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Abstract

In this paper, we study the class of those Boolean functions that are coset leaders
of first order Reed-Muller codes. We study their properties and try to better un-
derstand their structure (which seems complex), by studying operations on Boolean
functions that can provide coset leaders (we show that these operations all provide
coset leaders when the operands are coset leaders, and that some can even produce
coset leaders without the operands being coset leaders). We characterize those coset
leaders that belong to the well known classes of direct sums of monomial Boolean
functions and Maiorana-McFarland functions. Since all the functions of Hamming
weight at most 272 are automatically coset leaders, we are interested in constructing
infinite classes of coset leaders having possibly Hamming weight larger than 22
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1 Introduction

The Reed-Muller code RM(r, n) (of length 2" and order r) is the linear code equal to the
vector space of all n-variable Boolean functions f : F} +— [, (represented by the last
column of their truth tables) of algebraic degree at most r; in particular, when r = 1,
it equals the vector space of all affine Boolean functions (see [[12]] for more details on
Reed-Muller codes).

A coset leader of a linear code C of length N (that is, of an F,-subspace of FY) is any
vector e of length N that has minimum Hamming weight among all the elements of the
coset of C to which it belongs, that is, among the elements of e + C.
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Coset leaders play a role in coding theory; they can be used in maximum likelihood
decoding analysis (see [1]): if a word g is sent, and the decoder receives the word £, the
word e = h— g is called the error vector and belongs to the coset 2+ C of C. The decoding
of the word & depends on the weight ¢ of e. For instance, it is known that if # > %, where
d is the minimal distance of C, then there may be errors of weight ¢ which are not uniquely
decodable (see [10]). Helleseth and Klove defined in [[10] the notion of false neighbor of
a codeword h € C which is a nonzero codeword g € C such that wy(h — g) < wy(h). An
error e has no false neighbor if and only if it is the unique coset leader in its coset.

Coset leaders also present an interest from the cryptographic viewpoint. A coset leader
of RM(1,n) is a Boolean function f whose Hamming weight wy(f) is the minimum of
the set {wy(f + 1), l € RM(1,n)}. In other words, a coset leader is a Boolean function
whose Hamming weight is equal to its nonlinearity, an important notion in cryptography,
see [4].

It is straightforward that any Boolean function in n variables and of Hamming weight
at most 2”2 is a coset leader of RM(1, n): if wy(f) < 2"72, then for every nonzero affine
function a, we have (according to the triangular inequality) that wy(f + a) > wgy(a) —
wr(f) = 2"2. The case of coset leaders of Hamming weight larger than 2”2 has been
little studied. It may be illusory to hope to ever find a simple characterization and/or a nice
structure of the set of coset leaders, since coset leaders represent an important part of all
Boolean functions: any coset of RM(1, n) contains at least one coset leader, by definition,
and the number of cosets of RM(1, n) being equal to 22-n=1 the number of coset leaders
of RM(1,n) is at least 22" ~"~! (it is in fact, significantly larger, since for instance there are
2" coset leaders in each coset of RM(1,n) containing bent functions). Note that by the
covering radius bound, the nonlinearity of any function f, and therefore the Hamming
weight of any coset leader, can not be larger than [2"~! — 257! (for n even, this bound is
tight - and achieved by the so-called bent functions [15]] - and for n > 9 odd, the maximum
nonlinearity is unknown). The property of being bent is clearly preserved by the addition
of affine functions.

Determining the coset leaders in a given coset f + RM(1,n) is closely related to deter-
mining the Walsh transform of f (see the definition in Section[2)). Indeed, f(x) + u-x + €
(where “-" is the inner product chosen for defining the Walsh transform) is a coset leader
if and only if W,(u) equals (—1)* max{|W(a)|;a € Fj}. All the numerous papers which
calculate the Walsh spectra of some Boolean functions deal then with coset leaders. We
shall not describe the contents of all. In particular, we shall not describe those dealing
with quadratic functions: we know that every quadratic function is, up to the composition
on the right by some affine permutation, equal to f(x) = x;x; + -+ + XXk + A - X + €,
for some k < 7 and a € F}, € € F,, and that max{|{Wy(a)|;a € F;} equals then 2" and
the coset leaders in f + RM(1, n) are the functions of the form (x; + a;)(x; + a;) + -+ - +
(x2k—1 + a2 )Xok + az—1), for some ay, . . ., ay.. Some papers deal with the Walsh spectrum
of non-quadratic Boolean functions. For instance, in [[16] was shown that the degree 3
rotation symmetric function x;x,x3 + Xy X3x4 + - - - + X, X X, has the same nonlinearity as its
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weight, after that the paper [|8] made the same observation with the degree 2 rotation sym-
metric functions x;x; + XpX;41 - - - + X, X1 for n even, and conjectured the same was true
for degree 3 functions. In [2] is also studied the algorithmic viewpoint on coset leaders:
an algorithmic process is given for finding the whole set of coset leaders of a binary code
C by using the Grobner representation of C which allows the description of a complete
algorithm for the computation of its set of coset leaders.

In the present paper, we first study the properties of the set of coset leaders, and we

show that the operations of direct sum, direct product and direct majority (an operation
that we define) are internal in the set of coset leaders and that they provide, under rather
weak hypotheses, coset leaders from Boolean functions without the operands being coset
leaders themselves. We construct coset leaders f of Hamming weight wy(f) satisfying
the inequalities 2”2 < wy(f) < [2"' — 257!] and we characterize those coset leaders in
the well known classes of direct sums of monomial functions and of Maiorana-McFarland
functions. Note that when a class is not a union of cosets of RM(1, n) (as the class of di-
rect sums of monomial functions, for instance), then for every function f in this class, we
need to study the coset leaders in the coset f + RM(1,n) and when a class is a union of
cosets of RM(1, n) (as the class of Maiorana-McFarland functions), it suffices to study the
coset leaders in this class.
The paper is organized as follows. Section [2| recalls the background useful for our con-
structions and characterizations. Section [3|is devoted to the properties of coset leaders
and to the study of the operations that allow to construct some of them. In Section 4] we
characterize the coset leaders in specific classes.

2 Preliminaries

A function from F} to I, is called a Boolean function on I}, or an n-variable Boolean
function, or a Boolean function in dimension n. The set 2F2 of all Boolean functions on
IF} is denoted by B,,. Boolean functions can be expressed in different ways, each ensuring
uniqueness. The most used one is by their multi-variate polynomial expression called the
algebraic normal form (in brief, ANF) defined as follows:

Definition 1 We call Algebraic Normal Form of a Boolean function f its n-variable rep-

resentation over IF, belonging to F,[xy,.. ., xn]/(x% + X1, x,zl + Xx,):
fo= 3, a([]u)= ),
I1c{1,2,...,n} Jel Ic{1,2,...,n}

where a; € F,.

We also have the possibility of representing Boolean function by their truth-tables, that
we will not consider in this work, and by their trace representation, that we shall describe



later. We will treat a function f € B, as a vector of length 2" and as a polynomial in n
variables xj, ..., x,. The algebraic degree of a Boolean function f, denoted by deg(f), is
the degree of its ANF (see [[L1]]).

For every binary vector x € F;, the Hamming weight wy(x) of x being the number of
its non zero coordinates (i.e. the size of the set {i € N/x; # 0}, called the support of x,
where N denotes the set {1, ..., n}), the Hamming weight wy(f) of a Boolean function f
on ) is also the size of the support of the function denoted by supp(f), i.e. of the set
{x € F}/f(x) = 1} (the set {x € F}/f(x) = 0} being called the cosupport of the fonction
f, and denoted by cosupp(f)). The Hamming distance between two Boolean functions f
and g equals the Hamming weight of their sum, that is, [{x € F; f(x) # g(x)}].

We define in what follows the notions of affine equivalence, of affine invariance and some
notation useful in Section[3land in Section 4]

Definition 2 Two Boolean functions f and g are said affinely equivalent if there exists L,
an affine automorphism of F;, such that f = g o L where o is the operation of composi-
tion. If L is a simple permutation of the input bits, then f and g are called permutation-
equivalent.

Two Boolean functions [ and g are said EA-equivalent if g is affinely equivalent to the
sum of f and an affine function.

X1 X1 ai
X2 X2 ar
Recall that an affine automorphism of I is a function L : | X3 | > M| X3 | +| 43

Xn Xy a
where M is a nonsingular n X n matrix.

A parameter associated to a function is called an affine invariant if it is preserved by
affine equivalence. For instance, the Hamming weight and the algebraic degree are affine
invariants.

Notation 1 Let f and g be two Boolean functions.

The notation f ~ g will be used for “ f and g are affinely equivalent".

We shall denote by Var(f) the set {i| x; appears in the ANF of f}, which is not preserved
by affine equivalence.

A class of Boolean functions in even dimension plays an important role thanks to its
exceptional properties and its relation with design theory, cryptography, coding theory
and sequences for telecommunications:

Definition 3 [I15 [7) 4] A Boolean function over F, (n even) is bent if its Hamming
distance to the set of all n-variable affine Boolean functions (the nonlinearity of ) equals
2= 27271 (which is optimal).



Proposition 1 /15| [7, [I4] An n-variable Boolean function is bent if and only if its Ham-
ming distance to any affine function equals 2"~' +257'. In particular, if f is a bent Boolean
function over F, then wy(f) = 2"~' + 2571 If f is quadratic, the converse is true.

Bent functions are those functions such that, for every non zero vector a € I}, the deriva-
tive D,F = F(x) + F(x + a) is balanced.

We shall use the notion of Fourier and Walsh transform defined as follows:

Definition 4 The Fourier transform of a function f over F; and valued in Z is denoted by
f and defined as:

f(u) = Z f)(=D"* for all u € F,
xe]F’zl

13 2

where is some chosen inner product, that is, where x - y is a bilinear form such that
x-y =0 foreveryy €, ifand only if x = 0 (i.e. the only element orthogonal to F; is 0).
For a Boolean function f, we obtain by considering it as valued in {0, 1} C Z:

Fwy= Y (1" forallu eF,.

xesupp(f)

The Walsh transform of f, denoted by Wy, is the Fourier transform of the sign function
) = (=1)/;
We(u) = Z(—l)f(x)””‘for all u € 7.

n
X€lF,

These transforms satisfy the so-called inverse Fourier formulas 3. er: ]T(u)(— D> =2"f(x)
and Yuery Wyu)(=1)"* = 2"(=1)/" and the Parseval relation ¥em W7 (u) = 2*".

Bent functions are those functions whose Walsh transform takes the values +2"/? only.
A class of n-variable Boolean functions which generalizes bent functions is the class of
plateaued functions, whose Walsh transform takes only the values 0 and +u, where pu is
necessarily a power of 2, say u = 2', with r > 7 if n is even and r > % if n 1s odd (this
positive number u is called the amplitude of the plateaued function, see [S]).

Let f be an n-variable Boolean function. It is clear that (=1)"® = 1 — 2f(x) which
implies

—~ 1
Sy =2""6, — 5 Wrw). (D

where 0 is the Dirac function at the zero vector. In particular, u = 0 yields:

1
wi(f) =2"" - 5 Wi (0). 2)



If f is the direct sum of two functions, that is, f(x,y) = fi(x) + fo(y), where x € F} and
y € F}', then we have:

Wf(a, b) = Wfl (Cl)u/f2 (b) (3)

In particular, if f;(x) = []., x; is the monomial function of degree n (that is, equals the
Dirac function at the all-1 vector) and if f, is the monomial function of degree m, then
fila) = (=)@ £,(b) = (=1)""® and therefore the direct sum f satisfies:

Wi(a, b) = (2"6o(a) — 2(=1)"")(2"So(b) — 2(—1)""). 4)
If f is the direct product of two functions, that is, f(x,y) = fi(x)f2(y), then we have:

fla,b) = fi(a)fo(b), ie.,
2" S0(a, b) — 2Wila, b) = (2"5(a) — W, (a))(2"00(b) — Wy (b)), i.e.,
2Wi(a, b) = 2" 8(a, b) + 2"6o(@)W 1, (b) + 2"60(D)Wy,(a) — Wy, (@)W 4 (b). (5)

The nonlinearity nl(f) of a Boolean function f over [ is the minimum Hamming distance
dy(f,h) = l{x € F3; f(x) # h(x)}| between f and affine functions % (in other words, the
distance from f to RM(1,n)). We have:

1
ni(f) = 2" = S max | Wy@) | . ©)

Thanks to the Parseval Relation, the maximum of W}(a) is larger than or equal to its

arithmetic mean 22—2" = 2", and we have then the so-called covering radius bound:

nl(f) < 27t —on/2t,

3 Properties of coset leaders

In this paper, since we study only the coset leaders of the first order Reed-Muller codes,
we shall omit specifying “of RM(1,n)" when speaking of these coset leaders.
Let us recall first the coset leader definition.

Definition 5 An n-variable Boolean function f with n > 2 is called a coset leader of the
first order Reed-Muller code RM(1,n) if for all | € RM(1,n), wg(f + 1) = wy(f).

By abuse of language, given any Boolean function f, we shall call “coset leaders of f
the coset leaders in the coset f + RM(1,n).

"

This latter expression will ease our presentation when we shall study classes of functions
that are not unions of cosets of RM(1,n). We have the following easy result:



Lemma 1 An n variable Boolean function f is a coset leader of the first order Reed-
Muller code RM(1,n) if and only if nl(f) = wgu(f), that is, W;(0) = maxeer: | Wy(a) |,
or equivalently, W(0) > |We(a)| for all a € ), or still equivallently f(O) < 2l

Max0 |f(a).

Proof. The first part of the statement is by definition of the nonlinearity. The rest is a
direct consequence of Relations (2)) and (6). m|

Given a Boolean function f and a vector a, denoting the function a - x by £,(x), we
have Wy, (0) = Wr(a) and Wy, .1(0) = —Wy(a); then we have:

Lemma 2 For every n-variable Boolean function f, every vector a and every bit €, the
function f + {, + € is a coset leader if and only if |W(a)| is maximal over F; and either
We(a) >0and e =0, or We(a) <O and e = 1.

Remark 1 In the case of a bent function f, we have maxqer; | Wy(a) |= 22, and by
Lemmall] the bent coset leaders of RM(1, n) are all the bent functions of Hamming weight
271 — 2571 Note that we have 2"~' — 2571 > 2" for any n > 4.

The property of being a coset leader is an affine invariant:

Lemma 3 Let n be a positive integer, and let f and g be two n-variable Boolean functions
with n > 2 such that f ~ g. Then, f is a coset leader of RM(1, n) if and only if g is also a
coset leader of RM(1, n).

Proof. Let f be a coset leader in n variables and let L be an affine automorphism of F}
such that g = f o L. We have that g is not a coset leader if and only if there exists an affine
function [ such that wy(f o L + [) < wy(f o L), thatis, wy((f + lo L)) o L) < wy(f o L)
or equivalently wy(f + 1o L™") < wy(f), that is, f is not a coset leader. O

As we said in the introduction, by the covering radius bound, the nonlinearity of a
function can not be larger than [2"~' — 257!], that is, the Hamming weight of a coset
leader can not be larger than [2"~! — 2271|. We have the following characterization (which
excludes functions of weight at most 2”2 and bent functions since the case of these two
categories of functions has been completely clarified):

Proposition 2 Let f be a non-bent n-variable Boolean function of Hamming weight
larger than 2"=2. For being a coset leader of RM(1, n), f needs to satisfy wy(f) = 2" % +e,
where 1 < e <2"2—2371 and then, f is a coset leader if and only if, for every non con-
stant affine function I, we have wy(f (L + 1)) > e.

Proof. By hypothesis we have wy(f) = 2"% + e with e > 1. The inequality e <
272 — 2571 is a necessary condition, as we observed above. Assuming it is satisfied,
wehave wy(f+1) = 2" —wy(f) =2"—=(2" 2 +e) =3-2"2—¢ > 2" 2+ ¢ = wy(f), and the
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inequality wy(f +1) < wg(f) is then possible only if / is not constant. Hence, we have that
f 1s a coset leader of RM (1, n) if and only if, for every non constant affine function /, we
have wy(f+1) > wy(f), thatis, wy(f 1) < 2"72 (since wy(f+1) = wy(f)+2"' 2wy (f D),
or equivalently, wy(f (I + 1)) > e. O

Every n-variable Boolean function can be viewed as an (n + 1)-variable Boolean func-
tion that does not depend on its last input variable. We show in the next proposition that
this does not change its status of being (or not being) a coset leader.

Proposition 3 Let f be an n-variable Boolean function. Then f is a coset leader of
RM(1, n) if and only if, seen as an (n+1)-variable function, it is a coset leader of RM(1, n+

1).
(k)

Proof. For k > n, let us denote by w,’(f) the Hamming weight of f seen as a k-variable
Boolean function. Let f be a coset leader, then seeing f as in n + 1 variables, we have
w V() = 2w (f) . For all affine function (x) in n + 1 variables, if n + 1 € Var(l) then
f +1is balanced in F2*! and we have then w\i"(f +1) = 2" > wi*V(f). If n+ 1 ¢ Var(a),
then f + [ does not depend on its last input coordinate and since f is a coset leader of
RM(1,n), we have W™D (f + 1) = 2w\ (f + 1) = 2w\ (f) = wi " (f). Hence, seen as an
(n + 1)-variable function, f is a coset leader of RM(1,n + 1). The converse is straightfor-

ward. O

Consider the 5-variable functions f; = x1xx3 + x4x5 and f, = x4xs5 + x5. According
to Relation , the Walsh transform of f; is valued in {£4, +12} and we have W;(0) =
12, meaning that f; is a coset leader, while f, is also a coset leader of RM(1,5) since
wx(f>) = 22 (recall that any Boolean function of Hamming weight at most 2”72 is a coset
leader). But the sum f; + f, = x1x,x3 + x5 is a balanced function meaning that it is not a
coset leader of RM(1,5). The following lemma gives a sufficient condition under which
the sum of two coset leaders is a coset leader.

Lemma 4 Let f| and f, be two coset leaders of RM(1,n). If, for every affine function I,
we have:

min{wy(lf1), wa(l2)} < 2wh(lfi f2),
then, fi + f, is a coset leader of RM(1,n).

Proof. For every affine function /, the inequality wy(fi + o + ) = wy(fi + ) + wu(f2) —
2wu((fi + Df2) 2 wu(fi) + wu(f2) = 2wi(fif2) — 2wu(lf2) + 4wy(lf1 f2) holds since f; is
a coset leader and wy((f1 + D f2) = wu(fi2) + wa(lfa) — 2wy(lfi f2). Since wy(f1) +

wr(f2) = 2wu(fifa) = wu(fi + fo), then we have wy(fi + o + 1) — wu(fi + fo) =
dwy(lfi f>) — 2wy(lf;). The proof ends by observing that f> is a coset leader and then

we have also wy(fi + o + 1) —wu(fi + f2) = dwy(lfif2) — 2wy(lf)) for all affine function



L. O

It is difficult to study the general structure of the set of coset leaders, for instance by
determining the most general operations that are internal to this class. But some particular
operations behave well with respect to coset leaders. For instance, we saw that the sum
of two coset leaders is in general not a coset leader, but the situation is different when the
sum is direct:

Proposition 4 The direct sum of two coset leaders is a coset leader.

Proof. Given two coset leaders f; and f> in n and m variables, respectively, we have ac-
cording to Lemmathat W5 (0) = maxeer | Wy(a) | and Wg(0) = maxperr | Wi, (D) |.
According to Relation (3), we decuce then W,(0,0) = maxaerpery | Wyla,b) |. This
completes the proof. O

Note that such a direct sum can have Hamming weight larger than 22,

Conversely to Proposition [4] if the direct sum of two general Boolean functions is
a coset leader, then these functions are either both coset leaders, or they are both the
complements of coset leaders, since the maximum of the product of the two independent
non-negative sequences |Wy,(a)| and W, (b)| is achieved when each of these sequences
reaches its maximum. Let us see that the situation is different with the direct product. We
begin with a characterization.

Proposition 5 The direct product of an n-variable function f, and an m-variable function
f> is a coset leader if and only if:

VYa e ;)\ {0}, Vb € F3' \ {0},
2+ "W, (0) + 2" W4 (0) — W4 (0)W4(0) >
max (2" = W)W, B, 2" = W O)IWs @), Wi @Ws®)). (D
Proof. Let f be the direct product of f; and f,. Relation () and the facts that 2" — W, (0) >
0 and 2" —W,(0) > 0 directly imply that f is a coset leader if and only if we have Inequal-

ity (7)) (in which the three numbers whose maximum is taken correspond respectively to
“a=0,b#0";“a#0,b=0"and “a #0,b # 0"). O

We first deduce that:
Corollary 1 The direct product of two coset leaders is a coset leader.

Proof. Since W4,(0) > 0 and W, (0) > 0, we have:

2n+m + Z"Wﬁ (O) + ZmWfl (O) - Wfl (O)sz (O) =
22" + Wy, (0)) + (2" — Wy, (0) W, (0) >
(2" = Wx(0)IW(0),



and

rm 4 an W, (0) + ZmWfl 0) =W, O)W(0) =
2"(2" + W5 (0)) + (2" = W4, (0))W;,(0) >
(2" = W,(0)IW,(0)].

Hence, since f; and f, are coset leaders, we have:
2" 1+ 2"Wp, (0) + 2" W5, (0) = W5 (0) W5 (0) > (2" = W (0)W, (D)

and
2mm 4 2"W5(0) + 2"W4(0) = W, ()W, (0) > (2" — W4 (0)IW,(a).

We have also 27" + 2"W,(0) + 2" W4 (0) = 2W4 ()W, (0) = 2" + (2" = W4 (0)) W4 (0) +
(2" = W5 (0))W(0) > 0 which implies 2" + 2"W,(0) + 2" W, (0) — W, (0)W(0) >
W, (@)W, (b)| for every nonzero a and b, and f is a coset leader, according to Proposition
O

But an n-variable coset leader having Hamming weight less than 2"~! and an m-
variable coset leader having Hamming weight less than 27!, the Hamming weight of their
direct product, equal to the product of these Hamming weights, is smaller than 2”2, and
the result of Corollary [I]is then trivial.

Let us see now that there are functions f; and f, for which Proposition [5] applies
and such that f has Hamming weight larger than 2”2, In fact, we shall see in the
next corollary that a direct product is always a coset leader, unless one of the functions
has a very low nonlinearity. Indeed, let f; have nonlinearity 2"~ — % and f, have non-
linearity 2! — %, for some integers N and M. Then we have -N < Wy (a) < N,
for every a and —M < W (b) < M, for every b. Hence, we have 2" + 2"W(0) +
2"W 5 (0)= W, ()W, (0) > 2" —2"M —2"N — N M and max ((2" ~Wa0)IW,D)], (27~

W)W (@) . (W (@)W (b)) < max (2" + N)M , (2" + M)N , NM). We deduce,
taking N = 2"Aand M = 2"u:

Corollary 2 Let f, be any n-variable function of nonlinearity 2"'(1 —%), where() < 1< 1
and let f, be any m-variable function of nonlinearity 2"~ (1 —%), where 0 < u < 1. Assume
that:

max(Ad + 2u + 2Au , 24+ pu+22u) < 1. (8)
Then the direct product of f, and f, is a coset leader.

Condition (8) is rather weak, since if both A and y are not larger than %ﬁ ~ .28 then it
is satisfied. Indeed, 4 < _3%@ implies 34+ 24% < 1, and then A < —3+4_\ﬁ and u < _3%@
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imply max(2u + A + 2Au , u+ 24+ 24u) < 1. The only pairs (f, f2) that do not sat-
isfy Condition (8] are then such that f; has very low nonlinearity (not much larger than
(.72) - 2" or f> has very low nonlinearity (not much larger than (.72) - 2"~1).

Let us now visit a third secondary construction of Boolean functions: given three func-
tions fi, f> and f3 in n, m and r variables, respectively, we call the direct majority of fi, f>
and f; the Boolean function which takes value 1 if and only if a majority of these three
functions takes value 1, thatis: f(x,y,z) = fi(x)A£() + fi(x) f5(2) + L) f3(2). It is known
from [3]] and recalled in [4, Proposition 85], that given three functions A, h,, h3 over FY,
we have W, + W, +W,,, = W+2W,, where s = h;+hy+hz and f = hihy+hihs+hyhs. We
can apply this to the functions i(x,y,z) = fi(x), ha(x,y,2) = f2(y) and h3(x,y,z) = f3(2).
We have then Wy, (a, b, c) = 2" W, (a)o0(b)oo(c), Wy,(a, b, c) = 2" W, (b)do(a)do(c) and
Wi, (a, b, c) = 2""Wg(c)do(a)do(b), and since we know by iterating (3)) that the direct sum
s satisfies W(a, b,c) = Wy (@)W, (b)W(c), we have then:

Ya e F;,Vb e F),Vc € F,, 2Wg(a,b,c) = 9)

2"TW 4 (a)80(D)So(c) + 2" W 1, (B)So(a)do(c) + 2" W, (€)8o(a)5o(b) — W (@)W, (D)W, (c).
‘We deduce:

Proposition 6 The direct majority f of three Boolean functions fi, f> and f; in n, m and r
variables, respectively, is a coset leader if and only if, for every nonzero a, b, c, we have:

MW (0) + 2 W (0) + 2" W, (0) — Wy, ()W, (0) W, (0) >

max (I Wi (@™ =W (O)W5(0), W4 (B =W (0)W,(0)),
IWr(OI2™™ = W (0)W4(0)), W5 (0)Wp (D)W (),
W (@W5(OW5 (O IWx(@Wr(D)W5O), IWg (@)W (D)W, (C)I)-

Corollary 3 If fi, /> and f; are three coset leaders in n, m and r variables, respectively,
then their direct majority is a coset leader.

Proof. According to Proposition 6] the direct majority of fi, f> and f; is a coset leader if
and only if, for every triple (a, b, ¢) € IF; X F}' X F}, having at most one zero term, we have:

2"TW 4 (0) + 2" W L (0) + 2""W 4, (0) — Wi ()W, ()W, (0) > [W (@)W, (D)W, (c)l.

Hence, if 2" W, (0) + 2" W4 (0) + 2" W, (0) > 2W; (0)W(0)W,(0), then f is a coset

leader. But this condition is always satisfied since we have W5 (0) < 2" < \/g 2", W, (0) <
2 < JE2rand W 0) <2 < (22 0
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Remark 2 More generally, let g be any r-variable Boolean function and f,..., f, be
Boolean functions in ny, . . ., n, variables, respectively. Then we can consider the Boolean
function f(xV,...,x7) = g(fi(xV),..., f,(x), where xV € F)',....x" e F) are
“disjoint" (that is, independent) variables. In the case of the direct sum, we have r = 2 and
g(v1,y2) = y1+y, and in the case of the direct product, we have r = 2 and g(y1,y>) = y1 Y.
We have:

Wia®,...,a”) = Z (= 1) D EL a0

2" Z (_1)g(y)+zir=1 axO+ 37 ziQit fi(x )

N +etny

D), 2 )eF,
y,zeIFE
r
= 27 ) W@ | [ Was@™. (10)
z€F, i=1

In the case of the direct sum, we have W,(y1,y,) = Zye]p%(—l)y'ﬂ’frz'y“rzzy2 = 4631.1)(2),
where §(1.1)(z) equals 1 if (z1,22) = (1, 1) and equals 0 otherwise. Relation (10) gives (3).
In the case of the direct product, we have Wy(y1,y,) = ZyeF%(—l)WZ“‘y”Zm = 2(-1)u=
and this gives (9).

Note that the only other symmetric function in 2 variables is g(y1,y2) = y1y2 + y1 + V2,
which is not interesting since applying such g to (fi, f>) gives the complement of what we
get by applying the direct product to (fi+1, f,+1); we have seen that such latter functions
are most often coset leaders, their complements are then not.

In the case of the direct majority, we have g(y1,y»,y3) = y1Y2 + Y1V3 + y2y3. The Walsh
transform of g is known from [9], but what we have recalled above gives a fast way for
calculating it: denoting by 1,1, and Il the three coordinate functions over F; and by s,
the Boolean function l; + I, + I3, we have W (z) = Zyd:,g(—l)(z’+1)y‘+ZM+Z3y3 = 86(1.00)(2),
Wi,(z2) = 860,1,0(2), Wi,(z2) = 860,0,1)(2), Wy, (2) = 86(1,1,1)(2) and Wy(2) = 4(6¢1,00)(2) +
0(0.1.0(2) + 6(0,0.1)(2)) — 6(1,1,1)(2)). Note that the Walsh transform of g vanishes on a whole
hyperpland'] Relation (T0) gives then ().

We can also take g(y1,y2,y3) = y1y2ys. Then, similarly to the case of the direct product
of two functions, we have, thanks to the relation f(a,b,c) = fi(a)f>(b)f5(c), that such a
direct product of three functions is a coset leader under the sufficient condition that none
of the three functions is of very weak nonlinearity.

Other examples of g functions could be tried but either they would no longer be symmetric,
or they would be in at least 4 variables and the number of terms in Relation (10) would
increase.

I'This is equivalent to saying that g has a linear structure, see [4, Proposition 29]; here, we have g(x +
Ly+Lz+1) =gy 2)+1

12



4 Coset leaders in classical classes of Boolean functions

4.1 Direct sums of monomials

e n

In this subsection and the two next ones, “-" is the usual inner product: a - x = 3, a;x;.

Definition 6 Let f be a non constant Boolean function in n variables. We call f a
direct sum of monomials (in brief, DSM) if the following holds for its ANF f(x) =

ZIQ{I,Z,...,n} aj xl:
YI,Jsuchthata;=a;=1,INJe{0,1UJ}

Note that the class of DSM is not a union of cosets of the first order Reed-Muller code.
We shall have then not only to determine those DSM functions that are coset leaders but
also the sums of DSM and affine functions that are coset leaders.

We also need the following definition:

Definition 7 (Direct Sum Vector [13)]). Let f be a DSM function, its direct sum vector is
the following sequence of length k + 1 = deg(f) + 1:

me = [mo, my,my, ..., my],
where m; is the number of monomials of degree i in the ANF of f (i > 0):
m; = [{a; = 1, such that |I| = i}|.

The function f associated to the direct sum vector m; = [mg, m;,my, ..., my], has M =
>, m; distinct monomials in its ANF and n variables with n > Y im;.

Clearly, two DSM functions having the same direct sum vector and the same number
of variables are permutation-equivalent and two DSM functions having the same part

[my, ..., m;] and the same number of variables are EA-equivalent.
Remark 3 The number of DSM functions of direct sum vector [mgy, my, my, . .., m;] equals
im; \ [ im;—i 2i\[i
21—[ n-— (l— Dm;_y ( )( i )(z)(z)
mi! .

Indeed, the number of functions equal to the direct sum of my monomials of degree 1

m my—1
clearly equals (rZ ) (ml)M such function being chosen, the number of func-
tions equal to the direct sum of m, monomials of degree 2 having disjoint variables with
the my already chosen monomials equals the number of choices of 2m, variables among
the n —m; = n — (2 — 1)my_y remaining variables, times the number of direct sums of

—Q=Dymy- .) )3 2) (E9]6)

monomials of degree 2 in these variables, which yields ( -
possibilities . One continues the process until i = k and obtains the result by multlplymg
results obtained for eachi=1---k.

13



In the following, given a Boolean function f in n variables, the Walsh spectrum {W,(a), a €
IF2} of f is denoted by WS (f) and the set {|W,(a)|, a € F}} (called the extended Walsh
spectrum of f) is denoted by EWS (f). Note that Lemma [I]is equivalent to f is a coset
leader if and only if W(0) = max EWS (f).

Remark 4 The Walsh spectrum of DSM functions has been covered by the paper [I6]
when determining their nonlinearity, but the details we need here were skipped. Consider
a DSM function f of direct sum vector my = [mg,my,ma, ...,myl. Note that if m; # 0,
then according to Relation , we have Wp(0) = 0, and f having weight 2", it can
not then be a coset leader. So all DSM coset leaders satisfy my = 0. Note also that if
n> Zle imy, then for all vector a € F; such that there exists iy € supp(a) \ Var(f), we

have
W@ = (D% 3 (1) <o,
x,-OGIFz xe]Fg
X,'OZO

and the coset leaders of f are necessarily without any such term x;,. From Relation ({I) and
the fact that a function of Hamming weight 1 has it Fourier transform valued in +1, the
Walsh transform of each degree i monomial in a DSM function f is valued in {+2,2' — 2}.
The integer m; being the number of degree i monomials in f, then given a € ), let t; < m;
be the number of degree i monomials in f whose Walsh transform at a equals 2° —2, which
means that m; — t; is the number of degree i monomials in f whose Walsh Transform at
a equals £2. Hence, if my = m; = 0 then in the expression of Wy(a), we have 2" — 2
raised at the power t; for every i, and 2 raised at the power p = Zf-‘zz(mi —t;) (and we have
Zf:z t; = 5;2 m; — p). Therefore, the Walsh transform of an n-variable DSM function f
of direct sum vector my = [mg = 0,m; = 0,my, ..., m] withn > Zle im; is valued in the
following sets:
{0};

k
{ + 2”—Zf-€:2 im; n(zi _ Z)mi};
i=2

k

k k
{ £ 2 imit! l_[(z" — 2)iwhere 0 < t; < m; Z f, = Z mi = 1J;
i=1 =2

i=2

k
{ + Q=T imi+2 ﬁ(Zi —2)iwhere0 < t; < my; Z ;= zk: m; — 2};
i=2

i=2 i=2

[+ 2mZlaimsZlam1(2) - 2) 2 < j < k};

{ + 2”_2;(:2 imi+ % mi}_
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The union of these sets equals:

k k k
WS (f) = {i2”‘2§=liml’+p l_[(zi—Z)’fwhere 0<t;<my, p>=0andp+ Z t; = Zm,- }U{O}
i=1

i=2 i=1

and ifn = Y%, im; this set becomes:
koo k k
WS (f) :{i2p1—[(2’ —2)iwhere0 < t; <m;, p > 0andp+Ztl- = Zm,}
=1

i=2 i=1 i

The value of W¢(0) among these is Q=i imi Hf-‘zz(Zi —2)" which is maximal over EWS (f),
since forall i >2,2' -2 > 2.

Note that WS (f) for the case my = 1 or m; # 0 is obtained easily by observing that
f=h+b-x+e€where hisa DSM withmy =m; =0, b- x is the linear part of f and e =0
or 1, which implies W(a) = (=1)*W(a + b).

Recall that, by abuse of language, given a class C of Boolean functions, we call “coset
leaders of the functions in C" the coset leaders of RM(1,n) that belong to (Jsec(f +
RM(1, n)).

Theorem 1 /) Any DSM function f in n variables with direct sum vector:
my = [mg,my,my, ..., ml,
withk > 2 andn > Zf'{:o im;, is a coset leader of RM (1, n) if and only if my = m; = 0.
2) The coset leaders of DSM functions are the functions h + £, + € where:

e his a DSM function with my = m; = 0,
o (,(x) =a-xissuchthat a(i) = 0 for everyi ¢ K,U---UK,,, where K, ..., K,
are the pairwise disjoint pairs of {1,2,...,n} such that the degree 2 part of h

" ( [1ex, xj) and where we denote by a(i) the vector (a;) jex, of

is given by 3.7,
length Card(K;),

e e=0if
l_[ (_I)WH(a(i))+1 — 1,

i=1,...,mp
a(i)#0

and € = 1 otherwise.

Proof. 1) Every monomial function of degree i > 2 in i variables is a coset leader, since
its Hamming weight equals 1 and the coset of RM (1, i) which contains it does not contain
the O function. According to Proposition ], every DSM such that my = m; = 0 and
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n= Zf:o im; 1s then a coset leader. If my = m; = O and n > Zf:o im;, then denoting by
f’ the same function as f viewed as in Zf:o im; variables, WS (f) = {Wy(a), a € F}} is
the union of {0} and of the set obtained by multiplying each value in WS (f”) by 2nLicoimi,
Hence, W;(0) remains maximal in EWS (f), that is, f is a coset leader.

Let us show now that these functions are the only coset leaders in the class of DSM
functions: if my = 1 and m; = 0, then f = g + 1 where g is a DSM function with
moy = my; = 0 and is then a coset leader, which implies that f is not a coset leader; and if
my > 0, then according to Relation , we have W,(0) = 0 meaning that f is balanced
and then, it can not be a coset leader. This completes the proof of 1).

2) Given a DSM function f, any function g € f+ RM(1,n) can be writtenas g = h+{,+€
where € = 0 or 1 and 4 is the DSM function with my = m; = 0 equal to f deprived of
its degree 0 and 1 monomials. Let us denote by K, ..., Ky, Kipsts -« s Knyrmss - - - » Kuts
where M = Y%, m;, the disjoint subsets of {1,...,n} such that the degree s part of / is
given by Z;’ﬂzf”frmﬁl ( [Tjex: x.,-) and let Ky = {1,...,n}\(K,U- - -UKy) corresponding
to the variables of 4 that do not appear in its ANF. The sets Kj, ..., Kj;; form a partition
of the set {1,2,...,n} and we have h = ¥, (Hje,q xj) and Ky N Var(h) = 0.

If € = 0, then g = h + ¢, has the same Walsh spectrum as 4, and is then, according to
Lemma @, a coset leader if and only if W,(0) = W,(a) is maximal over EWS (h). This
needs first that supp(a) C Var(h), that is, supp(a) N Ky = 0, since if there exists
ig € supp(a) \ Var(h) then W;(a) = 0 meaning that Wj(a) is not optimal. Assuming that
supp(a) C Var(h), we have according to Relation (@) iterated:

M

Wita) = 2k [ (2940050(a(i)) - 2(~1)"?) (an

i=1
and we have W,,(a) = max EWS (h) if and only if each factor 2€4Kd g (a(i)) — 2(—1)"# @D
has maximal absolute value (which is equivalent to a(i) = O forall i = m, + 1,..., M),
and []=1..m (—I)WH(“(I'))Jrl =1.
a(i)#0

If € = 1, then we have the same situation but with []i=t...m, (=1)"#@O*1 = _1 O

a(i)#0

The next result is a characterization of coset leaders of DSM functions having Ham-
ming weight larger than 2”72

Lemma S Let f be a DSM coset leader in n variables of direct sum vector my = [my =
0,m =0,my,...,my]withk >2andn > Zle im;. Then, wy(f) > 2"% if and only if

k

[ J@ =2y < 2%t

i=2

More generally, every coset leader g = h+a- x+ € of a DSM function, defined in Theorem
1, where his a DSM with my = m; = 0, has Hamming weight larger than 2"~* if and only
if TT5, (21 — 2y < 2Ziatim)-1,
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Proof. Recall from Remark @ and Theorem || that W;(0) = onZiimi TTE (2F = 2ymi,
Then, the inequality [T*,(2' — 2)™ < 2%=im-1 js equivalent to W(0) < 2", that is,
wy(f) > 2",

The proof is completed by observing that every coset leader g = h+ a - x + € of a DSM
function (where 4 has no monomial of degree 1 or 2) is such that WS (g) = (—=1)*WS (h),
which implies W,(0) = W,(0) since, both g and & being coset leaders, we have W,(0) =
max,, |W,(u)| and W,(0) = max, |[Wj(u)|. O

Lemma 3] yields

Corollary 4 Let f be a degree k DSM function in n variables of direct sum vector my =
[mog=0,m =0,m,,...,m] withk >2andn > Zle im;. Then we have:

1) fisacoset leader of RM(1,n) of Hamming weight greater than 2"~ if and only if
Zk , M logz(z, : 1) > 1, where log,(x) is the binary logarithm of x.

2) ifforalli=2,...,k we have m; > W then this condition is satisfied.
~Dloga(555

Proof. From Lemmal f is a coset leader of RM(1, n) of weight greater than 2”2 if and
only if the inequality []5,(2" — 2)" < 2Zmi=1 holds. This inequality is equivalent to

log, ﬂ(2’ 2)") < log, (5 ﬂz’ml

i=2

Zk:m, log,(2' —=2) < -1 + Z im; &

i=2

i-1
; m; log, (2’—21——1) > 1,

which proves 1), and 2) is straightforward. O

Remark 5 Corollary 4| allows to generate easily DSM coset leaders of RM(1,n) with
Hamming weight greater than 2"2. For instance for n = 8 all the coset leaders of
RM(1, 8) of weight greater than 2° = 64 are known and we have:

e for k = 2 the possible direct sum vectors are (0,0, 2], [0, 0, 3], [0, 0, 4].
e for k = 3, the possible direct sum vectors are (0,0, 1,1],[0,0,2,1],[0,0, 1, 2].
e for k = 4, the possible direct sum vectors are [0,0,1,0,1],[0,2,0,1].

e fork =5, the unique direct sum vector is [0,0,1,0,0, 1]
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e for k = 6, the unique direct sum vector is [0,0,1,0,0,0, 1]

o for k = 7 or 8, there is no DSM coset leaders of RM(1,8) of weight greater than
20 = 64.

We shall provide in Corollary [5|an example of an infinite class of coset leaders whose

Hamming weight is larger than 2”2, We need first the following result.
Lemma 6 Let u be a positive integer with u > 3. Settingn, =2+3 +---+u = w,

we have

ll .
H(z' —2) < 2!
=2

Proof. We prove it by induction on u. For u = 3, we have n3 = 5 and ]_[fzz(Zi -2)=12<
2°~! = 16. Now assume that, for some u > 3, the inequality []+,(2" — 2) < 2" holds.
By observing that n,,; = n, + u + 1, we have ]‘[é‘:zl (21 —=2) = (21 = 2) Hé‘ﬁ(zi ~2) <
2 [T, (20 = 2)) < 2#*12mw=1 = 2%+1=1 which ends the proof. O

Corollary 5 let u and n be two integers such that u > 3 and n = w Every n-
variable function f equivalent to the direct sum of u—1 monomials equal 10 X1 Xp+X3X4 X5+
co o+ X1 Xnmys2 - - - Xy 05 @ coset leader of weight wy(f) = 2" — L, (2" = 2) > 2"2

Proof. According to Lemma 3]it suffices to show the result for 2(x) = x1x, + X3x4x5++ - - +
Xn—p+1Xn—p+2 - - - Xp. The direct sum vector of 1 as a DSM function is such that my = m; = 0,
m; = 1foralli=2,...,uandn = ¥/, i. Then, according to Theorem fisacosetleader
and from Relation , W(0) = [TL,(2"-2). From Lemma@ we have []/.,(2"-2) < 2!
and this ends the proof according to lemma 5] O

A function of the form x;x; + x3xX4X5 + -+ + Xp_ps1Xp—ps2 - - - X, 18 called a triangular
function.

4.2 An infinite class of coset leaders that are sums of monomials and
not affinely equivalent to DSM functions

Proposition 7 Let n be an integer with n > 6. Let f be an n- variable Boolean function
such that:

n-2
f ~ 1—[ )C,'j + Xi,_ Xi, + xl-pxiqx,-r
j=1
where 1 <ij <ip <---<i,<n p,qgefl,.,.n=-2}, p#gq, andr e {n—-1,n}.

Then f is a coset leader of RM(1,n) of weight 2"~% + 2 which is not affinely equivalent to
a DSM function.
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Proof. Let us calculate WS (g) for g = ;’;12 X + X, X, + X, x;, X;,. We assume without
loss of the generality that p = 1,g =2 andr = n—1. Forall a = (a;,a,,...,a,) € F,,
we denote by a''" the vector of length n — ¢ obtained from a by erasing the coordinates
a;,, ...a;. We have, distinguishing the cases x;, = 0 and x;, = 1:

Wg(a) = Z(_ 1 )1—17;12 Xi ;X7 Xiy FXiy Xig Xiyy_q +X _

xeF]
Z (_1)xi,,_1xin+ai‘ Al + (_l)ail Z (_1)]‘[;%3 xij+xin—1xin+xi2xin—l+ail il _
xeF;x;, =0 xeFx;, =1
Z (_ 1 )()c,-n_l +aiy ) (Xip +ai,_ | )+ai,_ | aiy +aitin=1in. xi1in—1in +
)ceIF’Z’;x,-1 =0
(_1)ai1( Z (_l)x’_nilxini_ailiz.xiliz +(=1)% Z (_1)H;¥;§xij+x,~n_lx,~,,+x,~n_]+ai1iz.xi1i2) _
xe[pg;x[l :1,x[2 =0 xEIF’g;x,-1 :1,x,-2:1

2n—2(_ 1)%in-1%in (50(ai] In-1in )+ (—1)% § (- 1)(x;,1,1 iy ) (X 4,y ) ¥, @iy tal 2=ty 2t
Xl xi, =1,xi,=0
(=D)***2 A x B
where
A= Z ( 1)“;‘;§ xi +gi12in—1in . xi112in—1in
Xi12in—1in e]Fg"‘
and o
B= § (_1)Xin—1 (Xi,,+1)+a’]'2“""—2'(xn—1,xn).

(Xp-1 axn)ng
We have then, A = 245 (aiti2in-1in) — 2(=1)u@1") gpd
B = Z (_1)(Xi,l,1+a,~n Wiy +ai, +Drai,+ai,_ai, _ 2(_1)ain+ai,,,luin.

(Xn-1.2n)€FS

Hence,

Wg(a) — 2n—2(_1)a,~n_1a,-n (S()(Clili"’li”) + 2n—3(_1)a,~1 +ai,_ i, 50(aili2in—lin)+ }

(_ 1)“"1 +aiy +ai, +ai,_ iy, (2n—350(ai1 izi,,_li,,) _ 4(_ 1)WH(a’1 2'n-1 ‘”)) ’
implying that WS (g) = {£3-2"3 £4; 2" 3 £ 4; (2! —4); 22 + 4; +4}. We can easily
check that for n > 6, max EWS(g) = 2""! — 4 and by taking @ = 0 in Relation , we
have W,(0) = 2"! — 4 meaning by Lemma that g is a coset leader.
Function g can not be affinely equivalent to a DSM function 4 of direct sum vector my, =
[my = 0,m; = 0,my,...,m]. Indeed, suppose that it is, then if n > Zf:z im;, from Remark
@, WS (h) contains 0 which is not the case for WS (g), a contradiction, and if n = Zf;Z im;,
then 4 having necessarily degree n — 2, it has 2 monomials and from Remark [4] again,

WS (h) conains 4 values which is not the case for WS (g) (note that two affinely equivalent
functions have the same Walsh spectrum). O

(12)
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4.3 Maiorana-McFarland functions

Now we characterize coset leaders by the Walsh transform in the whole class of Maiorana-
McFarland functions. Let us recall their definition:

Definition 8 Let n and r be any positive integers such that r < n. We denote by MM, the
class of n-variable Boolean functions of the form:

f,y) =x-¢(y) +g0); x €F,,y e By, (13)

where ¢ is a function from F)"" to F, and g is an (n—r)-variable Boolean function. We call
Maiorana-McFarland’s functions (in brief, MM functions) the functions of such general
form.

Note that MM, equals the whole space of n-variable functions (hence, speaking in this
case of Maiorana-McFarland’s functions is more a viewpoint on the functions than a spe-
cific definition) and MM, c MM, _,, for every r > 2.
Note that since functions ¢ and g defined in any function f € MM, are in n — r vari-
ables, then any function in MM, is of degree at most n — r + 1. The original class of
Maiorana-McFarland’s bent functions, introduced by Maiorana, McFaland and Dillon, is
the subclass of MMz in which ¢ is a permutation.
Clearly, each class MM, is a union of cosets of the first order Reed-Muller code.
From [4, Proposition 53], for all function f given by Relation (13)), we have:

W(u,v) = 2" Z (=1 e By v e FI. (14)
ye(@) ()
This means that
wa(f)=2"" =2t 3T (= (15)
ye(@)~1(0)

and that,
nl(f)=2""1-2"1 max

T n—r
ue]Fz, ve]F2

(_ 1 )g(y)+v-y

Y@ )
Hence, from Lemmal I} we have

Lemma 7 Let n and r be two positive integers such that r < n. For all f € MM,, f is a
coset leader of RM(1, n) if and only if
max = Z (-1)59.

Z (-1 )g(y)+v-y
ueFE,veF“‘r

2 ye(@)tw) ye(@)~1(0)
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Remark 6 Given f = x- ¢(y) + g(y) in MM, and by setting M, = {y € (¢)"'(w)/ g(y) +
vy = €} where (u,v) € F), X F)™" and € € F,, we have from Lemma E] that every function
g = fH+u-x+v-y+eisacoset leader if and only if card(M,, ¢) — card(M,,, 1 +) is positive
and is maximal over F, X FJ™". Indeed, it suffices to observe that Zy€(¢)—l(u)(—l)g(y>+v'y =
card(M, o) — card(M,,,, ).

A simple case where a Maiorana-McFarland function is a coset leader is the following:

Corollary 6 Let n and r be two positive integers such that r < n. For all f(x,y) =
x-¢(y) + g(y) € MM,, if g vanishes on ¢~'(0) and if Card((¢)~'(0)) > card((¢)'(w)) for
all u € F, then f is a coset leader of RM(1, n).

Remark 7 Let n and r be two positive integers such that r < n. Assume that a function
f=x-00)+g(y) € MM, is a coset leader of RM(1,n). Then, according to Relation (15)),
f has Hamming weight larger than 2"~% if and only if Zye(@_l(o)(—l)g(” < 2mr-l

Remark 8 If ¢ is a permutation as it is the case for functions in the Maiorana-McFarland
original class of bent functions, then ¢~" (1) has only one element for all u and any function
fx,y) = x-¢(y) + g(y) € MMy is a coset leader if and only if g(¢71(0)) = 0. But we
knew already that, more generally, the bent functions which are coset leaders are those of
Hamming weight 2"~' — 2571,

It is clearly out of reach to precisely determine all the coset leaders of Maiorana-McFarland
functions: this is obvious for class MM, since we have seen that MM, equals to whole
class of n-variable Boolean functions. Let us look at the large values of r.

Before that, assume that the function ¢ considered the function f = x-¢(y) + g(y) in MM,
is constant then we have:

Lemma 8 The coset leaders of every function f = x - ¢(y) + g(y) in MM,, when ¢ is
constant, are the coset leaders of g (viewed as functions in n variables).

Proof Assume ¢ is constant and takes value uy € ;. For all (u,v) € F;xXF;™", if u # u, then
¢~'(u) = 0 and we have Y 10, (—1)¥®™? = 0, which means that the coset leaders of
f are obtained when u = uy only. Then we have Y} ¢ 510, (— 1O = Zyngfr(—l)g(y)w.y
and this ends the proof since g is a Boolean function in n — r variables. O

Theorem 2 Let n and r be two positive integers such that r < n.
1. If r = n, the zero function is the unique coset leader in M M,.

2. If r = n—1, the coset leaders in MM, are the zero function and, for every ¢ taking
two distinct values uy = ¢(0) and uy; = ¢(1), the four functions:

fy) =x-(d0) +u) +v(y+i); x e Fy ',y e Fao; i,v € By
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3. If r = n—2, then the coset leaders f(x,y); x € F§‘2;y € F2, of MM, are as follows,
according to the size of the image set of ¢:

a) [¢ constant]
J,y) =0, f(x,y) = yiya, f(6y) = yiy2 +y1, f(6,Y) = yiy2 + yo, and
Sy =ym+yi+y+ 1L

b) [¢ taking two distinct values u; and u,]

— If card(¢™"(uy)) # card(¢~"(w>)), then up to renaming u;,u,, we have
& ') = {21,722, 23}, () = {24} and the corresponding coset leaders
are the functions:

Sy =x- (@) +u) +g(y)+v-y+gz)+v-z,

where g and v are such that g(y) + v - y is constant over ¢~ (uy);
the functions:

3
FEY) = x-(0) + ) +g0) +v-y+ ) (@) +v-z)+ Lv e B,
i=1

where g is such that g(y) + v - y is non-constant over ¢~'(u,) for every v,
and the functions:

FOuy) =x-($0) +uz) + g0) +v-y+g(za) +v-z4;v € F.

= If card(¢™" () = card(¢™"(uz)) = 2, then by setting ¢~ (uy) = {z1,22)
and ¢~ (uy) = {z3, 24}, the coset leaders are the functions:

fy)=x-(d(y) +u) +g(y)+v-y+gz)+v-z,

where g is such that g(y) + v - y is constant over ¢~ (u,),
and the functions:

fO,y) =x- (0 +uz) +g(y) +v -y +8(z3) +v - 23,
where g is such that g(y) + v - y is constant over ¢~ (u»).

c) [¢ taking three distinct values u,, u, and us]. Up to renaming u,,u, and us,
we have ¢~ (uy) = {21, 22}, u» = ¢(z3) and uz = ¢(z4), then the corresponding
coset leaders are the functions:

fy)=x- (@) +u)+g0)+v-y+gz)+v-z; xeFy 2 yeF,

where g and v are such that g(y) + v - y is constant over ¢~ (uy),
and the functions:

fy) =x-(@O) +u) + g0 +v-y+8@is) +v-zi1; i = 2,3, veF,

if all the restrictions of g(y) +v -y to ¢~ (u) are balanced.
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d) [¢ taking four distinct values uy, = ¢(z1), u; = ¢(22), uz = ¢(z3) and ug = ¢(z4)]
where F% = {21, 22, 23, 24}, then the coset leaders of f are the sixteen functions:

fy)=x- @0 +u)+80) +v-y+g@)+v-zzi€({l1,2,3,4},,veF.

Proof. 1) If r = n, then MM, = RM(1, n) and the zero function is the unique coset leader.
2) If r = n — 1, then for a given function f(x,y) = x - ¢(y) + g(v), where ¢ and g are
1-variable functions, we have:

a) If ¢ is constant, then according to Lemma(g], the coset leaders of f are the coset leaders
of g (viewed as in n variables). Since g is in 1 variable, it is affine and the unique coset
leader of g is then function 0. The unique coset leader corresponding to this case is then
the zero function (we could have seen this directly by observing that f itself is affine).

b) If ¢ takes two distinct values uy = ¢(0) and u; = ¢(1), the pre-image ¢~'(u) is empty
when u ¢ {uy, u,} and equals {i} where i € F, when u = u;. Since g is affine, we can without
loss of generality assume that it is the zero function and consider the coset leaders of f.
The sum ; jc4-10,(— 18" equals then O when u ¢ {uo, u1} and (—=1)" when u = u;, and
the result follows from Relation (14)) (or Lemma(7) and Lemma [2] with € = vi.

3) If r = n — 2, the functions ¢ and g in f(x,y) = x - ¢(y) + g(y) € MM, are 2-variable
functions, and we have:

a) If ¢ is constant, then according to Lemma(g], the coset leaders of f are the coset leaders
of g (viewed as in n variables). Since g is in 2 variables y; and y,, it is either affine,
and the unique coset leader of g is then function 0, or it has degree 2, in which case the
coset leaders of g when g varies among the functions of degree 2 in two variables are
the functions of Hamming weight 1, that is, the functions y;y,, yi(y> + 1) = y1y2 + y1,
01+ Dy =yiya+y2and (v + DO+ D) =y +y1 + 2 + 1.

b) If ¢ takes two distinct values u; and u,, noting that card(¢~'(u)) < 3 for all u, we have:
-If ¢~ (ur) = {21, 22, 23} and ¢ (ua) = {zu}, then if u ¢ {uy, up}, the sum Y, ¢ jm1(,y (=1
equals 0; if u = u; and g(y) +v-y is constant over ¢~ (u;), it equals 3(—=1)8E™21; if y = y,
and g(y) + v - y is not constant over ¢~ (uy), it equals (=1)"*Z=1 @@ and if u = uy, it
equals (—1)8@)*% and the result follows from Lemma

If card(¢™' (1)) = card(¢p™'(u2)) = 2, then by setting ¢~'(u1) = {z1,22} and ¢~ (up) =
{z3, 24}, the sum Y 510, (—=1)8*" equals O when u ¢ {uy, u>} or when u = u; and g(y)+v-y
is balanced over ¢~!(u;) or when u = u, and g(y) + v - y is balanced over ¢~'(u,). This
sum equals 2 (—=1)8E™21 (resp. 2 (—1)8@)*™3) when u = u; and g(y) + v - y is constant
over ¢~ !(u;) (resp. when u = u, and g(y) + v - y is constant over ¢~ '(u,)), and the result
follows again from Lemma[2]

c) The pre-image ¢~ (1) is empty when u ¢ {u;, u, u3}. Noting that card(¢~'(u)) < 2, we
can take ¢~'(u)) = {z1,22}, #(z3) = u» and ¢(z4) = us, then the sum Dyes (u)(_l)g(y)w-y
equals O when u ¢ {u;,us,us3} or when u = u; and g(y) + v - y is balanced over ¢~ (), it
equals 2 (=1)$@)*v2 when u = u; and g(y) + v - y is constant over ¢~ (), and the result
follows from Lemmal[2l
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d) The pre-image ¢! («) is empty when u ¢ {u;, u,, us, us} and equals z; € F% when u = u;.
The sum Y c510,)(—=1)8" equals then O when u ¢ {u, u, u3, us} and (—=1)@*% when
u = u;, and the result follows from Lemma [2 O

Remark 9 Denoting the Maiorana-McFarland original class of bent functions by MM,
2
every coset leader in MM, with n > 6 and deg(g) > 3 is not affinely equivalent to a
2

DSM function. Indeed, its Walsh spectrum, which is {23}, is different from the Walsh
spectrum of any DSM function of degree at least 3 given in Remark 4| since this latter
Walsh spectrum contains a value divisible by 29¢¢®) — 2, which is not the case for +2%.

Conclusion

In this paper, we gave properties of the coset leaders of the first-order Reed-Muller code
and started a study of their structure through the study of operations that are internal to
their class. We characterized those coset leaders that belong to the well known classes of
direct sums of monomial functions and Maiorana-McFarland functions. We also gave in-
finite classes of coset leaders having Hamming weight greater than 2”2, Many questions
remain open after our work; the global structure of coset leaders is still to be understood,
and the coset leaders of many classes whose Walsh transform is known (such as the class
of Niho functions, majority functions and Carlet-Feng functions) remain to be determined.
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