The Scholz conjecture on addition chain is true for v(n) = 4

Amadou TALL!

Departement de Mathématiques et Informatique
Université Cheikh Anta Diop de Dakar
amadou?.tallQucad.edu.sn

Abstract. The aim of this paper is to prove that the Scholz conjecture on addition chain is
true for all integers with v(n) = 4, v(n) is the number of ”1” in the binary expansion of n.

1 Introduction

Definition 1. An addition chain for a positive integer n is a set of integers
C= {ao = 13a13a25"'aa7' :Tl}

such that

Vke[2.r],3,j€[l.k—1], ar=a;+a;
and a, = n.
The integer r is the length of the chain C and can be denoted ¢(C).

Definition 2. We define [(n) as the smallest r for which there exists an addition chain {ay =
1,a1,as,...,a, =n} forn.

There exist several methods to compute an addition chain for any integer n. We can cite the binary
method (often called the fast exponentiation method), the m-ary method, the factor method to name
a few. However, the problem of finding ¢(n) for a given n is known to be NP—complete.

A first attempt were done based on the binary expansion of integers.

Definition 3. Let n be an integer. The number of ”1”s in its binary expansion is called the Hamming
weight of n and is denoted v(n).

It has been proven that

Theorem 4.
{n)=a+v(n)—1 VYo(n) <3,

meaning that £(2%) = a, £(2% +2°) = a + 1, and £(2% + 2° + 2°) = a + 2. The case where v(n) = 4
have some particularities as follows

Theorem 5. For all integers n such that n = 2% + 2° + 2¢ + 24 we have
l(n) =a+3,
except for the integers satisfying one of the following conditions, where ¢(n) = a + 2

1.a—b=c—d
2.a—b=c—d+1

3. a—-b=3andc—d=1
4.a—b=5andb—c=c—d=1

More informations can be found in Knuth [1]. They can be proven using the binary method which
is based on the Hamming weight. We are now concerned about integers with only ”1”s in their binary
expansion (2" — 1). Is the binary method still efficient? The answer is no. Scholz conjectured that we
can always find an addition chain for 2" — 1 of length < ¢(n) +n — 1.


mailto:amadou7.tall@ucad.edu.sn

2 Amadou TALL

Definition 6. Let n be a positive integer, an addition chain for 2™ —1 is called a short addition chain
if its length is {(n) +n — 1.

The most famous conjecture on addition chains is the Scholz’s conjecture stating that
2" —1) < Ll(n)+mn—1.

Aiello and Subbarao [5] have conjectured that for every integer n, there exist a short addition chain
for 2" — 1 (an addition chain for 2" — 1 of lenght £(n) +n — 1).

Vn € N, Jan addition chain for 2" — 1 of length ¢(n) +n — 1
They have shown that it is true for all n = 2*.

Theorem 7. It’s known that
022 — 1) =k+2"—1=4l(n)+n—1,n=2"
And we know a way of computing such chains.

We can see that a short addition chain is not necessarily a minimal addition chain but, finding a
short addition chain for 2" — 1 is enought to prove that the Scholz-Brauer conjecture is true for n.
The main result of this paper is the proof that:

v(n) <4=42"—-1)<{(n)+n-—1.

We will conduct a proof by induction on the Hamming weight of integers. It will then be used to get
an algorithm for the computation of short addition chains for 2 — 1.
Our proof will be using the factoring method which can be stated as follows

Definition 8. Let C\ and Cy be respectively two addition chains for n and m. The factor method is
a method to obtain an addition chain Cy\ for mn as follows:

If
Cy = {mo,m,...,m;}
and
C\ = {no,n1,...,ne}
then

CII\ = {GOaala vy Qpy Qryg 1, Argq2, - ';ar+t}

with a; = m;Vi < r and apy; = m, X n,.

On can clearly see that Cﬁ\ is an addition chain and a,4; = m, X n, = mn.
and we have a clear idea on the lenght of the chain

Theorem 9.
L(mn) < l(m)+ £(n)

The proof is simple, one can easily construct an addition chain for mn based on the chains for m and
n.

2 Main results

Here is the first result of this paper.

Theorem 10. For all integers n = 2F +2°, with i < k, we can find a short chain for 2® — 1. Which
implies that
22" —1) < f(n) +n—1.
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Proof. Let
P;, = {we have a short addition chain for 2" — 1, where n = 2% + 2°, with i < k}.

Clearly, P; = {we have a short addition chain for 3} is true.
We assume that P is true for all k < kg and let n = 2% + 2¢ for some .

First case: i > 0
We have the relation
on 1 = 9202y (20T g2
And we do know that:

(i) A minimal addition chain for 92"°7'+2""" 4 1 ig given by the binary method and has length
2ko—l + 2i—1 4 1. . o -
(ii) Thanks to Py,—1, we have a chain of length 2F0=1 +2¢=1 4+ k; — 1 for the integer 22°° +2° —1.

Using the factor method, we have a chain for 2" — 1 of length:
(297 4 27 ) (@ 2 ko — 1) = 270 20 ko,
and the result holds in this case.

Second case: i =0

Then . .
2m 1 =22"F _1=2(22" —1)+1.

And we do know that:

(1) An addition chain for 92" _ 1 of length 2% 4 ko — 1 is given by 15]-
(ii) We need two star steps more to reach 2™ — 1, a doubling and a ”+1”.

We deduce that we have a chain of length 2% 4 ko + 1 for 2" — 1.
This ends the proof of the result.

Now let us state the second result of this paper.
Theorem 11. For all integers n = 2~ 4+ 27 + 27 we have
2" —-1)<l(n)+n-—1
and we can find short addition chain for 2™ — 1.

Proof. Let
Py, = {3 an addition chain for 2" — 1 of length £(n) +n — 1, where n = 2* + 2° 4+ 27 with k > i > j}.

We know that Pj is true. And we have proved above that P; is also true.
Suppose that Py is true for all k& < kg. Then, let n = 2™ + 2"2 4 ... 4 2™ be an integer of
Hamming weight k.
First case: j =0
We can write
2" —1=202""1) —1=202""1—1)+1.

We know that v(n — 1) = 2, the previous result shows that we can find an addition chain for 27~ —1
of length
n—1)+(n—-1)—1.

Adding the two last star steps to reach 2" — 1, we obtain—as wanted—a chain of length

Un—D4+nm-1)—-1)+2=Ln—-1)+(n—-1)+1,
=(k+1)+ (28 +27) +1,
=2F 427 k2.
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Second case j >0
In this case _ ] , )
n=2F 4920 427 =92kt 4 2171 4 oi7 1),

So, we can write

n

2" —1=(28 —1)(2% +1).
We know that

(i) a minimal addition chain for 2% + 1 of length 5 + 1 is given by the binary method,
(ii) Pr,—1 is true, thus we have a short addition chain for 2% — 1, its length is equal to £(%) + % — 1.
Using the factor method, we have an addition chain for 2" — 1 of length

(g +1) + (e(g) +2 - 1) = tn/2) +n.

By adding one star step to a minimal chain for 7, we obtain a chain for n. Then, we have found

a chain for 2™ — 1 of length 4(n) + n — 1.

Here is the third and most interesting case (v(n) = 4). There will be two cases. The first is when
¢(n) = a+3 and the proof will be identical to the above ones. And the second case is when ¢(n) = a+2
and we know all the four possibilities of n.

Theorem 12. If n = 2% + 2% + 2¢ 4 2% and ¢(n) = a + 3, then we can construct a short addition
chain for n.

The proof for the case where £(n) = a + 3 is identical to the above proof, one can easily prove it
using the induction way presented above.

Proof. 1. d=20
In this case ¢(n — 1) = a + 2, and we have

(27t —1)<l(n—1)+n-—2.

We also know that
2" —1=202"""-1)+1,

then we can reach n by adding two step to a chain for 2"~! — 1 of lenght ¢(n — 1) +n — 1, so
2" -1 <dln—-1)4+n—-14+2=4n)+n—1.

2.d>0

we have ’ . B
2" —1=(2% 41)(222 +1)--- (227 +1)(227 — 1),

using the factor method, we have an addition chain for 2™ — 1 of lenght

n n n n n
D) (2 D) b (o D)+ () + = —1
(GHD+ G0+t gz + D +lgg) +57— L.

n o on non n
=(z4+s++=+=)+d+4(=) -1
(Gt tgatg)tdtilz) -1
={(n)+n-—1.

and this gives us the result
2" —1)<4l(n)+n-—1,

thanks to the fact that 227 — 1 satisfies the case 1.
The remaining case is:

Theorem 13. Ifn =2%+2"+2°+1 and £(n) = a+2, then we can construct a short addition chain
for n.
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Proof. Let n =29 +2°4+2°+ 1 and ¢(n) = a + 2 then n is in one of these four cases,
1. n=2%4+2"42° 4+ 1 with a — b = ¢, we can write
n=22"""+ 1) +2°+ 1= (2" + 1)(2° + 1).
and that give us a simple way of reaching 2" — 1
gn _ = 9(2"+1)(2°+1) _ 1
_ 226+1(2(2°+1).2b — 1)+ 92°4+1 _ 1
and we can also write 2" — 1 this way,
22C+1{(220+1 _ 1)(2(2C+1) + 1)(2(2C+1)~2 + 1)(2(2C+1)-22 +1)- (2(2“+1)-2b—1 +1) 4 92°+1 4 q
using the factor method, we can now have an addition chain for 2" — 1 of lenght
02°—1)+2°+1 =142+ 14+1+b+ (2°+ 1)(1+2+22 4. +2°7h)
after some rearrangements, we can see that the above value is
2" +1)(2°+ 1) +b+ec+1=4{(n)+n—1.

2. n=2°4+204+2¢ 41 witha—b=c+1,
We have
n=2"4+2" 4241 =221 +1) 4 (2° + 1)

which allows to write
on _ 1 — 22”(2C+1+1)+(2C+1) 1= 22C+1(22b(2c+1+1) 1)+ (22C+1 —1)
which gives
21 = 22 (227 1) (22 L) (227 D Ly (22 T Dy (22D ) (227 )
It leads to an addition chain of length
O+ +D)+CM 14D+ + D)+ D)+ T D)+ 1) +2041+1
after regrouping, we get that the lenght is

2+ 1) +2° 41 —1+2°414+b+ 2T+ DA +2 4+ +2"H) 424141 =

=c+ 142042+ 1+b+ (2T + )20 - 1)+ 2642 =20 4 2P L2 4 bt e+ 3 =4(n) +n— 1.
3. n=2942"42¢4+1 witha—b=3and ¢ =1, we can see that
n=3+21+2%=3+9-2°
and we can get now 2™ — 1 this way
on 1= 2392 1 = 93(292" _ 1)+ 23 1.

Knowing that a short addition chain for 292" _ 1 that contains 23 — 1 is obtained by the way
describe above, we can again use the factor method to get an addition chain for 2" — 1 of length

020 1) 4+3+1=009-2")49-2" 143+ 1=n+L(n)— 1.
4. n=24242°+1witha—b=5 b—c=c=1, then
n=2"+2%4+241 =135,

and we already know that the conjecture is true for this one. We already have a short addition
chain for 2135 — 1.
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Theorem 14. If n = 2% + 2 +2¢ 4+ 2¢ with d > 0 and £(n) = a + 2, then we can construct a short
addition chain for n.

Proof.
,',L:2a+2b+26+2d:2d.(2a—d+2b—d+2(3—d+1)

by the first case, we can have a short addition chain for 2% — 1 = 22° “+2"7“42°7"+1 _ 1 of length
at+a—d+1.
Since n = 2% - o, then

2" —1=22" 1= (20— 1)(2° + 1272 +1)--- (2°7 4 1)
and using the factor method again, we have a chain for 2" — 1 of length

ata—d+1l+a(l+2+22+ - +297 Y 1d=2%+a—-1=L(n)+n—1.
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