbers
N +1 is divisible by 4, therefore ¢(N) =2 (mod 4). This means (=) = —1.

If N is prime and (%) = —1, then due to [1, Corollary 4], Vix11)/2 = 0 (mod N) for any P (such
that (%) = —1, of course). On the other hand, if V{yy1)/2 = 0 (mod N), then from (4) follows that
Un+1 =0 (mod N), from (5) follows that DU(QNH)/2 = —4 (mod N). If a divisor of N divides Uny1)/2,
it has to divide 4 too, therefore (Un11)/2, N) = 1. Since all conditions of Morrison test are fulfilled, N is
prime.

All one needs to do to test if N is prime is to compute V{yy1)/2 (mod N) and test whether it’s zero.
Note that this is actually not a new result. Rodseth in [2] gives a method to compute the starting value of

Lucas-Lehmer—Riesel test, resulting in the following condition of primality:

Voo (Vi(Prs @) = 0 (mod N),  Qp =1, (PRN2>1, <PRN”)1.

Consider @ = —1 and arbitrary P such that (£) = —1 where D = P? — 4Q = P? + 4. Compute
Vo = P2 —2Q = P? 4+ 2. It has the following properties:

(5= () (52)-(3)

V4 can be used as Pg, and because of (3) all indexes of V;,, are even, therefore Q™ = 1. Lucas-Lehmer—Riesel

test becomes
Van—2(Vi(Va)) = Van—2.4.0 = Vign-1 = Viv41y/2 =0 (mod N).

An implementation of Morrison test with Q = —1 and V sequence is mathematically indistinguishable
from an implementation of Lucas-Lehmer—Riesel test with Rodseth starting value. The same can be said
about Lucas—Lehmer test of numbers of 2P — 1 form, which can be expressed as Morrison test with Q = —1
and P = /2 = 200t1)/2,

This amazing result dims the novelty of this paper. Although it can still be seen as a simple explanation
of the complex algorithm developed through centuries. It also can be useful to implementers who have access
to good Lucas sequence libraries, because in that case the implementation can fit one line.

Also the expression V{y41)/2 =0 (mod N) is reminiscent of Proth’s test for k- 2" + 1 numbers with the
condition of primality a(N~1/2 = —1 (mod N). In both cases starting values are selected with Legendre

symbol.
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