Two new classes of permutation trinomials over 3

with odd characteristic
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Abstract: Let g be an odd prime power and F s be the finite field with q° elements.
In this paper, we propose two classes of permutation trinomials of F s for an arbitrary
odd characteristic based on the multivariate method and some subtle manipulation
of solving equations with low degrees over finite fields. Moreover, we demonstrate
that these two classes of permutation trinomials are QM inequivalent to all known
permutation polynomials over F 3. To the best of our knowledge, this paper is the
first to study the construction of nonlinearized permutation trinomials of F s with

at least one coefficient lying in Fs\F,.
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1 Introduction

For a prime power g, let Fy denote the finite field with ¢ elements and Fj denote the mul-
tiplicative group of F,. A polynomial f(z) € F,[z] is called a permutation polynomial (PP) if
the associated polynomial mapping f : ¢ = f(c) from F, to itself is a bijection. Permutation
polynomials over finite fields have important applications in a wide range of areas such as coding

theory [5], combinational designs [7] and cryptography [8].

Permutation polynomials were first studied by Hermite [11] for the case of finite prime
fields and by Dickson [4] for arbitrary finite fields. Permutation polynomials with few terms,

especially binomials and trinomials, attract people’s interest due to their simple algebraic form
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and additional extraordinary properties [12]. So far a number of permutation binomials and
trinomials have been found in the literatures [1,10,13,14,21,24,26-28]. However, most of them
were constructed over the finite field F 2, and only very few permutation trinomials over F s are
known. For the permutation trinomials of Fys in characteristic 2 and those in odd characteristic,
the reader is referred to [2,9,15,18,20,26] and [1,3,6,16,25,27, 28] respectively.

In this paper, we study the construction of nonlinearized permutation trinomials over s
with the form
f(x) = ax® 4 bx* + cx, (1)

where a, b,c € ]FZ3 and ey, ey are distinct integers with 1 < ej,es < ¢ — 1. The objective
of this paper is to find new pairs (e, e2) and coefficients a, b, ¢ € FZS such that f(x) defined
by (1) is a permutation polynomial over F s for an arbitrary odd characteristic. By virtue
of some techniques in dealing with equations over finite fields, we present two new classes of
permutation trinomials with the form (1). Compared with the known results in this direction,
we demonstrate that the presented two classes of permutation trinomials are QM inequivalent
to all known permutation polynomials over F 3. It is worthy noting that the two classes of
permutation trinomials proposed in this paper are the first instances that at least one coefficient

of the nonlinearized permutation trinomials over F s belongs to I s\F,.

The rest of this paper is organized as follows. Section 2 proposes two classes of permutation
trinomials. Section 3 investigates the QM equivalence between the permutation polynomials in

this paper and the previously known permutation trinomials. Section 4 concludes this study.

2 Two new classes of permutation trinomials of the form (1)

In this section, we present two classes of permutation trinomials with the form (1) over the
finite field IF 3. Throughout this paper, let ¢ be an odd prime power, d | ¢ —1and pug = {r €

Fgs - 2% = 1} be the set of d-th roots of unity in F,s. The trace function from Fgs to its subfield

Fy is defined by Trgs/o(z) = z + 27+ 29°. For a function f(z) over [Fy3, we denote the image set

of f(x) by Im(f).

2.1 The first class of permutation trinomials of the form (1)

In this subsection, we consider the permutation property of
filz) = azd( @0t 4 pp @0t 4 9p g b€ Fos (2)

over [F 3. To prove the permutation property of fi(x), we need the following basic facts:



(1) Fp={0}U{a?™ : 2z € F(}} U{ez?™ 2 € FZ3},

(2) each z € F;g can be expressed as T = yze,

where € is a non-square in Fgs, y € Fy, 2 € pgpey 41, € € {1,0,0%} and 0 € IFZ3 is a fixed non-
cubic element. The first fact is due to ged(q+ 1,¢> — 1) = 2 and the second one depends on the
value of ged(q — 1,¢? + ¢ + 1) which can also be readily verified.

Our first result is stated as follows.

Theorem 1. Let g be an odd prime power and a, b € FZ?" Then
f1(2) = @@= | pat ot | gy

is a permutation polynomial of Fys if one of the following conditions is satisfied:
(1) ab=1 and a®Ta+! £ —1;
(2) ab € F;\{1} and a?tatl 4 2gh 4 pe* et = 0.

Proof. (1) According to the first basic fact given as above, to prove that fi(z) permutes IF s, it
suffices to prove that the image sets of f1(0), fi(z?"!) and fi(ez?™!) form the whole field F g,

where ¢ is a non-square element in F s. Observe that f1(0) = 0 and

fi@™) = a2+ br? + 229 = a(2? + b:r)Q,

3_ .2 2_ 3_ .2 2_ 2
fi(ez®th) = ae? TR 4 pe? T g2 4 2eq 0t = g2 T (20 4 be? )"

Since ab = 1 and a9 t9t! £ —1, we have b9 t9+1 o —1. This implies that both 29 + bz and
294 be? 1z are permutation polynomials over Fgs, which indicates that one of the image sets of
fi(x9h) and f1(ex9T!) is the set of all squares in s and the other is the set of all non-squares

in F7,. This proves (1).

(2) Let a = y121€1 and b = yazaea with y1,y2 € Fy, 21,22 € pg2y 41 and €1,62 € {1, 0, o2},
where o € Fzg is a fixed non-cubic element. Since ab = y1y22120€1€5 € IFZ, we have z129€1€9 € FZ,
which implies
?+q+1

2
(21226162) = (21226162)3 = (6162)q +q+1. (3)

If ged(qg—1,¢*+q+1) = 3, then both 2129 € P2 4q+1 and z120€1€2 € [y are cubic elements, which
implies e1ez is a cubic element. Together with the fact e = eo = 1 when ged(q—1,¢*+q+1) = 1,
without loss of generality, we can assume that €; = € and ez = €2 with € € {1,0}. Substituting

€1 = € and ey = €2 into (3) gives
3

( Z1%29€ )3 -1
6q2+q+1 -




Eq2+q+1)\
z1€3

Setting A = ;%fqi implies \ € IFZ and A\ = 1. Then 29 can also be written as zy =

Plugging a = y12161 and b = y229¢2 into the condition a4’ T9+1 4 2ab + b7 +9+1 = 0 leads to
6C1724r114r1yi’) 1 26 Ny o + 62(q2+q+1)y§ =0,

that is
U3+ 2yrys + €T3 — 0,

Since y1, y2 € Fy, we can assume y; = Byo for some 8 € Fy. Then the above equation becomes
BS + 2X\By3 + € T g3 = 0.

It can be seen that €4’ Ta+1 + (% # 0 due to yo # 0. Further, from the above equation we can
2)3 2)32

derive yo = T T ety g T

and then y; = — Subsequently,

2)\2/36q2+q+1
(e™+ L 1 3)z1¢

_ g )
R E

(4)
Substituting (4) into fi(x), it then turns into
fi(z) = _2(6q2+q+1 + 53)—1 (526()\21)xq(q2—q+1) + 56q2+q(/\zl)—lxq2—q+1 o (6q2+q+1 + 53):6)_

Since (Az)T 7T = A3 = 1 due to A € Fr, A% =1 and 21 € pyzygi1, We know Az1 € g2y g41

Hence, there exists an a € F;R, such that Az = % 7. Substituting = with ax, fi(z) becomes
fi(z) = _2a(6q2+q+1 + 53)71(/626xq(q27q+1) 1 Bt Hapamatl _ (6q2+q+1 +5%)z).

Therefore, to prove that fi(z) permutes Fs, it suffices to prove that

g
Bext(@®—atl) | gea*taga®—atl _ (6q2+q+1 L8z =d (5)

has at most one solution in Fgs for any d € Fs.

Case I. d = 0. For this case, (5) can be written as
$q(quqﬂ)(eq%rqquzfq _ 52)(5xq27q — €)= 0.

We claim that neither ¢4’ 979~ — B2 nor B29°~9 — ¢ is 0. Otherwise, ¢Z +z9°~4 — 52 = 0
implies (82/e?’T0)*+at! = 1 and Bz?° 7 — e = 0 implies (¢/B8)7 9! = 1. In either case we can
deduce ¢+l = 83 due to 3 € [} and e’ +atl 4 83 £ (. Using the values of a and b given in

= 1, which contradicts with ab # 1. Therefore, (5)

4536q2+q+1
(ea®+a+1433)2
has only the zero solution in F.

(4), a calculation gives ab =



Case II. d # 0. Obviously, in this case = 0 is not a solution of (5). Let y = 29, z = y9,

d1 = d?, dy = df, then from (5), we obtain the system of equations
526% +56q2+q% _ (€q2+q+1 + 8%z = d,
526{1% + 56q2+1% _ (6q2+q+1 i 53)1/ —dy,
/825‘12% _i_lBqurl% _ (6q2+q+1 +53)Z — ds.
Eliminating the terms “¥ and = from (6), (7) and (8) results in
6t125(€q2+r1+1 + 53)%
Note that eq2§ — B # 0 from the fact ¢?°+9t1 £ 3. Then we can obtain that

g — Bey + A
Bz — 5)

z =

with )
e Hd — Bedy + BAdy
N ePatl 4 g3

Rewriting (8) as
o

)
and substituting (9) into the above equation leads to

B) = da

Y2 2% q+1y(.q
(5 e

(= Bey+ M) (B — ) = B,

which gives
dox
q2+1 o A — /8 2
el Tr — Pey + Bz — ety
and

e(e”'z — By) (B2 — ely) = (Bds — ABY)z + Aty

Further, using the value of z given in (9) and combining with (11) and (12), one obtains

y  B(eTa—By)  (Ca—By) (P —etly) (B — ARz + Aeltly

2 Py — Bey+ A doyx edox
This together with (6), i.e.,
T2 52 _ oy Y _ gy —d
(gt -ty - g

one gets

A(((8 = )y A AFE ) (5% - 1y) = ddy((Bd— AF)a+ At y).

5

— (L 4 g3 (e g — Bey + B22) = €' T1d — Bed, + BPda.

(10)

(11)

(12)

(13)



Note that 7' +979° =9 — B2 £0,ie., 1+, #+ 3%y as we claimed in Case I. Taking ¢?-th power on
both sides of it gives 3%z — €41y # 0. Then substituting (12) into (14) and dividing g%z — €ty

on both sides of it, one obtains
—A(((8% = T ) dy — ARz + AR y) = edd(eTx — By),

ie.,

(€q2+1dd2 i A((Bg _ Eq2+q+1)d2 _ ABAL)):E _ (BEddQ _ A2526q+1)y, (15)

Case II-1. Beddy — A?B?eit! = 0. If this case happens, then ddy = A?Be? and (15) holds
only when
e lddy + A((B? — T dy — ABY) =0

due to = # 0. Substituting dd, = A?Be? into the above equation, we can obtain that
A(BeT A 4 (85 — e+t dy — ABY) =0
i.e.,
A+t — 33 (BA — dy) = 0. (16)

Then, by (10), one gets
(et d — Bedy + B2dy) (B T d — Bedy — 7Tt dy) = 0. (17)
Recall that di = d? and dy = df. Thus the polynomial e’ Hd — Bedy + B2dy, i.e.,
Ul Bed? + ﬁ2dq2

with respect to d is a linearized polynomial over F s and it permutes Fs if and only if the

determinant of the matrix
6q2+1 _ ﬁ € ,82
B2 ettl et
—Bet” BT ed'ta
is nonzero. A direct calculation gives the determinant of the above matrix is (6‘12+q+1 +53)2 £ 0,
which means €’ +1d — Bedy + %dy is a permutation polynomial of F,s. Hence ' Hlg — Bedy +

B2ds # 0 since d # 0. Similarly, we can derive B4’ T1d — 32ed; — €4°T4+1dy £ 0. This contradicts
with (17), which implies (15) has no solution in Fs.

Case II-2. Beddy — A%3%¢97! £ 0. In this case (15) gives y = Oz with

€q2+1dd2 4 A((BS _ 6q2+q+1)d2 _ AB4>

9 —
Bedds — A2[32ea+1

. (18)



Using the relation y = 6z, (12) becomes
e(e”’ — BO)(B? — €10)a® = (Bdy — (B2 — €710)A) . (19)

Next we show that neither € — 36 nor 8% — 4716 is 0. If €7 — 86 = 0, then 6 = €7° /3 can be
simplified to
AT — 5% (BA — dp) = 0

by (18), which is exactly (16) and it cannot hold as we proved before. If 32 — €9t = 0, then
(19) holds only when
Bdy — (82 — eT10)A = 0 = Bdy

due to x # 0. This is impossible since 8 # 0 and dy # 0. Hence, by (19), we can get

(Bdy — AB?) + Acg
"= (e~ B0)(5 — ertig) (20)

Combining the above cases, we can conclude that the solution of (5) is zero when d = 0 and
is given by (20) when d # 0. This completes the proof. O

2.2 The second class of permutation trinomials of the form (1)
In this subsection, we investigate the permutation property of
fa(z) = gt 4 gt 4 bzr, a,b € IF:;g (21)
over 3.

Lemma 1. ([19,22,29]) Let n and d be positive integers such that d|(p™ — 1), where p is a prime.
Let h(z) € Fyn[z]. Then f(z) = a:h(a:pi«;l) is a permutation polynomial over Fpn if and only if
g(z) = zh(z)" T permutes the set of d-th roots of unity in Fpn.

According to Lemma 1, to prove that fo(x) permutes F 3, it suffices to prove that

a3
g(z) = m(aaqu + 274 b)q_1

permutes g2 ,41. Then we can do this by the following two steps.
Step 1. Prove that az?™ 4 2%+ b # 0 for any = € p,2,.1. Suppose that az?™! +27+b=0

for some = € pg2yq411, then we have ax + 1 # 0 since x # 0 and b # 0, and consequently,

b 2 bl(ax + 1)
9@ =——
—adb+azx +1




The fact z7°+4+1 =1 implies b9tz = —ab + ax + 1. Hence, we only need to verify that
(a =0T Hr =alb—1 (22)

does not hold for any x € p24 .44 satisfying ardt™ 4294+ b=0.

Step 2. Prove that g(x1) # g(w2) for any distinct x1, 2 € pi424441. Suppose that there are
distinct o1, T2 € pg2y 441 such that g(x1) = g(x2) holds, then

1 (cwccllJrl + z{ + b)qil =29 (ax%H +zd+ b)qil,

ie.,
(aac’f+1 + z{ + b)q_l T

azdt + 21+ b a1

Since 32 € pi24411\{1}, we assume 32 = w?t and w ¢ F,. Then the above equation yields
a4 27 4 b = cw(aal™ + 28 +b)
for some £ € Fy. Combining with zo = 1wt one gets
911‘({+1 + 9233({ + 605 =0, (23)

where
01 =a(l— §w)q2, 0y =1— Ew? 7 and 03 = b(1 — &w). (24)
It can be seen that 63 = b(1 — {w) # 0 from w ¢ F,. Then from (23), we can obtain that

27— 03 l’qQ _ 9%(911‘1 + 62) .
1 1 —9(1193 + 93(91271 + 92)

B Or121 + 02’
The fact x({2+qﬂ = 1 implies
0wy = —0903 + 01(121 + 6o),

that is,
(047! — 0:109)z1 = (057" — 0%05). (25)

Case 1. 041! — 0,01 = 0. 1t 927" — 6,0 = 0, from (25) we know that 637" — 6765 = 0. This
together with (24) gives

0571 — 0103 = b (1 — £w)T ! — a1 — €w)T (1 — EwT "7 H) = 0,
OIY — 9905 = (1 — £w@—a+1)a+1 _ qap(1 — £w)? = 0,



which can be simplified as
(b7 — @) (1+ €0 = 07 (@ + wh) — a(w? +w? ), (26)
(1 — a%b)(1 4 €2w?) = (w1 4 W ~+a _ 244, (27)

Thus, in order to obtain a contradiction, we have to show that (26) and (27) cannot hold

simultaneously for any w € Fs\F, and § € F; with given a and b.
Case T1. 097! — 6,09 # 0. For this case, from (25) we have

04" — 0705

T = .
93t — 6,04

Substituting it into (23) and dividing Ggﬂ on both sides lead to
P+atl | piPtatl | gi’+atl _ g papd® | pagd” 7. pa
601 + 65 + 03 = 6010505 + 0165 63 + 0] 6265.
Then by (24) and a straightforward computation, one obtains
2 2 2 2 2
(aq tatl 4 prtatl _ Trqs/q(aqb) 4 1)w1+q+q 53 — [Trqs/q ((aq +at+l 4 patatl
2 2 2
— 2ab? )W) + Trys/q (1 —a’b) w?) &> + [ Trgs/q ((af oty et 2q9p)w) (28)
+ Trgs /g (1 QQqu)quQH)}f — (aq2+q+1 4 pT Trys /q(ab) +1) = 0.
Hence, to prove g(x1) # g(x2), we need to show that (28) has no solution on ¢ for any w € Fs\F,

with given a and b.

Our second main result is stated as follows.

Theorem 2. Let q be an odd prime power and a, b € IE‘Z3. Then
fo(x) = 2= 4 a2 4 b

is a permutation polynomial over Fs if one of the following conditions is satisfied:
(1) a% =1 and a9 T9H1 £ 1;
(2) a® € F;\{1} and a?'Tatl — 2q0p 4 pTtatl = g,

Proof. We can prove this result by employing the above strategy.
(1) Step 1. If a% = 1, then (22) is reduced to (a — b9"!)z = 0 which leads to a — b9t = 0

due to = # 0. Since a?b = 1, one has

2
1 qd tatl _q

1
a—btt=aq— = 0
qd+a? qd+a? 7




since a?’t9t! £ 1. This implies (22) does not hold and then az?*! + 7 + b # 0 for any
T E Hg24q+1-

Step 2. In Case I, when a%b = 1, (27) becomes
0= g(qu—qul NI A 2w) = {wqitqkq(qu —wi)?,

which contradicts to the fact w ¢ F,. In Case II, the condition a?b = 1 implies a?b = a?’ bl =

ab? = 1, then

a2 @Fatl) _oqa*tatl L (g tatl _ )2
ad?+a+1 - ad?+a+1

2 2
q@* et gt tatl o €F:

due to a?’T7H! £ 1 and (28) turns into

(aq2+q+1 4 pa>tatl _ 2)w1+q+q2€3 — Trgs /g ((aq2+q+1 + pae+atl _ 2)wq+1)§2

¢ +q+1 > +q+1 (2P +gtl +qt+l 9\ _ (29)
+ Trys /g ((a +b 2)w)é — (a +b 2) =0.

Dividing both sides of (29) by a4’ t4+1 4 pa*+a+1 _ 2 gives
w1+q+q2§3 —Trys/q (qu) &+ Trys jq(w)é —1=0.

It can be verified that 1/w, 1/w? and 1 /wq2 are three distinct solutions of the above equation.
Note that 1/w? ¢ F, for i = 0,1,2 due to w ¢ F,. Therefore, this equation has no solution in

F,, and then the desired result follows.
(2) For simplicity, denote 7 = a?b and ¢ = bq2+q+1, then in this case we have 7 € F;\{1},

¢ € Fy and a? = 7/b. Further, from the condition a?’+atl — 2q4p + p9°+a+l = () we can obtain

™ —2rc+c® =0. (30)

Step 1. If (22) holds, then a — b?™ # 0 since a%b — 1 # 0, and then (22) gives z = —T-1+.
Since 7 € F; and a? = 7/b, one has a = 7/b7" and

T—1 _7'—1

_ @
v 7 /b — patl T—Cb )

Plugging it into az?"! + 27 + b = 0 and multiplying both sides by (7 — ¢)?/b gives
r(r=1?+ (T —-Dr—c)+(1—¢)*=0
due to :—:(1: € F, and ab? = a9 = 7. That is
™ —3rc+cE+c=0. (31)

10



By (31) and (30), one gets —7c+ ¢ = 0, i.e., 7 = 1, a contradiction. Thus az?*! + 29 +b # 0

for any = € pg2ig41-
Step 2. In Case I, multiplying b?* on both sides of (26) and substituting T = a4, ¢ = b2"Ta+1
into (26) and (27), we can obtain
(e = 7)1 + W) = £(c(w + w) — T(w? +w? T H9)), (32)
(1= 7)(1+6%0?%) = g(w® 0 40T =0 F — 27y (33)
since ab?” = alb = 7. Taking ¢-th power on both sides of (32) (resp. (33)) and subtracting the
resulting equation from (32) (resp. (33)) gives
(¢ — T) (It — W) €2 = ¢(e(w — w?) — T(WT + WT T+ —y — T Ha-1y),
(1= 7)(w? — w2)E2 = £(W? 7T — W1 _ 27(w — w?))
since 7, ¢, £ € ;. Note that w —w? # 0 and w — w?” # 0 due to w ¢ F,. Then the above

equations can be reduced to
(=Tl = c+7(1 —w T H (w4 w)), (34)
{ (1 - 7)(w+wh)é = w? "7 w + w?) - 27. (35)
Taking g-th power on both sides of (34) (resp. (35)) and subtracting the resulting equation from
(34) (resp. (35)), one can similarly obtain that

(c—7) = —T(w L +w ™ +w™),
{ (1-7)f=—(w ' +w I+w 7).
This indicates (¢ —7)/7 =1—7, i.e., 7—c=7(7 — 1). Then, by (30), we have
927+ ¢ :7'3—7'24-(7'—0)2 :7'2(7'—1)4-7'2(7—1)2 :7'3(7'—1) =0
which leads to 7 = 0 or 1, a contradiction. Hence (26) and (27) cannot hold simultaneously.
In Case II, using a? 91 — 2a%h + b7+t = 0 and 7 = a’b € [y, (28) turns into
(1 — T I — (1= 1) Trgs s (w?)E2 + (1 — 7)Trgs (W ~7H)e — (1—7) = 0.

Since 7 # 1, the above equation is equivalent to

w1+q+q2£3 — Trgs/q (w2) &+ Trqs/q(qufqﬂ)g —-1=0. (36)
It can be verified that wqgiqil, wqﬁq — and wqgqu —, are three solutions of (36). Note that

1 . . 1 _ 1 .
& reOd ¢ F, for i =0, 1,2. Otherwise we have T T o e

W —? = (W — w)(W? +w) =0,

which leads to w? +w = 0 due to w ¢ F,. Further, we have w?” = (—w)? = w and consequently

w = w?, a contradiction to w ¢ F,. Therefore, (36) has no solution in F,. O

11



Table 1: Known nonlinearized permutation trinomials over F s with coefficients in {1, —1}

No. PPs q=p" References
2
1 e e p=3,m=2(mod3) | [6, Theorem 3.2]
2
2 R p=3, m#%2(mod3) | [6, Theorem 3.4]
2
3 R p =3, m % 1(mod3) | [6, Theorem 3.6]
2 Z 2
4 255 2 x| p=3,m#2(mod3) | [28, Table 4]
3
5 2 5 L2l g q = 3(mod4), modd [3, Table 1]
2
6 975 42T 4 g g = 3(mod4), modd [3, Table 2]
3 2
7 o i podd [16, Theorem 4.1]
8 gl gt g | p =3 £ 1(mod 3) | [27, Theorem 3.1]
9 —z®+al 4 2% g | p=3,m# 1(mod 3) | [27, Theorem 3.2]
10 e+l 429 g | p=3,m#1(mod3) | [27, Theorem 3.3]
11 | g7Fe 1 — @+ 4 ¢ | p =3 m # 2(mod 3) | [27, Theorem 3.4]
12 —ate g9 40 | p=3, m# 2(mod3) | [27, Theorem 3.5]
13 gl 4 gd® g p =3, m # 2(mod 3) | [27, Theorem 3.6]

3 QM equivalence

In this section, we compare our permutation polynomials with those in the previous works.
Two permutation polynomials f(x) and g(z) in Fpn|x] are called quasi-multiplicative (QM, for
short) equivalent [24] if there exists an integer 1 < e < p" — 1 with ged(e,p” — 1) = 1 and
f(z) = ag(yz°), where p is a prime, n is a positive integer and a,7y € Fy.. Observe that two
QM equivalent permutation polynomials have the same number of terms. Thus, we only need to
compare our results with the known permutation trinomials over F s with odd characteristic in
Tables 1 and 2 as well as the linearized permutation trinomials of the form az?” +bzi+cx € Fs(x]
in [6], [28, Tables 2 and 3] and [3, Tables 1 and 2].

Observe that the monomial x is a term of all the known permutation trinomials over .
Thus we only need to consider the QM equivalence between polynomials g;(x) = a;x% + bl +
cix € Fys[x] for i = 1,2, where 1 < s;,¢; < p" — 1. For convenience, denote Ey,q.5_1 =
{e(mod ¢® — 1)|e € E}. According to the definition of QM equivalence, g1(z) is QM equivalent

to go(x) if and only if the following two conditions are satisfied:
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Table 2: Known nonlinearized permutation trinomials over Fg s with coefficients in Fy

No. PPs qg=p" References
1 pT a1 4§ Ag@®—at+l 4 By p>3 [1, Theorem 3.1]
9 | pPte—1l 4 Apd®-+a 4 By p>3 [1, Theorem 3.3]
3 2T+l 4 A7 — By q = 1(mod3), p > 3| [1, Theorem 3.4]
4 2+t 4 Ap? — By p>3 [1, Theorem 3.5]
5 | patl 4 A —d"ta 4 By podd [25, Theorem 3.3]
6 2t Az?° 4 By podd [25, Theorem 3.4]
7 g@+a=1 4 Az 4 By podd [25, Theorem 3.5]

- where A, B € IFy, as specified in references.

(C1) There exists e € {1, s1,t1} with ged(e,¢® — 1) = 1 such that

{817 t17 1} = {6327 et27 e}moqu_l'

(C2) For any e in (C1), there exist o,y € Fyn such that gi(z) and ags (y2¢)’s corresponding

coefficients equal each other.
First, according to (C1), through a series of easy computations, it can be verified that

1) fi(x) and fo(x) are QM inequivalent to each other;

2) fi(z) and fa(x) are QM inequivalent to all known linearized permutation trinomials;
3) fi(x) is QM inequivalent to Nos. 1-4, 7-13 in Table 1 and Nos. 1-4, 6-7 in Table 2;
4) fa(z) is QM inequivalent to Nos. 1-6, 8-13 in Table 1 and Nos. 1-7 in Table 2.

Next, we show the inequivalence between fi(x) and No. 5, fi(x) and No. 6 in Table 1, fi(z)
and No. 5 in Table 2 as well as fa(x) and No. 7 in Table 1 by using (C2). Here we only give
the proof for the case fi(z) is QM inequivalent to No. 5 in Table 1 since the other cases can be

proved in the same manner.

Let fi(z) be given by Theorem 1 and g(x) be the No. 5 in Table 1. If fi(z) is QM equivalent
to g(x), then both (C1) and (C2) hold. A direct calculation indicates that e = ¢> — ¢ + 1 is the
unique integer satisfying (C1). Then (C2) implies that there exist a7y € Fj» such that

3
fi(z) = ag(,ya;qQ—qH) _ 20&7%3; + a7q$q3—q2+q + a,quQ—qH

a>+q

ie.,, a=av%, b= ay, 2=2av 2 , which leads to

ab = a2y = (ay" T2 = 1, @t = ()T = (g T S
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Thus f1(x) is QM equivalent to g(z) only when both ab = 1 and a?+at1 = 1. This indicates
that No. 5 in Table 1 is a very special case of Theorem 1 and each fi(x) in Theorem 1 with
(ab,a?ta+1) =£ (1,1) is QM inequivalent to No. 5 in Table 1.

Combining above discussions, we can conclude that the proposed two classes of permutation

trinomials are QM inequivalent to all known permutation polynomials over Fs.

4 Conclusion

In this paper, two classes of permutation trinomials over FF s with odd characteristic were
obtained based on the multivariate method and some techniques in solving equations with low
degrees over finite fields, and it was shown that they are QM inequivalent to all known permu-
tation trinomials over F 3. To our knowledge, our work is the first contribution to the study
of nonlinearized permutation trinomials of F s with at least one coefficient in F 3\F,. Our ex-
periments indicate that the sufficient conditions in both Theorem 1 and Theorem 2 are also
necessary. However, it seems hard to confirm it in general. The reader is cordially invited to

attack this problem.
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