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Abstract

Permutation polynomials of finite fields have many applications in Coding
Theory, Cryptography and Combinatorics. In the first part of this paper we
present a new family of local permutation polynomials based on a class of
symmetric subgroups without fixed points, the so called e-Klenian groups. In
the second part we use the fact that bivariate local permutation polynomials
define Latin Squares, to discuss several constructions of Mutually Orthogonal
Latin Squares (MOLS) and, in particular, we provide a new family of MOLS
on size a prime power.

Keywords: Permutation multivariate polynomials, latin squares, finite
fields.

1. Introduction

Let ¢ be a power of prime p, F, be the finite field with ¢ elements and Fy
denote the cartesian product of n copies of I, for any integer n > 1. Also let
us use the notation 7 = (z1,...,x,) and T; = (x1,..., 21, Tit1,...2,). The

Email addresses: jaime.gutierrez@unican.es (Jaime Gutierrez),
jorge.urroz@upc.edu (Jorge Jiménez Urroz)

Preprint submitted to Elsevier April 27, 2022



ring of polynomials in n variables over F, will be denoted by FF,[Z]. It is well
known that any map from Fj to F, can be uniquely represented as f € F, [z]
such that deg, (f) < ¢ for all i = 1,...,n, where deg, (f) is the degree of
f as a polynomial in the variable x; with coefficients in the polynomial ring
F,[Zi], see [5]. Throughout this paper, we identify all functions F; — T,
with such polynomials, and every polynomial, will be of degree deg, (f) < q,
unless otherwise specified.

We say that a polynomial f € F,[Z] is a permutation polynomial if the
equation f(T) = a has ¢"~' solutions in F} for each a € F,. A classification
of permutation polynomials in F,[Z] of degree at most two is given in [10],
see also [5] for several properties and results and the particular case n = 1.

A polynomial f € F,[7] is called a local permutation polynomial (or LPP)
if for each i, 1 < i < n, the polynomial f(ay,...,a;_1,2;, a;41,a,) is a per-
mutation polynomial in F,[x;], for all choices of @; € ngl. Clearly any LPP
is a permutation polynomial. The opposite is not true in general. We can
see that by simply considering the permutation polynomial f(7) = xil_l + 9,
which is not an LPP since f(z1,as,...,a,) takes only the two values ay and
as + 1.

The author of [8] and [9] gives necessary and sufficient conditions for poly-
nomials in two and three variables to be local permutations polynomials over
a prime field F,,. These conditions are expressed in terms of the coefficients of
the polynomial. A recent result about degree bounds for n local permutation
polynomials defining a permutation of F} is presented in [1].

One of the main contribution in the first part of this paper is a general
construction of a family of local permutation polynomials based on a class of
symmetric subgroups without fixed points, the so called e-Klenian groups.

In the second part of the paper we are interested in Latin Squares, namely
t X t matrices with entries from a set T of size ¢ such that each element of T’
occurs exactly once in every row and every column of the matrix.

It is known that every Latin square can be represented by an LPP,

f(z,y) € Fylz,y], (see Lemma 24) and the relevance of this representation
for the study of Latin squares (also cubes) are described in [8] and [9].
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Latin squares occur in many structures such as group multiplication ta-
bles and Cayley tables. To be precise Latin squares are referred to as the
multiplication tables of an algebraic structure called a quasigroup.

Two Latin squares L; and Lo of order t are orthogonal if by superim-
posing them one obtains all ordered pairs (¢;,t;) € T?, (i, = 1,...,t), and
mutually orthogonal latin squares (MOLS) are sets of Latin squares that
are pairwise orthogonal. The construction of MOLS is a notoriously diffi-
cult combinatorial problem and it is one of the most studied research topics
in design theory [7]. This interest is also due to the numerous applications
that MOLS have in other fields such as cryptography [12], coding theory and
many others, see [3, 6, 13]. We focus on Latin squares of prime p and prime
power g = p" order. The goal of the second part of this paper is providing a
big family of MOLS based on the local permutation polynomials introduced
in the previous part.

The remainder of the paper is structured as follows. We start with some
general properties and preliminary results on local permutation polynomials
in Section 2. Due to the one to one map between Latin squares and local
permutation polynomials Section 3 is consecrated to polynomials only with
two variables and we provide new families of such local permutation poly-
nomials, the so called e—Klenian polynomials. In Section 4 we show general
constructions of MOLS and, in particular, one based on e—Klenian polyno-
mials. We conclude with Section 5, which makes some final comments and
poses open questions.

2. Elementary properties and families of local permutations poly-
nomials

Our first observation in this section will be related with the degree of
local permutation polynomials. For two variables, it is shown in [2] that the
degree of a LPP in F [z, z5] is bounded above by 2(¢ — 2). The next result
gives a natural generalization of this bound to several variables.

Proposition 1. Let n > 2 be an integer. Any local permutation polynomial
f € F,[7] is linear if ¢ = 2 and has degree at most n(q — 2) otherwise.



Proof. It is straightforward if ¢ = 2, so let assume ¢ > 2 and deg, (f) < ¢.
We will prove that deg, (f) < ¢ — 1 for every variable z; for i = 1,...,n, and
for that, clearly it is enough to prove it for ¢ = 1, the rest being analogous.
Then, we write the polynomial f = M, 29"+ M, 29>+ - -4 M, such that
M; € Fylzs, ..., x,). Suppose that M, is a nonzero polynomial, then there
exists (ag,...,a,) € IFZL*I such that 0 # M,_1(as,...,a,) € F,, but then
f(z1,a9,...,a,) € Fy[z1] is a univariate permutation polynomial of degree
q — 1, which is a contradiction, since there is no permutation polynomial of
[F, of degree a divisor of ¢ — 1, see [5]. O

Note that, apart from the trivial case n = 1, for ¢ = 2 any permutation
polynomial is also a LPP, since as we have seen they are linear.

One of the main goals in the theory is to find new families of local per-
mutation polynomials. The next two results can be used to construct some
of them. Suppose f € F,[7] is of the form

f@) =g(x1,...;2n) + M@me1, . 2n), 1< m<n.

It is known that, If at least one of g and h is a permutation polynomial over
F,, then f is a permutation polynomial over [y, and the inverse is also true
when ¢ is prime, see [11]. However for LPP we have the inverse for any g,
not necessarily prime.

Theorem 2. Let f € F,[Z] of the form
f@) =g(xe,...,xm) + M@mi1, ... 2n), 1<m<n
Then f is an LPP if and only if g and h are local permutation polynomials.

Proof. Tt is immediate from the fact that any polynomial g is a permuta-
tion polynomial if and only if g + a is also permutation polynomial, for any
constant a € F,,.

O

The following provide another way to construct local permutation poly-
nomials.

Theorem 3. Let f € F,[Z] be a (local) permutation polynomial.

1. For any permutation polynomial g(z) € F,[z], then g(f(T)) is a (local)
permutation polynomial.



2. Let hy(xy), ..., hy(x,) be permutation polynomials, then f(h(xy),...,h(x,))
is a (local) permutation polynomial.

Proof. Both of them are trivial consequence of the fact that composition of
univariate permutation polynomial is again a permutation polynomial.

[]

The previous results can be used to find local permutation polynomials
with the maximum degree allowed by Proposition 1, and hence extending the
result in paper [2] where the authors proved that there are local permutation
polynomials in F [z, y] of sharp degree 2¢ — 4 for ¢ > 3. For instance, since
g(z) = 23 is a permutation polynomial in F5[x] and, hence, also an LPP since
n =1, and h(x,y,2) = 23 + > + 23 is an LPP by Theorem 2, we have that

f = @ +y+2°)°
239323 + 303y + 32y + 32322 + 322 + 3228 + 32 Fy 4 2.
is a LPP in Fs[z,y, 2] by Theorem 3, and has degree 9 = 3(5 — 2).

In fact the previous idea can be generalized for more general ¢, n. We can
prove the following theorem

Theorem 4. Let ¢ = p prime and let 1 < n < p an integer such that
ged(n,p — 1) = 1. There exist an LPP in F,[Z] of degree n(p — 2).

Proof. Note that f(x) = 2™ and g(x) = xP~2 are permutation polynomials
in F,, since ged(p — 1,n) = ged(p — 1,p — 2) = 1, see [5].

Now by Theorems 2 and 3, h(Z) = (g(z1) + --- + g(z,,))" is an LPP. So
to prove the theorem it is enough to prove that the degree is n(p — 2). Note
that this is equivalent to prove that there is a nonzero monomial of degree
n(p —2). Now let us call y; = xfd and S, =y + -+ y,. Then

is a form of degree n, so all its monomials are of the form Ayj'...yc~, for
e1+---+e, =n, so the only monomials divisible by ¥ ...y, are of the form
Ay, ...y, for some A € F,. Since

Sy=+-Fun) . (1 + -+ yn),
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the monomial ¥, ...y, will appear only when selecting one distinct variable
from each factor. Now, we have n different factors to choose y;, n — 1 to
choose y, and so on, until it remains one factor to choose ¥, so in particular
the monomial y; . ..y, appears n! times, which is non zero, since p { n!. Hence
h(T) has the non zero monomial nlz? ™ ... 27=2 of degree n(p — 2). O

For the case p = 3, n = 2, we know there is no LPP of sharp degree since
we know that all the local permutation polynomials in Fs[z,y| are linear.
For ¢ > 3 and n = 2 , following the same line of reasoning we get a new
simpler proof of the result in [2]. For that we need the following lemma which
gives the polynomial describing any permutation in F, as the composition of
transpositions and cycles of maximal length. The following result is partially
cover in [5].

Lemma 5. The polynomial

f(zx) :x—l—Zxk

permutes 1 and 0, and leave fized any other element in F,. In general for
any a,b €,

fapg(®) = a+ (b—a) (i:s +:iz <§:Z)k)

is a permutation polynomial representing the transposition (ab)
On the other hand, if « is a primitive element in F} then the polynomial
9y(2) = (ax — 1)1 =29 + ax
18 a permutation polynomial representing a cycle of length q.

The proof is straightforward.

Now we are in a position to prove the following theorem.

Theorem 6. For any q > 3 a power of prime q = p° there exist an LPP in
F,lz,y] of degree 2(q — 2).



Proof. The case F, is given by the example
p(z,y) = ur®y* + (u+ D2y + (u+ 1) 2y® + oy +y* +uz + 1,

where u?> + u + 1 = 0. So suppose ¢ > 5, odd. Consider the polynomial in
F,[z,y] given by

q—2
P = xq—Z + yq—2 + Z(mq—Q + yq—Q)k'
k=0
It is an LPP since it is the composition of an LPP and a permutation poly-
nomial by Theorem 2 and Lemma 5. Expanding it we have

q—2 k
P — $q2+yq2+22(> (h=0)(a=2),i(a-2)

k=0 j=0

= T2 4172y Z (Z (k) m(kj)(q2)) yi (12
=0 \k=j

Now we have j(¢—2) = ¢—2 (mod ¢—1) only if j =1 (mod g—1). Selecting
k = 2 we have that P has the term

M = 227 2y12 £ 0,

For any other j # 1, j(¢ —2) # ¢ — 2 (mod ¢ — 1), meanwhile for j = 1 and
any other k& we have that (k — j)(¢ —2) # ¢ — 2 (mod ¢ — 1) and hence M
is the only monomial of degree 2(q — 2).

Now suppose ¢ > 8 a power of 2, and let ¢g; = q;22. Consider

q—2 q—2 q—2
k ) .
P = xqu_i_yqz +Z<xq72+yq2)k _ xq72+yq2 +Z <Z < ‘)x(k])(q2)> yie2,

k=0 i=0 \r=
Again jgs = ¢ —2 (mod ¢ — 1) only if j = 2 and on the other hand we have
that (k—2)(¢—2) =g —2 (mod ¢ — 1) only if k£ = 3, so the only term in P
of degree 2(q — 2) is M = 297 2y472 £ (. O

3. Bivariate local permutation Polynomials

Local permutation polynomials in two variables Fy[z,y| correspond to
Latin squares of order ¢q. This section provides new families of local permu-
tation polynomials in F [z, y].



3.1. Permutation polynomial tuples

Let ¥, be the permutation group with ¢ elements and F, = {co, ..., c4—1}
the field with ¢ = p” elements. Given a permutation polynomial f € F,[x,y],
then for each ¢; € Fy, ¢ =0,...,¢q — 1, we define the set

Ai = {(ai,j, b@j),j = 0, N 1: f(am, bi,j) = Ci}~ (].)

Since f is a permutation polynomial, it follows that {A;,0 <i < ¢g—1} form
a partition of Iﬁ‘g and that |A;| = ¢. Also, if we consider an LPP, then we see
that, for each 0 < ¢ < ¢ — 1, there exist a permutation 3; € ¥, such that,

A; ={(cj, Bi(c;),7=0,...,q—1 : f(c;,Bi(cj)) =¢}, i=0,...,q—1, (2)

verifying B;(c;) # Br(c;) for any 0 < 4,5,k < ¢ —1, and i # k, since the sets
A; are disjoint. In other words, 3; ', has no fixed points.

So, the above study allows to describe local permutation polynomials as
g-tuples of permutations:

Lemma 7. There is a bijective map between the set of local permutation
polynomials f € F,[z,y], and the set of g-tuples ﬁf = (Bo, ..., B4-1) such

that B; € ¥y, (i =0,...,q—1) and fori # j, B;'B; has no fized points.

Proof. We have already seen how to associate a g—tuple of permutation to a
given LPP. For the other direction, note that given a g—tuple (B, ..., B;-1)
with §; € ¥,,7 = 0,...,¢ — 1, and no fixed points as defined above, we

can construct the set A; as in equation (2). Then Lagrange Interpolation
algorithm would return the polynomial, completing the proof. O

We denote by ﬁf = (Bos - - -, Bg—1) the g-tuple associated to the LPP f as
in Lemma 7.

Remark 8. Note that the q-tuple can be similarly defined acting on the first
variable as

A ={(Bilc)),¢), 5 =0,...,q =1 : f(Bi(c)), ¢;) = i}

Let us illustrate the above result by an example:



Example 9. Let Fg = {cp,c1,..., 8} =1{0,1,2,u,u+1,u+2,2u, 2u+1, 2u+
2} such that u?* +u+1=0 and f = 2° + >, then (B;,i = 0,...,8) are the
product of four transpositions:

= (1,2)(u,2u), (u+1,2u + 2)(u + 2,2u + 1)

= (0,1)(u,u+ 1)(u+ 2,2u)(2u + 1, 2u + 2)

= (0,2)(u,2u + 1), (u+ 1,u + 2)(2u, 2u + 2)

= (0,2u)(1,2u+ 1)(2,u + 1), (u+ 2)(2u + 2)
54 = (0,u+1)(1,2u), (2,2u + 1)(u,u + 2)

= (0,2u+ 1)(1,u+ 1)(2,2u)(u, 2u + 2)

= (0,u)(1,2u+2)(2,u+2)(u+1,2u+1)
67— (0,u+2)(1,u)(2,2u+ 2)(u+ 1, 2u)

= (0,2u +2)(1,u+2)(2,u)(2u,2u + 1)

The example has been created with SageMath, and it can also be used to
verify that indeed, for ¢ # j then [; 1ﬁj has no fixed points.

Remark 10. Another interesting fact is that given an LPP f, its associated
partition A; of Fg, and any o € X, the sets Ay fori=0,...,q—1 form a
new partition of F?I, and consequently it provides a new LPP g(f(x,y)), where
g(z) € F,lz] is the permutation polynomial associated to the permutation o,
see also Theorem 3-(2).

From Lemma 7 we can translate the study of local permutation polyno-
mials to the study of tuples (8o, ..., 8,-1) € ¥, such that bflﬁj has no fixed
point, for ¢ £ j. This suggests the following definition:

Definition 11. We say that (bo, ..., 5;-1) € Y1 is a permutation polynomial
tuple if it satisfies that for 1 # j, Bi_lﬁj has no fized point.

From a permutation polynomial tuple we have ¢! local permutation poly-
nomials, just by permuting its elements, see Remark 10. In fact, from one
permutation polynomial tuple we can construct many other local permutation
polynomials as is shown in the next result:

Proposition 12. Let Q = (8, ...,B,-1) € ¥ be a permutation polynomial
tuple and let 0,6 € X, then 026 = (080, . ..,00,-16) € ¥ is also a permu-
tation polynomial tuple.



Proof. For i # j, if ¢ € F, is a fixed point of (¢3;0)"(c3;0) then d(c) is a
fixed point of 8;'3;, because

(0B:6) (oB;6) = 68" B;6.

The Proposition 12 motivates the following concept:

Definition 13. Two permutation polynomial tuples €2 and T' are equivalent
if there exit 0,0 € X, such that 020 = I'. Similarly, we say that two local
permutation polynomials f and g are equivalent if the corresponding permu-
tation polynomaial tuples éf and ég are equivalent.

It is straightforward to check that the above is an equivalence relation
defined in the set of local permutation polynomials. Observe that every
class has a representative containing the identity. If needed we will use
this representative. We will see later that in Fy and F3 there is only one
equivalence relation class, and two in [Fjy.

3.2. Permutation Group Polynomial

A significant permutation polynomial tuple is given by a permutation sub-
group of X,.

Definition 14. We say that an LPP f € F,[z,y] is a permutation group
polynomial if {Bo, ..., L1} is subgroup of ¥, where éf = (Bo, .-, Bg-1)-
We denote this subgroup by Géf'

Note that a subgroup of 3, is a permutation polynomial tuple if and only if
it has no fixed points, i.e, it is a subgroup such that, apart from the identity,
none of its elements has fixed points.

Clearly, if C' is a cycle of maximum length ¢, then the cycle subgroup
< (' > generated by C' is a group without fixed points. Next, we describe
another family of such subgroups.

We will denote C' to be a cycle of length |C|. Sometimes, we will use a
subindex in the cycle if we need to order cycles.

Lemma 15. Let ¢ = p", G C X, be a nontrivial subgroup without fized
points, and o € G. Then there is an 0 < e < r such that for t = p° and
k =p"~¢ we have oo = Cy - - - Cy where |C;| =t foralli=1,...k.
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Proof. Suppose a = (1 - - - C}, is the representation of a as product of disjoint
cycles, and suppose |Cy| =t; < ty = |Cs|. Then o' € G, is not the identity
but fixes all the elements in C. Hence, all the cycles have the same length,
say, t. Now by Lagrange theorem there exits 0 < e < r such that ¢t = p°.
Finally, we remark that & x t = p", since each element of F, should appear
in that representation. 0

In order to find subgroups without fixed points we will use the following
technical result. Note that by Lemma 15 the permutations will be products
of cycles of the same lenght.

Lemma 16. Let g = p", 1 < e <r, I =pt =9, a = Cya---Ci_1a,
B=Cop--Ci_1p such that for 0 <i<t—1
Ci,a = {Cj+ilvj = 07 s 7l - 1}
and for0 <73 <1 -1
Cj,,B = {Cj+il>i = O, e ,t — 1}
Then for any 0 <a <l—1and 0<b<t—1, f°a® has no fized points and
aa/@b — 5b04a.
Proof. We write the elements of F, as c¢ji; for some 0 < 7 < [ —1 and
0<1<t—1. Then
BPa(cjrit) = BY(Clita) (mod 1)4il) = C(j+a) (mod D+(i4b) (mod £)I-
This proves the first claim since (j + a) #Z j (mod [) unless @ = 0, and in
that case (i +b) (mod t) #Z i (mod t) unless b = 0. Moreover
a®BP(ciri) = a™(Cji(is) (mod 1)) = Cjta) (mod D4(ith) (mod £)ls
which proves commutativity. O

With the above notations and definitions, let C, be the matrix of ¢ rows
Cia,(1=0,...,t—1) and [ columns; let Cj be the matrix of [ rows C; g, (j =
0,...,0—1) and ¢ columns;

Co C1 o C1 Co C] c. C(t—1)l
C Cl+1 -ee Col—1 C1 C+1 -+ Clt-1)i+1
Ca=| LR Ce= | T D
C—1)1 Cit—1)4+1  --- Cg—1 C—1 C-1 ... Cq—1

Notice that C, is the transpose matrix of Cj.
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Corollary 17. Let o, 3 be as in the previous Lemma 16. Then the set defined
by G={a'f:0<i<1-1,0<j<t—1} is a subgroup of F, without fived
points and order |G| = q.

Proof. We have already seen that it is a group without fixed points, so the
only thing to see is that |G| = ¢, which follows since clearly a?3° are all
distinct when 0 < a <[l—-1,0<b<t—1.

m

The previous study suggests the following definition:

Definition 18. We will call an e-Klenian subgroup to any group of the form
given in the Corollary 17. Also we say that a polynomial f € F,[x,y] is an e-
Klenian polynomial if f is a permutation group polynomial and the associated
group Géf 1s an e—Klenitan subgroup.

Of course, there are groups without fixed points that are not e-Klenian’s
ones, and consequently there are permutation group polynomials that are
not e-Klenian’s polynomial. However, in practice it is hard to distinguish
what type of polynomial is only by looking at their formula. For example in
the field of 8 elements Fg = {0, u, v, u+1,u* +u,u®*+u+1,u*+1,1}, where
u?+u+1 = 0, we have the 0-Klenian polynomial given by the tuples {3 : i =
0,...7}for 8= (0,1,u®+1,u,u®+u,u?, u*+u+1,u+1) with 45 monomials
and degree 11, or the 1-Klenian polynomial with tuple generated by the per-
mutations « = (0, u)(u?, u?)(u*, u®)(ub, u"), 8 = (0,u? ut, ub)(u, u®,us, u’),
with 44 monomials and degree 12.

On the other hand we have the following group polynomials, not e-
Klenians. The first is associated with the tuple given by the non-abelian
group of order 8 H; =< a, f > generated by

a = (0,u)(u?, u®)(ut, u®)(u,u"), B =(0,u*)(u!,uw)(u? u)(u’,u’),

each of them being the product of four disjoint cycles of length 2. It is
straightforward to check that the subgroup H; has no fixed points. In this
case the local permutation group polynomial associated to H has degree 12
and 46 monomials.

Now, we consider another non-abelian group of order 8 without fixed
points Hy =< «, 3 > generated by permutations which are the product of

12



two disjoint cycles of length 4:

a = (0,u,u? ) (u*, v’ ub u"), B=(0,u*,u? u®)(u,u’ u® u’)
In this case the local permutation group polynomial associated with Hs has
degree 10 and 42 monomials.

Not only distinguish e-klenians polynomials, but only count them all is
non trivial. We have not seen in the literature significant results on this finite
group problem.

On the other hand, this problem has a straightforward solution when we
restrict to e = 0. Indeed the number of cycles of maximal lenght in ¥, is
(¢ — 1)!, and a subgroup generated by a cycle of length ¢ contains exactly

©(q) generators, the prime powers of the cycle, so the number of 0-Klenian
(g—=1)!

groups of X, is . Now, for each group, we need to order its elements
to get the partitions associated to the polynomial, so the total number of 0
klenian polynomials in F, for ¢ = p" is

¢g—D! _ pip" —1)!
©(q) prip—1)

(3)

Let us not that e = 0 is the only case appearing when we restrict to
prime fields F,, since any permutation group polynomial of F,[z,y| should
be a cycle subgroup of order p. In fact, since any two cycle subgroups of %,
are conjugated, all e-Klenian polynomials in [F, [z, y| are equivalent. We can
generalize a bit this result to the following:

Lemma 19. Let h € F [z,y] an LPP defined by B, = (Hoy - -y Hg—1) € Xy
Then, h is equivalent to an e— Klenian polynomial if and only if for any
1<n<qg—1, iy = pij = poa'B?, where n = i+ jl for some 0 < i <
[-1,0<j<t—-1and G={a'p :0<i<I1-1,0<j<t—1}1isan
e-Klenian group for | = p® and t = p"—°.

Proof. Suppose f is equivalent to an e-Klenian group G = {a/f7 : 0 < i <
[—1,0<j <t—1}asin Corollary 17. Then for some permutations o,y we
have

U@iﬂj’Y = Wi,j,

13



hence

pgpng = el By = (7T ()

= (vlan)'T (v By = al e
where G = {&iﬁj :0<i<1-1,0<j<t—1}is also an e-Klenian group
for e = p! since conjugates of cycles are cycles of the same length. Now, note
that in particular X
fi o = a7
SO R
Hij = fod' 37,
as wanted.
O

Corollary 20. There are exactly (¢ — 1)!IN local permutation polynomi-
als equivalent to e-Klenian polynomials over Fy, where N is the number of
e—Klenian polynomials. In particular if ¢ = p is prime, we have exactly
pl(p — Dp — 2)! local permutations polynomials equivalent to a 0-Klenian
polynomial.

Proof. Every polynomial equivalent to an e-Klenian polynomial is of the
form pG where p € ¥, and G is the g-tuple of an e-Klenian polynomial.
Now, the only way of getting two equal polynomials would be if we have
G = peGs and hence, G; = ,ul_l,ugGg but then since G5 contains the
identity, p;'pe € G and, since Gy is a group its inverse is also in Gy so
we get that Gy = py ' pnG1 = G so for each G, uG gives new polynomials
unless 1 € G. Since we have ¢! permutations, we get (¢ — 1)!N equivalent
polynomials, as wanted. The proof of the second assert follows from Equation
3. m

3.3. Local permutation polynomials in Fy, F3, Fy and Fj
In this subsection we show that all local permutation polynomials over
the Fy, F3 and [, are described by e-Klenian polynomials.

3.3.1. The finite field

In this case the degree is ¢ —1 = 1, and hence the only local permutation
polynomials over Fy = {0,1} are x + y and = + y + 1, which correspond to
the only permutation polynomial set Q = {(I4,3)} C 3o, where 5 = (0,1)
is the only cycle of length 2. The two polynomials appear from the two
permutations of the two elements of ().
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3.3.2. The finite field Fs

It is known that the number of local permutation polynomials over the
field F3 = {0,1,2} is 12, see [8] and, by Corollary 20 we see that they are
alll equivalento to e-Klenian polynomials. In fact, we have one 0-Klenian
subgroup of ¥3 generated by the cycle g = (0,1,2), giving six 0-Klenian
polynomials by Equation 3, and another 6 equivalent to them.

3.3.3. The finite field Ty

It is known that the number of Latin squares of order 4 are 576, so we
have the same number of local permutation polynomials of Fy. We will
use the following description Fy = {0, u,u? uv*} = {0,u,u + 1,1} such that
u? 4+ u+1=0. In total there are 4 e-Klenian subgroup . With e = 0, there
are three cycle groups of order 4 generated by g;, for i = 1,2, 3,

1. Ky =< B = (0,u,u? u®) >
2. Ky =< By = (0,0, u,u?) >
3. K3 =< f5=(0,u*uu) >

and by Equation 3, these give 72 e-Klenian polynomials, producing 432 poly-
nomials equivalent to them by Corollary 20. Finally for e = 1 we have a group
generated by a = (0, u)(u?, u?) and 8 = (0, u?)(u, u®)

4. Ky ={a, B,ap8,a*}.

giving 24 1-Klenian polynomials, and again by Corollay 20 144 local permu-
tation polynomials equivalent to them, giving a total of 576.

3.8.4. The finite field 5

These constructions do not complete the list in other fields of the cardi-
nality bigger than 4. In F5, the number of e-Klenian subgroups is 6, giving
720 0- Klenian polynomials by Equation 3, and producing 17280 local per-
mutation polynomials equivalent to them by Corollary 20.

On the other hand, it is known that the number of Latin squares of order
5 are 161280. The next example shows an LPP of degree 6 that it is not one
obtained by e-Klenian polynomials.

Example 21. We will construct a polynomial over Fs non equivalent to a
0— Klenian polynomial. We need a 5-tuple {fo, ..., B4} so that Bj_lﬁi has no
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fized points for any 0 < i < 7 < 4. So, we first select 5y € X5 at random.
Now, we will need to find aq, ..., a4 with no fized points, and consider

BB = . (4)

In order to find an appropriate tuple for an LPP we need «; to verify another
condition, namely aiogl to be with no fixed points. Observe that this is
similar to the condition on the 5’s but now 1 < i < j < 4. So, we continue
this process and, next, we select at random oy € X5 any permutation with no
fized points, and try to find o, v3,v4 without fixed points so that

Wil e wys s ol arys oyt
has no fized points. This will give
o; = aﬂi_l, fori=2,3,4.

and then the needed tuple by (4). We start with any permutation By, for
example By = (0,1), and now since the roles of 8’s and ~y’s is similar we take
a; = (0,1)(2,3,4), v2 = (0,2)(1,4,3),73 = (0,3)(1,2,4), v4 = (0,4)(1, 3,2).
This selection gives us the LPP

f(z,y) = 20°9y° + 42%y® + 22°%y + 2*® + 42® + 227y + doy® + 4y° 4+ 22y + 1

Note that we get

a; = (0,1)(2,3,4)
as = (0,3,2,1,4)
as = (0,4,3,1,2)

Gy = (072747 1a3)
which are not successive powers of a cycle of maximal length, so it can not

be equivalent to a 0— Klenian polynomial because Lemma 19.

Example 22. [t is well known that there are two isotopy class of latin squares
of size 5, one of them is equivalent to 0-Klenian polynomial and the other one
is not, see http://users.cecs.anu.edu.au/bdm/data/latin.html, so we consider
the LPP in Fslx,y] in the non equivalent class given by

= 2233 + 223y? + 32293 + 223y + 229 + 2%y + 229% + 20y + 7 + y.
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The associated permutation polynomaial tuple is given by éf = (o, 1, B2, B3, Ba)
where

o
A

(1,2,4,3)
(0,1)
B = (0,2)
(0,3)
(0,4)

4,3
(2,3,4)
(1,4)

I

Y

By =
Bs =

I

(1,3,2)

Y

Again, by Lemma 19 the LPP f can not be equivalent to a 0— Klenian poly-
nomaal.

4. Orthogonal system of polynomials and Mutually Orthogonal
Latin Squares

Let us recall the Latin square’s definition. In this paper we only consider
Latin squares of order a prime power.

Definition 23. A latin square of order q is a q X q matriz L with entries
from F, such that each element of F, occurs exactly once in every row and
every column of L.

See [4] for several properties and applications of Latin squares. Further
relevance of the use of local permutation polynomials for the study of Latin
squares or cubes are described in [8] and [9].

By indexing the cells of L by ]Fg, we have the following known result:

Lemma 24. There is a bijective map between Latin squares of order q and
local permutation polynomials of F,[x, y].

Proof. Indeed, given a Latin square L over F, with entries a;; € F,, we
consider the Lagrange interpolation polynomial with values f(c;, ¢;) = a; ;.
Note that, dividing by 2?7 — x and y? — y we can assume deg,(f) < ¢ and
deg,(f) < g. The converse is clear. ]

We now introduce the orthogonality property of Latin squares:

17



Definition 25. Two Latin squares Ly and Lo of order q are called orthogonal
Latin squares if

(L1 (i1, 1), La(in, j1)) # (La(i2, J2), La(ia, j2))
for all distinct pairs of coordinates (i1, j1), (i, j2) € N2

Equivalently, two Latin squares of the same size (order) are said to be or-
thogonal if, when superimposed, each position has a different pair of ordered
entries. In terms of polynomials, the following classical definition appears in
[10]:

Definition 26. A system of m polynomials fi,..., fm € Fylz1,..., 2], for
1 <m <n, is said orthogonal in F, if the system of equations

fl(f) =arg,-. 7fm(f) = Qm

™ solutions in Fy for each (ay, ..., an) € F.

has q"~

In the special case m = 1, a permutation polynomial alone forms an
orthogonal system. On the other hand, if m = n this means that the orthog-
onal system fy,..., f, induces a permutation of Fy/. These permutations are
completely classified in [10] for the special case when the orthogonal system
contains polynomials of degree at most two. See also [5] for further properties
and results about those interesting systems.

An immediate consequence of Definition 26 and Lemma 24 is the follow-
ing:

Corollary 27. Two latin squares Ly and Lo are orthogonal if and only the
associated polynomaials is an orthogonal system.

The main goal in this part of the paper is constructing families of orthog-
onal latin squares. So, this bring the next definition:

Definition 28. Given a permutation polynomial f € Fy[z,y] we say that g
is a companion of f if (f,g): ]Fg — Fg defines a permutation, that is, f,q is
an orthogonal system.

Obviously any companion must be a permutation polynomial. The fol-
lowing result count the number of companions:

Theorem 29. A permutation polynomial f has exactly q!9 companions.
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Proof. We consider the partition of Fg given in Equation (1)

Ai = {(ai’j,bi7j>,j = O, e, q — ]. . f(CL@j,b@j) = Ci}, Z = 0, e, q = ]_

Now, consider a ¢-tuple, {0y, ...,0,} C 3, and define the polynomial g such
that, g(a;;,b;;) = oi(c;), j=0,...,q—1. Now, every pair (¢;, cx) € Fg can
be determined uniquely as (¢;, 0;(¢;)) and, hence, the equation (f, g) = (¢;, cx)
has exactly one solution for each pair (i, k) € [1,...,q]*. Hence, each selection
of ¢g-tuple gives a different ¢ so, in particular we have ¢! ways of choosing
each ¢; and in total there are ¢!¢ companions.

On the other hand, if ¢ is a companion, g(A4;) = F, and clearly there is
a bijection h; : F, — A;, so there is a g-tuple of permutations o; = go h;
associated to g. O]

The problem is more interesting when we consider local permutation poly-
nomials, that is, Latin squares.

Question 30. s it true that any LPP has a companion which is also an
LPP?

The answer in general is no. For example, for ¢ = 2, the only local permu-
tation polynomials are x +y and x4y + 1, and obviously is no an orthogonal
system of polynomials. For ¢ = 4 we find after some computations with
SageMath, that only 144 of the total of 576 local permutation polynomials
that exist in 4, have LPP companions, and each of them has exactly 48
companions.

In general we have several ways to find orthogonal systems. First, if we
restrict to the linear case we have the following theorem

Theorem 31. For q > 3, every linear LPP has companions which is also a
linear LPP.

Proof. Let f(x,y) = ax + by + ¢ be an LPP. Observe that any linear per-
mutation of this form with ab # 0 is indeed an LPP, trivially. Now consider
g = uz + vy + w so that av — bu # 0. Then (f, g) are companions since any
linear system with non zero determinant has a unique solution. Observe that,
in general, permutation polynomials have many companions. We can take
for example v = (¢+1)b, u = ca for any ¢ € F,, ¢ # 0, —1. The same example
serves to see that different polynomials can share the same companion. [
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Also, given an orthogonal system, we construct new ones with the follow-
ing simple result.

Proposition 32. If f(z,y), g(z,y) is an orthogonal system, then the polyno-
mials af(z,y) + bg(x,y), cf(x,y) + dg(x,y) form also an orthogonal system
for a,b,c,d € F, such that ad — bc # 0.

Proof. For any pair (¢;, ¢;) € F, the system of equations:

af(z,y)) +bg(x,y) = ¢
cf(z,y) +dg(z,y) = ¢

: D . . b
has a unique solution, just inverting the matrix A = ( CCZ b ) O]

Another family of orthogonal system is provided by separated variable
polynomials:

Proposition 33. Let f(z),g(2),h1(z), ho(2) be permutation polynomials in
F,[2], then f(ahi(x)+bhe(y)), g(chi(x) + dha(y)) is a orthogonal system for
a,b,c,d € F, such that ad — bc # 0.

Proof. For any pair (¢;,¢;) € Fg, the system of equations:

ahy(x) + bha(y) = [~ (e)
chy(z) +dho(y) = g '(¢))

has a unique solution, just inverting the matrix A = < i Z ) , since hy(x),ha(y)

are permutation polynomials.

O
Now, we are introducing an important concept related to Latin squares:

Definition 34. A set of Latin squares, all of the same order, such that all
pairs of which are orthogonal is called a set of Mutually Orthogonal Latin
Squares (MOLS). A set of t > 1 MOLS of order n is called a complete set if

=n—1.

The following are very well know results, see [4].
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Theorem 35. Let N(n) be the size of the largest collection of MOLS of order
n, then we have

e N(n)<n-—1.
e [f q is a power of prime, then N(q) =q—1

As a trivial consequence of Proposition 32 and Proposition 33 we have
two different complete set of MOLS:

Theorem 36. With the above notations and definitions:

o If f(x,y) is a local permutation polynomial and g(x,y) is any LPP com-
panion of f(x,y) then the set {f(z,y) +ag(z,y),a € F;} is a complete
set of MOLS.

o If f(x),h(y) are permutation polynomials, then the set { f(z)+ah(y),a €
Fy} is complete set of MOLS.

The main result of this section is the following:

Theorem 37. Let 2 1 q. Every f e-Klenian polynomial has a companion
which is an LPP

Proof. Let f(x,y) be an e-Klenian polynomial and for each m =0,...,¢—1
written as m = a+ bl, for 0 < a <[ —1,0 < b <t —1, consider the set
A = {(¢j,aB%(¢;)),7 = 0,...,¢ — 1}. We will see that g to be defined
by B = {(cr, a8 (cp)), bk =i+ jl,0<i<[1—-1,0<j<t—1} for
m=20,...,qg— 1, is an LPP which is companion of f.

First we see that ¢g is LPP. We start by proving that for any c, ¢,,, € Fy,
there exist a y € F, such that g(cg,y) = ¢,,. As in the definitions before, let
k=u+lv,with0<u<Il-1,0<v<t—1l,andm=a+bl,0<a<[—-1,
0<b<t—1. Theny = a8 (k) = Clat2u) (mod I)+(b+2v) (mod £, verifies
the condition, i.e. (cx,y) € B, by definition.

Now, we want to prove that ¢ is also a permutation polynomial in the
first variable, in other words that given c;,c,, € F, as before, there exist
x such that g(z,cx) = ¢p,. In particular, we need to find 4,j such that
cr, = a3 (¢, ;). Indeed, in this case © = ¢4 is the solution needed,
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since by definition (x,c;) € B,,. But this is only possible if a + 2i = u

(mod !) and b+ 2j = v (mod ¢), or i = “3¢ (mod [), j = %2 (mod ¢).

Finally we need to see that (f,g) is an orthogonal system or, in other

words, that for any c¢,,, ¢, € F, as before

f(xa y) =Cm

9(@,y) =
has exactly one solution. Now, we take the set A,, = {(cij1, @*B°(cij1)),0
i <1—1,0<j<t—1}, and we need to check whether, for some 0 < i
1—1,0<j<t—1

(Ciji, aaﬁb(cz’ﬂ‘l)) = (Citji, Oéuﬂﬂvﬂ'(ciﬂ'l))-

But then i+a (mod ) = u+2i (mod ) and b+j (mod t) = v+2j (mod t),

ori=a—u (mod!),j =b—v (mod t) is the unique solution, so indeed (f, g)
are companions, (observe that if k£ = [ then 0 is simply ¢).

<
<

]

Note that, even though we have proved g to be a LPP, we have not given
explicitly the associated permutation polynomial tuple in Lemma 7. The
following examples illustrate the above result:

Example 38. We consider two cases, a prime finite field F; and the finite
field Fy:
o Let 5 =(2,0,1,3,5,6,4) the cycle of length 7, so the corresponding
e— Klenian polynomaial f is:
2=y =ty + 3+ 4+ 2+ 5P+ —y+6
and the LPP produced in the above Theorem is

207 —y® + 52t +yt — 2 +4y® +42® + 5yt + 20—y +4

Then, f,q is an orthogonal set.

6 0514 2 3 4536 201
5 6 40312 2314056
016 25 3 4 6 051423
4 536 2011, 016 25 3 4
12036 435 12036 45
3425160 56 40312
2314056 3425160
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o Fo = {0,u,u+1,2u+1,2,2u,2u + 2,u + 2,1} = {0,u, v u?, ... u®}
such that u>+2u+2 = 0. Now, let 8 = (0,2u+1,u+2,u, u+1,2u+2,1,2,2u)
the cycle of length 9, so the associated e— Klenian polynomial f has 58 non
zero monomaials and degree 14. The permutation polynomial g provided by
the above result has 57 nonzero monomials and also degree 14. We have that
f, g is an orthogonal system.

1 u+1 2u+1 0 2u+2 u—+2 2 u 2u

2u 1 0 2u+2 2u+1 2 u u+2 u+1

2 u+2 1 2u u+1 2u+1 0 2u+2 U

u—+ 2 u u+1 1 20 2u+2 2u+1 0 2
Uu 2 20 u+1 1 0 2u+4+2 2u+1 u+2

0 2u+1 2 U u+2 1 20 u+1 2u+2
2u+1 2u+2 uwu—+2 2 u u-+1 1 2u 0
2u+ 2 0 u u+2 2 2u u+1 1 2u+1
u—+1 20 2u+2 2u+1 0 u o u+2 2 1
u+ 2 u u+1 1 20 2u+2 2u+1 0 2
Uu 2 20 u+1 1 0 2u+4+2 2u+1 u+2

1 u+1 2u+1 0 2u+2 u—+2 2 u 2u

2u 1 0 2u+2 2u+1 2 v u+2 u+1
u+1 2u 2u+2 2u-+1 0 U u+2 2 1
0 2u+1 2 U u+2 1 20 u+1 2u+2

2u + 2 0 U u+2 2 20 u+1 1 2u+1
2u+1 2u+2 u—+2 2 u u+1 1 2u 0
2 u—+2 1 20 u+1 2u+1 0 2u—+2 u

On the other hand, we can not omit the condition 2 { ¢ in Theorem
37. For instance in the field Fy = {0,1,u,u + 1} with v +u + 1 = 0, the
polynomial

f=ur*y* + (u+ 1) 2%y + (u+ D) ay® + oy +9° +ur + 1 € Fylx, g

is an e-Klenian’s one defined by the (3, 32, 3%, 3%)) where 3 is the 4-cycle
B =(0,1,u,u+ 1) and has not any companion LPP as we have checked by
SageMath, see also the comments after Question 30.
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5. Conclusions and open problems

Contrary to the many papers and results on permutation polynomials
in one variable, there are few for local permutation polynomials in several
variables.

We have presented some new ideas, concepts and results in the study of
these kind of polynomials. In particular, in Theorem 6 we have elegantly
shortened the proof of [2] and generalised obtaining in Theorem 1 the bound
n(q—2) for the degree of local permutation polynomial f € F,[Z] and a sharp
bound n(p —2) Theorem 4 for polynomials defined in a prime finite field F), if
ged(n, p—1) = 1. It should be interesting to investigate for what prime finite
fields [, the condition ged(n,p—1) = 1 could be avoided, or more generally,
for arbitrary finite fields IF,. We think that better results are expected.

We have translated the study of local permutation polynomials to the
study of permutation polynomial sets, (see Lemma 7 and Proposition 12). We
believe this relationship opens a wide line of research in order to investigate
very deeply this relationship.

Clearly, a significant family of local permutation polynomials are the so
called local permutation group polynomial, see Definition 14. We have de-
scribe here a small subfamily, the so called e—Klenian polynomials. Giving
others rigorous subclass of such permutation group polynomial is a challeng-
ing open problem as well.

Among other things, this will provide lower bounds in the number of local
permutation polynomials and, hence, latin squares. Recall that the precise
number of latin squares is an open problem with a lot of interest in the
mathematical community in the area.

We have created several systems of orthogonal polynomials or equivalently
MOLS, and in particular, the so related to e—Klenian polynomials, Theorem
37. We believe that this might be improved in order to obtain a complete
set of MOLS. Finally, it would be interesting to study the result for fields of
characteristic two.
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