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Abstract: In this paper, we investigate the cardinality, denoted by (j1, j2, j3, j4)2, of the

intersection of (C(2)j1
− 1) ∩ (C(2)j2

− 2) ∩ (C(2)j3
− 3) ∩ (C(2)j4

− 4) for j1, j2, j3, j4 ∈ {0, 1}, where

C(2)0 , C(2)1 are the cyclotomic classes of order two over the finite field Fpn , p is an odd prime

and n is a positive integer. By making most use of the results on cyclotomic classes of orders

two and four as well as the cardinality of the intersection (C(2)i1
− 1) ∩ (C(2)i2

− 2) ∩ (C(2)i3
− 3),

we compute the values of (j1, j2, j3, j4)2 in the case of p = 5, where i1, i2, i3 ∈ {0, 1}. As

a consequence, the power function x
5n−1

2 +2 over F5n is shown to be differentially 3-uniform

and its differential spectrum is also completely determined.

Keywords: Power function, differential spectrum, cyclotomic number.

1 Introduction

Substitution box (S-box for short) is an important nonlinear component of symmetric cryp-

tosystems. The functions used to design S-boxes should have good cryptographic properties in

order to resist various kinds of cryptanalytic attacks. Differential attack is one of the most fun-

damental cryptanalytic approaches targeting symmetric key primitives and the first statistical

attack for breaking iterated block ciphers [1].

The differential uniformity of S-boxes, which was introduced by Nyberg in [10], can be used

to measure the ability of a given function to resist the differential attack. Let Fpn be the finite

field with pn elements and F∗pn denote its multiplicative group, where p is a prime and n is a

positive integer. For a function F (x) from Fpn to Fpn , a ∈ F∗pn and b ∈ Fpn , define

δF (a, b) = #{x ∈ Fpn |F (x+ a)− F (x) = b}.
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The differential uniformity of F (x), denoted by ∆F , is defined as

∆F = max{δF (a, b) | a ∈ F∗pn , b ∈ Fpn}.

If ∆F = δ, then F (x) is called the differentially δ-uniform. A function is called perfect nonlinear

(PN for short) if ∆F = 1 and almost perfect nonlinear (APN for short) if ∆F = 2.

Power functions with low differential uniformity have been extensively studied in the past

decades due to their strong resistance to differential attacks and low implementation cost in

hardware. For a power function F (x) = xd, it can be readily verified that δF (a, b) = δF (1, b
ad

)

for any a ∈ F∗pn and b ∈ Fpn . In order to further investigate the differential properties of power

functions, Blondeau et al. defined the differential spectrum of F (x) = xd as the multiset

S = {w0, w1, · · · , w∆F
},

where wi = #{b ∈ Fpn | δF (1, b) = i} and 0 ≤ i ≤ ∆F [2]. It is an interesting topic to obtain

the differential spectrum of power functions with low differential uniformity which is useful to

analyse the resistance of the cipher to differential attacks. Hence, the study of the differential

spectrum of power functions has attracted a lot of attention. However, it is usually a hard work

to obtain the differential spectrum for a given power function, and therefore there are only a few

classes of power functions with known differential spectrum, see Table 1 for odd characteristics.

Table 1: Power functions F (x) = xd over Fpn (p is odd) with known differential spectrum

d Conditions ∆F References

2 · 3
n−1
2 + 1 p = 3, n is odd 4 [5]

pk+1
2 gcd(n, k) = e pe−1

2 or pe + 1 [4]
pn+1
pm+1 + pn−1

2 p ≡ 3 (mod 4), m |n, n is odd pm+1
2 [4]

p2k − pk + 1 gcd(n, k) = e, n
e is odd pe + 1 [8,16]

pn − 3 any n ≤ 5 [13,15]

pm + 2 p > 3, n = 2m 4 [9]
5n−3

2 p = 5 4 or 5 [14]
5n−1

2 + 2 p = 5 3 This paper

Among the study of power functions with low differential uniformity, the differential unifor-

mity of F (x) = pn−1
2 + 2 was discussed in [6].

Theorem 1. ([6, Theorem 3]) Let p be an odd prime and F (x) = xd, where d = pn−1
2 + 2. Then
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the differential uniformity of F satisfies

∆F ≤


1, if p = 3 and n is even;

3, if p 6= 3 and pn ≡ 1 (mod 4);

4, otherwise.

Clearly, F (x) = x
3n−1

2
+2 is affine equivalent to x

3n−1+1
2 due to gcd(3n−1, 3n − 1) = 1. Then

the differential spectrum of x
3n−1

2
+2 has been determined in [4,7]. To the best of our knowledge,

except for the case of p = 3, the differential spectrum of x
pn−1

2
+2 over Fpn has not been discussed

in other characteristics.

In this paper, we aim to determine the differential spectrum of x
pn−1

2
+2 for p = 5. To

solve this problem, we study the cardinality, denoted by (j1, j2, j3, j4)2, of the intersection of

(C(2)
j1
− 1) ∩ (C(2)

j2
− 2) ∩ (C(2)

j3
− 3) ∩ (C(2)

j4
− 4) for j1, j2, j3, j4 ∈ {0, 1}, where C(2)

0 , C(2)
1 are the

cyclotomic classes of order two over Fpn . Consequently, the values of (j1, j2, j3, j4)2 for p = 5

are determined by means of the known results on the cyclotomic number of order four and the

cardinality of the intersection of (C(2)
i1
− 1) ∩ (C(2)

i2
− 2) ∩ (C(2)

i3
− 3), where i1, i2, i3 ∈ {0, 1}.

With the help of certain techniques over finite fields, we completely determined the differential

spectrum of x
5n−1

2
+2 over F5n .

2 Preliminaries

In this section, some basic results on the cyclotomic class and cyclotomic number of order

four over finite fields are given. Let p be an odd prime, n be a positive integer, and η denote

the quadratic multiplicative character over Fpn , i.e., η(x) = 1 if x is a square, η(0) = 0 if x = 0

and η(x) = −1 if x is a nonsquare. It is well known that η(−1) = 1 if and only if pn ≡ 1 (mod 4)

and η(2) = 1 if and only if pn ≡ ±1 (mod 8).

Let e and h be positive integers such that eh+ 1 = pn and α be a primitive element of Fpn .

The cyclotomic class C(e)
i in Fpn is defined as

C(e)
i = {αes+i | s = 0, 1, · · · , h− 1},

where 0 ≤ i ≤ e− 1. The cyclotomic number (i, j)e is defined as the cardinality of the set

C(e)
i,j = C(e)

i ∩ (C(e)
j − 1) = {x ∈ Fpn |x ∈ C(e)

i and x+ 1 ∈ C(e)
j },

where 0 ≤ i, j ≤ e − 1, the cyclotomic matrix M (e) is defined as the matrix whose entry in

position (i+ 1, j + 1) is the constant (i, j)e.

The cyclotomic matrix M (4) is given as below, which will be useful for proving our results.
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Lemma 1. ([12]) Let e = 4, s and t be integers such that pn = s2 + 4t2 and s ≡ 1 (mod 4).

Then pn ≡ 1 (mod 4) and we have the following conditions.

(i) If h is even, i.e., pn ≡ 1 (mod 8), then

M (4) =


A B C D

B D E E

C E C E

D E E B

 ,

where 16A = pn − 11− 6s, 16B = pn − 3 + 2s+ 8t, 16C = pn − 3 + 2s, 16D = pn − 3 + 2s− 8t

and 16E = pn + 1− 2s.

(ii) If h is odd, i.e., pn ≡ 5 (mod 8), then

M (4) =


A B C D

E E D B

A E A E

E D B E

 ,

where 16A = pn − 7 + 2s, 16B = pn + 1 + 2s− 8t, 16C = pn + 1− 6s, 16D = pn + 1 + 2s+ 8t

and 16E = pn − 3− 2s.

3 On the intersection of some particular cyclotomic classes

Let (i1, i2, i3)2 be defined as the cardinality of the intersection (C(2)
i1
−1)∩(C(2)

i2
−2)∩(C(2)

i3
−3),

and (j1, j2, j3, j4)2 denote the cardinality of the intersection (C(2)
j1
− 1) ∩ (C(2)

j2
− 2) ∩ (C(2)

j3
− 3) ∩

(C(2)
j4
− 4), where i1, i2, i3, j1, j2, j3, j4 ∈ {0, 1}. Clearly, we have

(i1, i2, i3)2 = #
{
x ∈ Fpn | η(x+ t) = (−1)it for t = 1, 2, 3

}
,

(j1, j2, j3, j4)2 = #
{
x ∈ Fpn | η(x+ t) = (−1)jt for t = 1, 2, 3, 4

}
.

The values of (i1, i2, i3)2 for i1, i2, i3 ∈ {0, 1} are given in the following lemma.

Lemma 2. ([11]) Let p be an odd prime, n be a positive integer. When pn ≡ 1 (mod 4), let

pn = s2 + 4t2, where s and t are integers such that s ≡ 1 (mod 4).

(i) If pn ≡ −1 (mod 8), then

(0, 0, 0)2 = (1, 0, 0)2 = (1, 1, 0)2 = (1, 1, 1)2 =
pn − 7

8
,

(0, 0, 1)2 = (0, 1, 0)2 = (0, 1, 1)2 = (1, 0, 1)2 =
pn + 1

8
.
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(ii) If pn ≡ 1 (mod 8), then

(0, 0, 1)2 = (0, 1, 0)2 = (1, 0, 0)2 = (1, 1, 1)2 =
pn + 2s− 3

8
,

(0, 1, 1)2 = (1, 0, 1)2 = (1, 1, 0)2 = (0, 0, 0)2 + 2 =
pn − 2s+ 1

8
.

(iii) If pn ≡ −3 ( mod 8), then

(0, 0, 1)2 = (0, 1, 0)2 = (1, 0, 0)2 = (1, 1, 1)2 =
pn − 2s− 3

8
,

(0, 1, 1)2 = (1, 1, 0)2 = (1, 0, 1)2 + 1 = (0, 0, 0)2 + 1 =
pn + 2s+ 1

8
.

(iv) If pn ≡ 3 (mod 8), then (i1, i2, i3)2 = pn−3
8 for all i1, i2, i3 ∈ {0, 1}.

According to Lemma 2 and the cyclotomic number of order four, we can determine the values

of (j1, j2, j3, j4)2 in the case of p = 5 as follows.

Theorem 2. Let p = 5, s and t be integers such that s ≡ 1 (mod 4) and pn = s2 + 4t2. Then

we have the following results.

(i) If n is even, then (0, 0, 0, 0)2 = pn−10s−39
16 ,

(0, 0, 0, 1)2 = (0, 0, 1, 0)2 = (0, 1, 0, 0)2 = (1, 0, 0, 0)2 = (1, 1, 1, 1)2 =
pn + 6s− 7

16

and (j1, j2, j3, j4)2 = pn−2s+1
16 otherwise.

(ii) If n is odd, then (0, 1, 1, 0)2 = pn+10s+1
16 ,

(0, 0, 1, 0)2 = (0, 1, 0, 0)2 = (1, 0, 0, 1)2 = (0, 1, 1, 1)2 = (1, 1, 1, 0)2 =
pn − 6s+ 1

16

and (j1, j2, j3, j4)2 = pn+2s−7
16 otherwise.

Proof. (i) If p = 5 and n is even, then η(−1) = η(2) = η(3) = 1. It can be verified that

#{x ∈ Fpn | η(x+ 1) = (−1)j1 , η(x+ 2) = (−1)j2 , η(x+ 3) = (−1)j3 , η(x+ 4) = (−1)j4}

= #{x ∈ Fpn | η(2x+ 2) = (−1)j1 , η(2x+ 4) = (−1)j2 , η(2x+ 1) = (−1)j3 , η(2x+ 3) = (−1)j4}

= #{x ∈ Fpn | η(3x+ 3) = (−1)j1 , η(3x+ 1) = (−1)j2 , η(3x+ 4) = (−1)j3 , η(3x+ 2) = (−1)j4}

= #{x ∈ Fpn | η(4x+ 4) = (−1)j1 , η(4x+ 3) = (−1)j2 , η(4x+ 2) = (−1)j3 , η(4x+ 1) = (−1)j4}

which implies (j1, j2, j3, j4)2 = (j3, j1, j4, j2)2 = (j2, j4, j1, j3)2 = (j4, j3, j2, j1)2. More precisely,

we have (0, 1, 1, 0)2 = (1, 0, 0, 1)2 and

(0, 0, 0, 1)2 = (0, 0, 1, 0)2 = (0, 1, 0, 0)2 = (1, 0, 0, 0)2

(0, 0, 1, 1)2 = (1, 0, 1, 0)2 = (0, 1, 0, 1)2 = (1, 1, 0, 0)2

(0, 1, 1, 1)2 = (1, 0, 1, 1)2 = (1, 1, 0, 1)2 = (1, 1, 1, 0)2.
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Note that 1 ∈ (C(2)
0 − 1)∩ (C(2)

0 − 2)∩ (C(2)
0 − 3) and −1 ∈ (C(2)

0 − 2)∩ (C(2)
0 − 3)∩ (C(2)

0 − 4).

From the definitions of (i1, i2, i3)2 and (j1, j2, j3, j4)2, we get the following equalities:

(0, 0, 0)2 = (0, 0, 0, 0)2 + (0, 0, 0, 1)2 + 1 = (0, 0, 0, 0)2 + (1, 0, 0, 0)2 + 1

(0, 0, 1)2 = (0, 0, 1, 0)2 + (0, 0, 1, 1)2 = (0, 0, 0, 1)2 + (1, 0, 0, 1)2

(0, 1, 1)2 = (0, 1, 1, 0)2 + (0, 1, 1, 1)2 = (0, 0, 1, 1)2 + (1, 0, 1, 1)2

(1, 1, 1)2 = (1, 1, 1, 0)2 + (1, 1, 1, 1)2 = (0, 1, 1, 1)2 + (1, 1, 1, 1)2,

which indicates (0, 1, 1, 0)2 = (0, 0, 1, 1)2. By Lemma 2 (ii), we have (0, 0, 1)2 = (1, 1, 1)2 =
pn+2s−3

8 and (0, 1, 1)2 = (0, 0, 0)2 + 2 = pn−2s+1
8 . This leads to (0, 0, 0, 1)2 = (0, 1, 1, 1)2 + s−1

2 .

It can be readily obtained that

#{x ∈ Fpn | η((x+ 1)(x+ 2)(x+ 3)(x+ 4)) = −1}

= #{x ∈ Fpn | η(x4 − 1) = −1}

= (0, 0, 0, 1)2 + (0, 1, 0, 0)2 + (0, 0, 1, 0)2 + (1, 0, 0, 0)2

+(0, 1, 1, 1)2 + (1, 1, 0, 1)2 + (1, 0, 1, 1)2 + (1, 1, 1, 0)2

= 8(0, 1, 1, 1)2 + 2(s− 1).

Let y = x4 − 1, from η(y) = −1, we have y ∈ C(4)
1,0 ∪ C

(4)
3,0 . By Lemma 1 (i), one has

#{x ∈ Fpn | η(x4 − 1) = −1} = 4((1, 0)4 + (3, 0)4) =
pn + 2s− 3

2

due to gcd(4, 5n − 1) = 4. Therefore, one gets (0, 1, 1, 1)2 = pn−2s+1
16 and (0, 0, 0, 1)2 = pn+6s−7

16 .

This together with the relationships between (i1, i2, i3)2 and (j1, j2, j3, j4)2, we further have

(0, 0, 0, 0)2 = pn−10s−39
16 , (0, 0, 1, 1)2 = pn−2s+1

16 and (1, 1, 1, 1)2 = pn+6s−7
16 .

(ii) For odd n, we have η(−1) = 1, η(2) = η(3) = −1 and then

(j1, j2, j3, j4)2 = (ε(j3), ε(j1), ε(j4), ε(j2))2 = (ε(j2), ε(j4), ε(j1), ε(j3))2 = (j4, j3, j2, j1)2,

where ε(0) = 1 and ε(1) = 0. This implies (0, 0, 0, 0)2 = (1, 1, 1, 1)2 and

(0, 0, 0, 1)2 = (1, 1, 0, 1)2 = (1, 0, 1, 1)2 = (1, 0, 0, 0)2

(0, 0, 1, 0)2 = (0, 1, 1, 1)2 = (1, 1, 1, 0)2 = (0, 1, 0, 0)2

(0, 0, 1, 1)2 = (0, 1, 0, 1)2 = (1, 0, 1, 0)2 = (1, 1, 0, 0)2.

Obviously, 1 ∈ (C(2)
1 − 1) ∩ (C(2)

1 − 2) ∩ (C(2)
0 − 3) and −1 ∈ (C(2)

0 − 2) ∩ (C(2)
1 − 3) ∩ (C(2)

1 − 4).
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Similarly as the proof of (i), one has

(0, 0, 0)2 = (0, 0, 0, 0)2 + (0, 0, 0, 1)2 = (0, 0, 0, 0)2 + (1, 0, 0, 0)2

(0, 0, 1)2 = (0, 0, 1, 0)2 + (0, 0, 1, 1)2 = (0, 0, 0, 1)2 + (1, 0, 0, 1)2

(0, 1, 1)2 = (0, 1, 1, 0)2 + (0, 1, 1, 1)2 = (0, 0, 1, 1)2 + (1, 0, 1, 1)2 + 1

(1, 1, 1)2 = (1, 1, 1, 0)2 + (1, 1, 1, 1)2 = (0, 1, 1, 1)2 + (1, 1, 1, 1)2.

From Lemma 2 (iii), we have (0, 0, 1)2 = (1, 1, 1)2 = pn−2s−3
8 and (0, 1, 1)2 = (0, 0, 0)2 + 1 =

pn+2s+1
8 , which leads to (1, 0, 1, 1)2 = (0, 0, 1, 0)2 + s−1

2 .

By gcd(4, 5n − 1) = 4 and Lemma 1 (ii), we further have

#{x ∈ Fpn | η(x4 − 1) = −1} = 8(0, 0, 1, 0)2 + 2(s− 1),

which equals 4((1, 0)4 + (3, 0)4) = pn−2s−3
2 . Then (0, 0, 1, 0)2 = pn−6s+1

16 and (1, 0, 1, 1)2 =
pn+2s−7

16 . From the relationships between (i1, i2, i3)2 and (j1, j2, j3, j4)2, one has (0, 0, 0, 0)2 =

(0, 0, 1, 1)2 = pn+2s−7
16 , (1, 0, 0, 1)2 = pn−6s+1

16 and (0, 1, 1, 0)2 = pn+10s+1
16 .

The proof is completed.

Remark 1. (i) Let s and t be integers such that s ≡ 1 (mod 4) and pn = s2 + 4t2, where p is

an odd prime and n is a positive integer. From [3] and [12], we know that the above conditions

determine s uniquely, and t up to sign. Similarly as the method used in [14], it can be verified

that s =
∑bn

2
c

k=0(−1)k
(
n
2k

)
22k for p = 5.

(ii) Numerical data show that the number of different values of (j1, j2, j3, j4)2 is equal to 3

for p = 5 and no less than 4 or 5 for p = 7, 11, 13. Thus we need more equalities to determine

the values of (j1, j2, j2, j4)2 for a general prime p > 5. Moreover, the calculations in the proof

of Theorem 2 rely on the characteristic p = 5, and therefore new methods should be proposed to

compute the values of (j1, j2, j3, j4)2 in other characteristics.

4 The differential spectrum of x
5n−1

2 +2 over F5n

In this section, we determine the differential spectrum of x
5n−1

2
+2 over F5n by making use of

the cardinalities of the intersections of some particular cyclotimic classes of order two.

According to the definition of differential spectrum of a power function F (x), we have∑∆F

i=0
wi =

∑∆F

i=0
i · wi = pn.

Then by Lemma 2 and Theorem 2, the differential spectrum of x
5n−1

2
+2 over F5n can be deter-

mined as follows.
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Theorem 3. Let F (x) = xd be a power function over F5n, where d = 5n−1
2 + 2. Then the

differential spectrum of F is

{w0, w1, w2, w3} =

{
pn − 2s+ 1

4
,
9pn + 14s− 7

16
,
pn − 2s+ 1

8
,
pn − 2s+ 1

16

}
if n is even, and

{w0, w1, w2, w3} =

{
pn + 2s+ 1

4
,
9pn − 6s− 7

16
,
pn − 6s+ 1

8
,
pn + 10s+ 1

16

}
if n is odd.

Proof. To determine the differential spectrum of F (x), it is sufficient to consider the number of

the solutions of

(x+ 1)d − xd = b (1)

for any b ∈ Fpn . Clearly, x = 0 gives b = 1 and x = −1 gives b = −1 since d = 5n−1
2 + 2 is even.

Suppose x(x+ 1) 6= 0, then (1) becomes

(η(x+ 1)− η(x))x2 + 2η(x+ 1)x+ η(x+ 1)− b = 0. (2)

Note that F∗pn\{−1} = C(2)
0,0 ∪ C

(2)
0,1 ∪ C

(2)
1,0 ∪ C

(2)
1,1 . Then we divide the discussions in the following

four cases.

Case I: x ∈ C(2)
0,0 , i.e., η(x) = η(x+ 1) = 1. Then (2) becomes 2x+ 1− b = 0, which leads to

x = b−1
2 . Therefore (2) has at most one solution in C(2)

0,0 and x = b−1
2 ∈ C

(2)
0,0 if b belongs to

D1 = {b ∈ Fpn | η((b− 1)/2) = η((b+ 1)/2) = 1}.

Case II: x ∈ C(2)
1,1 , i.e., η(x) = η(x+1) = −1. In this case, (2) can be reduced to 2x+1+b = 0,

which leads to x = − b+1
2 . Therefore (2) has one solution in C(2)

1,1 if b belongs to

D2 = {b ∈ Fpn | η(−(b+ 1)/2) = η(−(b− 1)/2) = −1}

= {b ∈ Fpn | η((b− 1)/2) = η((b+ 1)/2) = −1}.

Case III: x ∈ C(2)
0,1 , i.e., η(x) = 1 and η(x+ 1) = −1. Then (2) is equivalent to

2x2 + 2x+ b+ 1 = 0. (3)

In can be computed that the discriminant of (3) is equal to ∆3 = −4(2b + 1). If ∆3 = 0,

then x = −1
2 /∈ C(2)

0,1 due to p = 5. If η(∆3) = 1, then (3) has two solutions in F∗pn\{−1},
which can be represented as x3, x

′
3 = −1±

√
−2b−1
2 . Clearly, x3 + 1 = −x′3, x′3 + 1 = −x3 and
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x3(x3 + 1) = − b+1
2 . Due to η(−1) = 1, one obtains that η(x3) = η(x′3 + 1), η(x′3) = η(x3 + 1)

and (3) has at most one solution in C(2)
0,1 . Thus (3) has exactly one solution in C(2)

0,1 if b ∈ D3,

where D3 = {b ∈ Fpn | η(∆3) = 1, η(x3(x3 + 1) = −1)} which can also be written as

D3 = {b ∈ Fpn | η(2b+ 1) = 1, η((b+ 1)/2) = −1}.

Case IV: x ∈ C(2)
1,0 , i.e., η(x) = −1 and η(x+ 1) = 1. In this case, (2) becomes

2x2 + 2x+ 1− b = 0. (4)

Then the discriminant of (4) equals ∆4 = 4(2b− 1). If ∆4 = 0, then x = 1
2 /∈ C(2)

0,1 for p = 5. If

η(∆4) = 1, then (4) has two solutions in F∗pn\{−1}, which can be written as x4, x
′
4 = −1±

√
2b−1

2 .

Obviously, x4 + 1 = −x′4, x′4 + 1 = −x4 and x4(x4 + 1) = b−1
2 . Due to η(−1) = 1, one obtains

that (4) has at most one solution in C(2)
1,0 , and (4) has exactly one solution in C(2)

1,0 if b ∈ D4,

where D4 = {b ∈ Fpn | η(∆4) = 1, η(x4(x4 + 1) = −1)}. Equivalently,

D4 = {b ∈ Fpn | η(2b− 1) = 1, η((b− 1)/2) = −1}.

Clearly, b = ±1 /∈ D1∪D2∪D3∪D4, D1∩ (D2∪D3∪D4) = ∅ and D3∩D4 = D2∩D3∩D4.

Therefore, (2) has at most three solutions in Fpn and the number of solutions of (1) is

δF (1, b) =



3, if b ∈ D2 ∩D3 ∩D4;

2, if b ∈
(
(D2 ∩D3) ∪ (D2 ∩D4)

)
\(D2 ∩D3 ∩D4);

1, if b ∈ (D2 ∪D3 ∪D4)\
(
(D2 ∩D3) ∪ (D2 ∩D4) ∪ (D2 ∩D3 ∩D4)

)
,

or b ∈ D1, or b = ±1;

0, otherwise.

From the definitions of (i1, i2, i3)2 and (j2, j2, j3, j4)2, we get

#(D2 ∩D3) = #{b ∈ Fpn | η(2b+ 1) = 1, η((b+ 1)/2) = η((b− 1)/2) = −1}

= #{b ∈ Fpn | η(2b+ 1) = 1, η(2b+ 2) = η(2b+ 3) = −1}

= (0, 1, 1)2,

#(D2 ∩D4) = #{b ∈ Fpn | η(2b− 1) = 1, η((b+ 1)/2) = η((b− 1)/2) = −1}

= #{b ∈ Fpn | η(2b+ 2) = η(2b+ 3) = −1, η(2b+ 4) = 1}

= (1, 1, 0)2,

#(D2 ∩D3 ∩D4) = #{b ∈ Fpn | η(2b+ 1) = η(2b− 1) = 1, η((b+ 1)/2) = η((b− 1)/2) = −1}

= #{b ∈ Fpn | η(2b+ 1) = η(2b+ 4) = 1, η(2b+ 2) = η(2b+ 3) = −1}

= (0, 1, 1, 0)2.
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By Lemma 2 and Theorem 2, we have w3 = (0, 1, 1, 0)2 = pn−2s+1
16 (resp. pn+10s+1

16 ) if n is even

(resp. n is odd) and w2 = (0, 1, 1)2 + (1, 1, 0)2 − 2(0, 1, 1, 0)2 = pn−2s+1
8 (resp. pn−6s+1

8 ) if n is

even (resp. n is odd). Then the results follow from w0 +w1 +w2 +w3 = w1 + 2w2 + 3w3 = pn.

The proof is completed.

5 Conclusions

In this paper, we completely determined the differential spectrum of x
pn−1

2
+2 for p = 5

by means of the cardinalities of the intersection of (C(2)
i1
− 1) ∩ (C(2)

i2
− 2) ∩ (C(2)

i3
− 3) and the

intersection of (C(2)
j1
− 1) ∩ (C(2)

j2
− 2) ∩ (C(2)

j3
− 3) ∩ (C(2)

j4
− 4) for i1, i2, i3, j1, j2, j3, j4 ∈ {0, 1},

where C(2)
0 , C(2)

1 are the cyclotomic classes of order two over Fpn . For a general prime p > 5, new

approaches will be needed for investigating the differential spectrum of x
pn−1

2
+2 over Fpn .
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