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Abstract

Quadratic AB (almost bent) functions are characterized by the property that the du-
als of their component functions are bent functions. We prove that these duals are also
quadratic and illustrate that these bent duals may give rise to vectorial bent functions (in
certain cases having a maximal output dimension). It is then natural to investigate when
the linear combinations of quadratic bent duals again yields quadratic bent functions. A
necessary and sufficient condition for ensuring bentness of these linear combinations is
provided, by introducing a useful transform that acts on the Walsh spectrum of dual func-
tions. Moreover, we provide a rather detailed analysis related to the structure of quadratic
AB functions in the spectral domain, more precisely with respect to their Walsh supports,
their intersection and restrictions of these bent duals to suitable subspaces. It turns out
that the AB property is quite complicated even in the quadratic case. However, using the
established facts in this article, we could for the first time provide the design of quadratic
AB functions in the spectral domain by identifying (using computer simulations) suitable
sets of bent dual functions which give rise to possibly new quadratic AB functions in a
generic manner. Using a simple non-exhaustive search for suitable sets of defining bent
duals f1,..., f5 on F3, we could easily identify 60 quadratic AB functions F : F§ — F3. It
turns out that all these functions are CCZ-equivalent to the Gold AB function but none
of these functions is a permutation. On the other hand, when n = 7, the same approach
provides several AB functions which are not CCZ-equivalent to Gold functions.

1 Introduction

Mappings from F% to F4" are called vectorial Boolean or (n, m)-functions. Any such function
F :F3 — F3' can be represented in the form

F(z) = (fi(z), fa(2), -, fm(@)), & € Fy

where f; : Fy — Fa, i = 1,...,m, are called coordinate (Boolean) functions of F' and non-
zero linear combinations of its coordinates ¢ - F' (¢ € F3* \ {0,,}) are termed as component
functions. When n is odd, (n,n)-functions that offer optimal resistance against both linear
and differential cryptanalysis [13, 24] are called almost bent (AB) functions. There are a few
known infinite families of AB functions and their complete classification seems to be elusive,
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see for instance [9] for the list of known ones. Another combinatorial object of particular
importance in cryptography, coding and design theory, is a class of vectorial bent functions
having the property that all the component functions are bent which are characterized by
a unique feature of having a (uniform) flat Walsh spectrum. Nevertheless, it was shown by
Nyberg [26] that vectorial bent functions F : F§ — FJ' may only exist when m < n/2 and n
is necessarily even.

Even though there is an extensive research on both these classes of functions, so far
there has been no explicit connection between them. The main purpose of this article is to
establish some (partial) connections and indicate the possibility of relating these structures
through so-called duals of Boolean functions. The concept of dual was originally defined
for bent functions but later it was generalized to the so-called plateaued Boolean functions.
Employing the notion of dual of plateaued functions introduced in [20, 21], we provide some
theoretical results that indicate certain regularity in the dual space of AB functions. More
precisely, as already indicated in [20, 21], defining a dual of an s-plateaued function f on
F% (whose Walsh spectral values are in the set {0, iQnTJrS}) which distinguishes the signs of
non-zero spectral values, conveys more information about a given function. Indeed, if we
alternatively use the standard dual (which distinguishes zero and nonzero spectral values) in
the quadratic case the dual functions become only trivial.

It is well-known that the class of Gold functions [19], defined in the univariate form over
Fon as F(z) = x?, with d = 2'4+1 and ged(i, n) = 1 for odd n, are AB functions. It was proved
by Dobbertin (as reported in [9]) that all power APN functions are necessarily permutations in
odd dimension, and 3-to-1 in even dimension. There has been an extensive research regarding
the so-called CCZ equivalence (introduced in [10] and later named CCZ-equivalence in [4])
of known AB functions; and in particular the quadratic case received a lot of attention
[1,2,4,7,17, 18]. This class of functions also exhibits nice combinatorial, algebraic or graph
theoretic properties, though these features are generally non-constructive and to the best of
our knowledge have not been helpful in specifying new classes of AB functions [3, 4, 7, 17, 18]
Now, if F' is represented as F' = (f1,..., fn), where f; : F} — Fo, all the nonzero linear
combinations of f; (components of F') are quadratic semi-bent functions, thus their Walsh
spectral values belong to {0, iQHTH}. Quite some research has been done in the field of
quadratic semi-bent Boolean functions and for more details we refer to e.g. [25, 8, 14, 15].
Qu et al. [27] proved that all quadratic Boolean functions, as well as Maiorana-McFarland
and partial spread bent functions can be represented as the sum of two bent functions. It
is also known that all quadratic bent Boolean functions belong to the Maiorana-McFarland
class of bent functions.

Leander and McGuire [23] considered the problem of constructing bent from semi-bent
functions. In particular, it has been shown that two n-variable functions g and h (n odd) are
semi-bent with complementary Walsh supports (S,NS, = 0) if and only if the (n+1)-variable
function x — f(z,zp+1) = 9(x) + xny1h(x), € Fy, 2,41 € Fa is bent. It is also known
that the restrictions of an n-variable bent function to any hyperplane and to the complement
of this hyperplane (viewed as (n — 1)-Boolean functions) are semi-bent. For more details on
the properties of semi-bent functions and their construction we refer to [25].

Because the components of Gold AB mappings are quadratic Boolean functions, their
Walsh supports (a subset of F§ corresponding to nonzero spectral values) forms flats in F%
of even dimension, see [11]. This implies that the standard dual (which distinguishes the



zero and nonzero Walsh values) corresponds to an affine function. On the other hand, if we
focus on the alternative definition of a dual, the situation is quite different. Since in the case
of AB functions defined on F%, the cardinality of Walsh support of its component functions
(which are all semi-bent) is exactly 2"~ '. Consequently, their duals can be defined on the
ambient space Fg_l using some ordering (commonly lexicographic) to map bijectively the
Walsh support as a subset of F§ to Fy !, see [20, 21] and Section 3.

Moreover, for Gold AB functions which are quadratic, the fact that the Walsh supports
of its component functions are affine subspaces implies (using the result in [20]) that their
corresponding duals on Fgfl are bent functions. Hence, any Gold function F' = (f1,..., fn)
will give rise to a set of dual bent functions {f},..., fi}, where each f; : Fg_l — s, and
we prove that each f; is necessarily quadratic, cf. Proposition 3.2. Moreover, these dual
bent functions may build vectorial bent functions which we also confirm through simulations.
Unfortunately, there is no clear structure which would indicate the choice of {f;,..., fi},
where k < (n — 1)/2, so that F* = (f{,..., fi) is vectorial bent. This is especially true
when the output bent dimension is maximal, thus when & = (n — 1)/2, in which case such
vectorial bent functions do not always exist. In this direction, considering quadratic semi-bent
functions on 4, we derive a necessary and sufficient condition which ensures the bentness of
the linear combinations of f{,..., f5. This is achieved through a useful transform that acts
on the Walsh spectrum of dual functions, but unfortunately the bent condition regarding the
linear combinations of duals is non-constructive.

In the second part of this article, we further investigate the structure of the corresponding
Walsh supports in the case of quadratic AB functions. Even though these Walsh supports are
affine hyperplanes, the dimension of their intersection and the properties of the restrictions
of dual functions have not been analyzed yet. More importantly, we consider the conditions
imposed on dual bent functions (and their restrictions), say f* and ¢* on ]Fg_l, so that
the corresponding semi-bent functions f and g on Fy have the property that f + g is again
semi-bent. We provide a necessary and sufficient condition that f + ¢ is bent, which heavily
depends on the properties of the restrictions of duals. However, using the established facts
in this article, we could for the first time provide the design of quadratic AB functions in
the spectral domain by identifying (using computer simulations) suitable sets of bent dual
functions which give rise to possibly new quadratic AB functions in a generic manner. Using a
simple non-exhaustive search for suitable sets of defining bent duals fi, ..., f5 on F3 we could
easily identify 60 quadratic AB functions F : F3 — F3. It turns out that all these functions
are CCZ-equivalent to the Gold AB function but none of these functions is a permutation.
On the other hand, when n = 7, the same approach provides several AB functions which are
not CCZ-equivalent to Gold functions.

The rest of this article is organized as follows. In Section 2, we give some basic definitions
related to Boolean functions. Using an alternative definition of a dual function of semi-bent
functions, in Section 3 we provide a theoretical treatment concerning vectorial bentness of the
dual functions. In Section 4, we consider the structure of dual bent functions and derive the
necessary and sufficient conditions that two quadratic dual bent functions on Fg_l actually
specify two quadratic semi-bent functions on F5 whose sum is again semi-bent. The design
of semi-bent functions in the spectral domain is further discussed in Section 5, where we
identify many quadratic AB functions by specifying suitable bent duals. Some concluding
remarks are given in Section 6.



2 Definitions and terminology

The vector space F4 is the space of all n-tuples = (z1,...,x,), where x; € Fy. The all-zero
vector is denoted by 0,,. For x = (x1,...,2,) and y = (y1,. .., yn) in F5, the usual dot product
over [Fy is defined as z -y = z1y1 @ - - - ® pYn. The weight wt(z) of x € Fy is computed as
wt(z) = ;" z;. By 7" we denote the integer sum (without modulo evaluation), whereas
"E@D” denotes the sum evaluated modulo two.

The set of all Boolean functions in n variables, which is the set of mappings from Fy to
[Fy, is denoted by B,,. The set of affine functions in n variables is given by A,, = {a-2®b: a €
F2, b € {0,1}}, and similarly £, = {a -z : a € F§} C A,, denotes the set of linear functions.

The Walsh-Hadamard transform (WHT) of a Boolean function f in n variables, and its
inverse WHT, at any point u € Fy are defined, respectively, by

Wi(u) = )y (~1)f @, (1)
z€elFy

(~1)/ =27 Wi(u)(~1)"". (2)

uelFy

The sequence of the 2" Walsh coefficients given by (1), as u goes through F% is called the
Walsh spectrum of f, denoted by

»@? ==(VV}(UQ),...,VV}(Uanl)%

where ug, ..., usn_1 € Fy are ordered lexicographically.

For an arbitrary Boolean function f : F§ — o, the set of its values on F4 (the truth
table) is defined as T = (f(0,...,0,0), f(0,...,0,1),..., f(1,...,1,1)). The corresponding
(£1)-sequence of f is defined as x; = ((—1)fC00) (—1)F O 00 00 (1) f(s b)) A
class of Boolean functions on Fj characterised by the property that their Walsh spectra is
three-valued (more precisely taking values in {0, :|:2nT+s} for a positive integer s < n) are
called s-plateaued functions [28]. In case s =1 (s = 2) for n odd (n even), the functions are
called semi-bent. For a bent Boolean function f defined on F7, its dual f* is defined as a
function from [} to [Fo, for which it holds that

(~1)"@ =272 Wi (x), = cTFy.

A standard way of defining the dual f : F5 — Fo of an s-plateaued Boolean function f on Fj
is as follows:

f(@) =275 |Wy)|, =Py, 3)
The Sylvester-Hadamard matrix of size 2% x 2% is defined recursively as:
1 1 Hor1  Horx
Hy = (1), Hy = Hy, = 2 2 : 4
1= (1), H < 1 -1 ) ) 2k < Hor1 —Hora ) (4)
The i-th row of Hyx we denote by H.) (i € [0,2% — 1]). Note that HY = ((—1)*,...,

(=1)“®2k-1) = y, (x; € F5) is a (£1)-sequence of a linear function ¢ : F5 — Fs, where
0(x) = u; - = (uj,x € FE).



Boolean functions f and ¢ in n variables are extended affine equivalent (EA-equivalent)
if there exists a non-singular n X n matrix A over Fy, binary vectors b and c of length n, and
a constant A € Fy, such that

g(x) = f(Az @b) ®c-x @\, x € F3,

where with Ax we denote matrix multiplication. only when considering affine equivalence,
otherwise we use the standard notation for the dot product.

3 Vectorial bentness of duals for Gold-like functions

In this section, we analyse the duals of the Gold AB function F(x) = 2% on F} (d = 2i +
1, ged(i,m) = 1, n odd). For any nonzero v € Fy, we use Fy,(x) = v - F(z), to denote the
component functions of F'. We notice that the property of being AB is characterized by the
fact that all the component functions F; are semi-bent.

In [11], it was proved that for any n, the Walsh support of any quadratic function on
F3 is a flat on [} of even dimension. Since all Gold functions are quadratic, the following
proposition summarizes these observations and includes the Gold AB functions as a special
case.

Proposition 3.1. Let F' : F§ — Fy be an AB power mapping. Suppose that the Walsh
supports S; of the component functions Fy, of F' are affine hyperplanes on Fy. Then the duals
F, of the component functions F), are linear functions on Fy.

The classical definition of a dual that we used above does not take into account the signs
of Walsh coefficients. Therefore, another definition of a dual for an s-plateaued function f is
introduced in [20], and it is described as follows.

With Sy = {w € F5 : Wy(w) # 0} we denote the Walsh support of the function f. Its
dual function f* on Sy of cardinality 2" ° is defined as f* : Sy — Fy by

(~)F ), ()

for w € Sy. To specify the dual function as 7* : F57% — [y, we use the concept of the lezico-
graphic ordering. That is, a subset E = {eo, ..., eqn-s_1} C FY is ordered lexicographically if
lei| < |eit1] for any i € [0,2"% — 2], where |e;| denotes the integer representation of e; € F5.
More precisely, for e; = (ej1,...,€;n) we have |e;| = Z?:l e;;2"77, thus having the most
significant bit of e; on the left-hand side. Now to define f* : Sy — Iy as a function from
F5~% to Fa, we firstly impose an ordering on Sy as Sy = 2@ E = {wo, ... ,won-s_1} (2 € Sy),
where E is lexicographically ordered and w; = z @ e; (i =0,...,2"° — 1). For instance, let
an affine subspace Sy C F3 be given as

Sy =1{(0,1,0),(0,1,1),(1,0,0),(1,0,1)}.

By fixing z = (0,1,1) € Sy, we have that the lexicographically ordered linear subspace E is
given by
E = {607 €1, €2, 63} = {(07 07 0)7 (07 07 1)7 (]—7 17 0)) (]—7 17 1)}7



and consequently Sy is ”ordered” as Sy = {wo, w1, w2, w3} = {(0,1,1),(0,1,0),(1,0,1),(1,0,0)}.

By having Sy represented as Sy = z @ E, we can make a direct correspondence be-
tween F5~® and Sy through E so that for the lexicographically ordered space F5™° =
{zg,21,...,T9n—s_1}, we have

Flw) = feoe) =T (a)), 2 €F3 ¢;€E, je[0,27° 1] (6)

In the sequel, whenever we use this definition of dual of an s-plateaued function f € B, the
notation f* refers to a function defined on F5™°.

3.1 Alternative duals of Gold AB functions

Let us consider an AB function F' = (f1,..., fn) : F4 — Fy whose coordinate (semi-bent)
functions f; are all quadratic. From [11, Subsection 3.3.] it follows that their Walsh supports
are affine hyperplanes (flats of dimension n — 1). Following the result of Hodzi¢ et al. [20] it
is known that if the Walsh support S of a semi-bent bent function f is a flat in Fy (n odd),
then f is a semi-bent and only if the dual 7* is bent on Fgfl.

In the context of a vectorial AB function F' = (fi,..., fn), we have that the definition
of f¥ as a function on ngl depends on the ordering of Sy, = z; ® E; C 3, which is im-
posed by choice of the vector z; € Sy, and the lexicographic ordering of FE;. For different
choices of z; € Sy;, we actually have that the same dual f; imposes different bent functions
fi i F3~1 = Fy. Note that by [20, Theorem 3.1-(i7)] all these duals are bent functions. How-
ever, it is not clear what is happening with linear combinations of these functions. Therefore,
we are interested in the following question:

Q1: Let F = (f1,...,fn) : F§ — F3 be a quadratic AB function, where Sy, are flats in
[F%. For which choice of z; € Sy, in the representation of Sy, = z; ® E; we have that the corre-
sponding duals ﬁk : ngl — 5 build a vectorial bent function G = (7;, e ,f: RE Fgfl — T
for some integers 1 <i; < ... <4 <n (1 <t<n)?

Remark 1. As noted in [11, Subsection 3.3.], the Walsh support of any quadratic function
on Fy is a flat of Fy of even dimension. Conversely, any flat of F5 of even dimension is
the Walsh support of a quadratic function. However, we note that there the exist plateaued
functions with linear/affine Walsh supports which are not quadratic (cf. [21, Example 3.1]).

In order to address the previous question, our goal is to analyse the linear combinations
of duals ?j and the relation between the Walsh supports Sy,. Firstly, we start by considering
the sums of two functions T: & ?:, 1<i<j<n.

We recall that for a function h(z) = f(z) @ g(x) defined on F%, by [15, Theorem 2.17.5]
we have that

Wi(v) =27" > Wi(z)Wy(x ©v), vEF;. (7)
z€Fp
Being motivated with this formula, we introduce the following notation. Let fi,..., f, : F§ —

Fy be semi-bent and 7’1‘, e ,?; : ]Fg*1 — [Fy their corresponding duals. For W := W?»f and
W= W?*f, we define
J

IL;j(z) = 2_%1Wi*(:c)Wf($), zeFp L. (8)



Since the duals are bent, we have that |[W;(z)| = [W}(z)| = 2%1, which implies that

ILj(x) = :EQnT_l, for all x € Ty, Furthermore, for the coefficients IT;;(z) we can define their
inverses II; " (z) as
;N (x) = 2707 3 Th(y)(-1)*Y, w e Py~ (9)
yery !
We are interested in the sequence of coefficients {II;;(zo), . .., II;j(xon-1_1)} (with {zo, ...,

Ton—1_1} representing lexicographically ordered Fg_l). In this context, we would like to see
whether some of these sequences (for some i and j) are corresponding to some bent functions
defined on F4~! (n odd). We introduce the following notation.

Spectral notation: Suppose we are given a sequence of integers W = (wg, w1, ..., wan_1)
(—2" < w; < 2™), which is not necessarily a Walsh spectrum of a Boolean function. In
accordance to (2), we denote its inverse as W™ = (wj,w], ..., wh._;), where

271

wp=2""Y  wi- ()T, 0<k<2" -1,
=0

ug, x; € 5 ordered lexicographically. With respect to this notation, we note the following:

o If for all £ € {0,1,...,2" — 1} we have that |w,| = 1, then there exists some Boolean
function f defined on F3 for which w; = Wy(w;) (u; € Fy), i.e., W =Wy,

e In addition to the previous comment, if n is even and all the values of W are iQ%, the
corresponding function f is bent.

In the following example, we show that certain sequences {Il;;(z) : = € ngl}, depending on
the indices ¢ and j, actually correspond to some bent functions defined on Fg_l, for a given
Gold AB function F.

Example 3.1. Let us consider the Gold function F(z) = x? defined on FY, where (n,d) =
(5,5). In Table 1 and 2 we give the products I1;;(x) and their inverses Hl-_jl(:t:), where 1 <14 <
j <5 and x € F3. We notice that for the pairs of indices (i, ) € {(1,2),(2,3), (8,5)}, it holds
that H;jl(:c) are equal to +1 for all x € F5. Notice that for (n,d) = (5,5) there are evactly
three pairs (f7, fT*) of bent vectorial functions mapping from F3 — F3. The coordinates {i,j}

for which fT’; = ﬁk <) ?;k s bent correspond to the coordinates for which the inverses H;jl(x)
have values £1 (Table 2). We obtained the same results for (n,d) = (5,3) and (n,d) = (7,9).

Before we state the main results related to the previous observations, we provide the
following two technical results. later.

Lemma 3.1. Let f : F§ — Fy be a bent Boolean function (n is even).
(a) The derivatives Ay f, a # 0, are all distinct.

(b) Suppose that for all a € F5* the derivatives of f are affine of the form A, f(zx) =
Ug - T P Cq, where ug € FY, cq € Fo. If Ay f # Apf, then u, # up.



Hij(:L‘), S ]ngl
(8,8,8,-8,8,8,—8,8,—8,8,—8,—8,—8,8,8,8)
(8,8,8,-8,8,—8,8,8,—8,—8,-8,8,—8,8,—8, —8)
(8,8,8,-8,8,8,—-8,8,8,—8,—8, -8, —8,8, —8,—8)
(8,—8,-8,8,8,—8,—8,8,8,8,—8,-8,8,8, —8,—8)
(8,8,8,8,8,—8,-8,8,8,—8,8,—-8,8,8, -8, —8)
(8,8,8,8,8,8,8,8,—8,—8,8,8,8,8, -8, —8)
(
(
(
(

8,-8,-8,-8,8,-8,8,8,-8,8,8,8,-8,8, -8, —8)
8,8,8,8,8,-8,-8,8,-8,8,8,-8,8,8,8, 8)
8,-8,-8,-8,8,8,-8,8,—8,-8,8,—8,-8,8,8,8)
8,-8,-8,-8,8,-8,8,8,8,-8,8,8,-8,8,8, 8)

B W W NN N R ] .
QU O | O | | O x| W D[,

Table 1: Products of the Walsh transforms W} and W} for (n,d) = (5,5) and 1 <i < j <5

I (z), z e Fy~'
(1,-1,1,-1,-1,1,1,—-1,1,1,1,1,1,1, -1, -1)
(00000000,2,2,0000,2, 2)
(0,0,2,0,0,2,0,0,2,0,0,0,0,0,0, —2)
(0022000000 —-2,2,0,0,0,0)
(1,1,1,1,1,1,-1,-1,1,-1,-1,1,1,—1,1, —1)
(

(
(
(
(1

2,0,0,0,0,0, 2020000020

)
0,0,0,0,0,0,0,0,0,2,0,2,—2,0,2,0)
2,0,0,0,0,0,0,—2,0,0,0,2,2,0,0,0)
0000 220000,2,2,0000)
—1,1,1,1,—1,1,1,1,-1,-1,1, -1)

) 7 ) ) ) ) ) ) ) )

O W NN DN = = =] = .
U O [ O [ Q0| U | W NS,

Table 2: Inverses of the products given in Table 1

Proof. (a) Let a # b, and suppose that A, f(z) = Apf(z). Then,

Aof(x) =DMpf(z) & flx)® fx@a) = f(z)® f(zDb)
S fleda)® flxdb) =0
Sfra)@fzPa®(adb) =
< Aggpf(z @ a) =0,

for all x € Fy, which contradicts with the balance of the derivatives of f(z @ a).
(b) Let a # b. Suppose that A, f(x) =u-x @ c; and Apf(x) = u -z & co. We have that

Aof(z)=u-2dcy
@Aaf(x) = Abf(m) Do Py
@Aa@bf(.%') =1 D co.
Similarly as in (a), we would obtain that A,gpf(x) = ¢1 @ o for all x € Fy, which contradicts

to the fact that derivatives Aygpf(2) (with a # b) are balanced. Hence, distinct derivatives
have distinct linear terms. O



Proposition 3.2. Let F' = (f1,..., fa) : F3 — Fy be a Gold AB function. Then the duals
f: : Fgfl — Fo of the coordinate functions f; : F§ — [y are quadratic bent functions.

Proof. Since F' is a Gold AB function, for any non-zero vector ¢ € F} we denote by f(z) =

c- F(x), € F3. By relation (2) and W¢(u) = 2HTH(—1)JC*(“)7 at any u € F§ we have that
Do (DT = 9™ (1)l (10)
weSy

where Sy = 2@ E is the Walsh support of f and E = {eo,...,eon-1_1} is a lexicographically
ordered linear subspace of IF5, thus any w € Sy can be written as w = 2 @ e; for some ¢; € E
and fixed z € Sy. Using [20, Lemma 3.1], we have that £,_1 C Ty = {(u-eo, ..., u - €gn-1_1) :
u € F3}, which means that 7, contains truth tables of all linear functions in n — 1 variables
L,,—1 (clearly T, is a multi-set of linear functions). We recall that AB Gold functions have
quadratic component (semi-bent) functions c¢- F', and its Walsh supports are affine subspaces
of dimension n — 1 (see [11, Section 3.3.1]). By identifying a subset R C F% of those u which
give distinct linear functions in 7y so that £,—1 = {(u-e€g,...,u-€gn-1_1) : u € R}, then R
is a linear subspace of dimension n — 1.
Thus, for arbitrary vector u € R the relation (10) is equivalent to
Z(_l)f*(zéBe)EBu-e — Wos (19“) _ 2%(_1)1‘(11)691;.2’ (ﬁu c Fg—l)7

f
eelE

where f (z;) = f*(z @ e;) with z; € F3~! denotes the dual of f viewed as a function on
}Fgfl, and for 9, € F’;*l it holds that (¢, - zo,... ’1232 cXgn—1_1) = (U-€0y..., U €on-1_1).
Furthermore, by [20, Theorem 3.1-(ii)] we have that f is a bent function in n — 1 variables

(n odd), and thus W (V) = 2%(—1)9(’9“) implies that g (being the dual of f*) is also a

bent function on IF;_I.
_ Using the inequality that relates the degrees of a bent function and its dual [8] (recall
F*, g are defined on ]Fg_l), we have that

However, using the fact that g is actually a restriction of the function f to R and W?* (V) =

n—1

277 (—1)9) = 2%1(—1)““)@“'3, then f being quadratic implies that deg(g) < 2. Note
that here the term u - v in f(u) ®u - z is viewed as a linear function due to the fact that R is
a linear space ([20, Lemma 3.1]). Clearly, g being bent means exactly that deg(g) = 2. Thus,
we have that 251 — deg(fi)*z n=1 _ 2, which gives that deg(f") < 2. Using the fact that f
is bent, we have that deg(f ) = 2, and thus we get that f* is a quadratic bent function. [J

3.2 Characterizing the bentness of the sum of bent duals

We again focus on quadratic semi-bent functions regardless of whether these constitute AB
functions or not. Since their duals are quadratic bent functions it is natural to consider the
problem of determining the conditions for preserving the bentness of the sum of these duals.
The bentness of the function ?j <) f; is characterized with the following result.

9



Theorem 3.1. Let fi,..., fx be quadratic semi-bent functions on Fy, n odd, and ?{, e ,?Z
their corresponding duals on ngl. Then, f; = fj S3) f;, 1 <i<j <k, is bent if and only if
\Hl_jl(u)] =1 for allu € T3~ 1,

Proof. Let u # 0 be fixed.

CCE]F”L71 ,1;6]17371
:2—%(71—1) Z Z (_1)f5‘(y)®y~r . Z (_1)f;-‘(2)69z-x (—1)
zeFy 1 \yeFy ! zeFp 1
_2—5(71—1) Z ( 1)fi*(y)€9ff(2)(_1)ac~(y@z®u)
x,y,2€F3 1
_2*%(”*1) Z (_1)f;(y)@f;(z) Z (_1)m-(y@z®u)
%ZGFS_I zEFg_l
n—1 * * n—1 * * *
=273 Z (=1)% Wef; (you) _ 9-"5+ Z (—1)F (@S} (ydu) DS (ydu)
yery ! yery
_ o251 Auff(y)@f (ydu) _
=27 Y ()SEREe ()
yeFp—!

Since the derivatives A, f;* of the duals are all affine, we can write them as A, f = a,-z®cy,
for some a, € Fg_l, ¢y € Fy. Thus,

(x)=2""% > (— 1) yDudlou) — 9="g 3 (= 1) (@O0 ()

yelp—! xcFy~!
_ 2—”51 Z (_1)au~w@(au~u€9cu)€9ﬁ}(x) — 2_%_1 . (_1)au~uEBcu Z (_1)aux®f;($),
IEF371 xEF;71

so, for all u # 0,

_ _n—1
Hijl(u) =272 . Wf;‘j(au)- (11)
If w =0, then
_ (n— (8),(9) 5—n=1
Hz‘jlm) =271 Z Ij(z) = =727 Wy (0) (12)
xng_l

From Lemma 3.1, we know that all the derivatives are distinct and have distinct linear terms.
That is, if u goes through Fgfl, then a, will also go through the whole vector space, with
possibly a different ordering. Hence, from (11) and (12), it follows:

‘11%1(U)|::1,VU,€ Fggq'éé|vV}%(au)’::2ﬂ§l7vam S Fgfl.
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Corollary 1. Let f1,..., fr be quadratic semi-bent functzons on FY, n odd, and fl, e ,?Z
their corresponding duals on F2~1. Then, f“ 0 le - D f”, {i1,..., i} CA{1,...,k},
is bent if and only if |Hle LW =1, for allu e Fy~ L

Proof. We prove the statement with induction over . For | = 2 the statement follows from
Theorem 3.1. Let us suppose that the statement holds for [ — 1. We have that

Joa =T @ 0f="F i i, ®Ff
Using Theorem 3.1 and the inductive hypothesis the result follows. O

Corollary 2. Let F(z) = 2%, d =2+ 1, ged(i,n) =1, 1 <i < %L be the Gold function
defined on Fon. With f1,..., fn we denote its coordmate functzons and with fl, ey fn their
corresponding duals defined on F§~ L Then, fw = f @ fj, 1 <i<j<n,is bent if and only
if ]HZJ (w)| =1, for all u € F§~ 1.

Proof. Since the coordinates of the Gold function are quadratic, their Walsh supports all
affine hyperplanes of even dimension n — 1 [11] and since the duals are quadratic as well by
Proposition 3.2, their derivatives must be affine [16, Proposition 2.1]. Thus the conditions of
Theorem 3.1 are satisfied and the result follows. O

Similarly as Theorem 3.1 was stated in terms of bentness of f:j, we now consider the case
when these sums are s-plateaued.

Theorem 3.2. Let f1,..., fr be quadratic semsi- bent functwns on Fy, n odd, and ?{, ces ,?2
their corresponding duals on F5~ L Then, f” = f P f], 1 <1<y <k, is s-plateaued, s > 2

even, if and only if \HU (u)] € {0,25/2} for allu e Ty~

Proof. The proof follows directly from the assumptions of the theorem and the equalities (11)
and (12). O

Remark 2. Since quadratic functions are either bent or plateaued (those with 3 values in the
spectrum,) [12] Theorems 3.1 and 3.2 are providing the characterization of the sum of two
bent duals f EBf in terms of notation (8)-(9), obtained from quadratic semi-bent functions
in odd dzmenszon

3.3 Identifying bent spaces via duals of Gold AB components

In this section, we provide some observations regarding the maximum dimension of vectorial
bent spaces obtained by considering the bent duals of Gold AB components. The main
conclusion is that there is no obvious connection between the vectorial semi-bent space and
its corresponding dual bent space. At least, it can be deduced that reaching the maximal
dimension of a vectorial dual bent space, given by the Nyberg’s bound, is not possible for
larger ambient spaces.
Suppose that F' = (f1,..., fn) : F§ — Fy is a Gold AB function, and let
Br = #{Fz*lzk : Fg_l — Fg | F,

115000k

is bent}
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denote the number of bent k-vectorial Boolean functions F}, ;= (?:1, e ,7;;) Fy s TR

{ir, ... ik} € {1,...,n}, #{i1,...,ix} < (n—1)/2, composed of the bent duals f7, ..., f,. In
Table 3, we give some computational results on §; obtained using the mathematical software
Sage.

Remark 3.1. We note here that all bent functions ﬁk above are defined with respect to the
lexicographically ordered Sy, = {wo, ..., won1_1} as f; (z;) = fi(w;) (G € 0,271 —1]). The
bentness of these functions holds due to [22, Proposition V.4] and [20, Theorem 3.1-(ii)],
since by [22, Proposition V.J] we have that for the lexicographically ordered affine subspace
St ={wo,...,won-1_1} it holds that E = wy @ Sy, = {On, e1,...,em-1_1} with ej = wy ® wj
(j € (0,277 —1]) is ordered lezicographically.

We use the abbreviation DNE=Does Not Exist for the cases where the number of bent
coordinates is larger than Nyberg’s bound. As shown in Table 3, bent vectorial Boolean

n | d|B2| B B4 Bs
5 3 5 | DNE | DNE | DNE
5 5 3 | DNE | DNE | DNE
7 3 113 4 DNE | DNE
7 5 7 1 DNE | DNE
719 |13 6 DNE | DNE
9 3 | 14 1 0 DNE
9 5 |19 6 0 DNE
9 | 17| 15 1 0 DNE
11| 3 | 25 8 0 0
11 28 8 0 0
111 9 | 36 20 1 0
11 |17 | 29 18 0 0
11 | 33 | 30 13 1 0

Table 3: Number of bent k-vectorial Boolean functions obtained from the duals of Gold AB
coordinates

functions that reach the Nyberg’s bound do not always exist (cf. the columns corresponding
to B4 and f35). This motivates the following question.

Q2: What is the largest k for which a bent k-vectorial function (?*

. )
ivs - [, ) exists? Does

the choice of z € Sy, in the definition of f; affect the existence of these functions?

Example 3.2. Let us consider F(z) = x° defined on Fos. For each coordinate f; of F =
(fi,--., f5) we are able to define 16 bent functions f:,z on T3 for a different choice of z € St
via (6). The entry (i,7) in Table 4 represents the set of functions

{Fijosngy = Fis ® Finy © 2 € 85,2 €Sy, 1 <ii < j <5}

We note that since there are 16 choices for z; and z;, there are mazimally 256 possibilities
for the functions f;{zi’zj} for each pair (i,7).

12



(Za]) B2 (la]) B2 (ia]) B2 (Z>]) B2
(1,2) | 256 || (2,3) | 256 || (3,8) | 0 || (8,5) | 256
1,31 0 [[(28] 0 [[(35)]0

L,8) | 0 [[(2,5)] 0

1,5 ] 0

Table 4: Number of bent functions ?Z (2,2} O F3

Comparing Tables 2 and 4, we observe that the duals of coordinates whose sum is bent,
were not affected by the choice of the vector z € Sy in (6). Thus, the choice of z in the support
does not affect the existence of bent vectorial Boolean functions. The same observations apply
to other Gold AB functions in dimensions n = 7 and n = 9 for different (.

Regarding the question Q1, the observations presented in this section indicate that the
bentness of linear combinations ?:1 ... f; (for some i; € {1,...,n}) is not expected
so easily, even if the functions f: are quadratic. In the following section, we focus on the
analysis of a sum of two semi-bent functions from the spectral point of view.

4 Characterizing semi-bentness in the spectral domain

In this subsection, we provide the spectral analysis of the sum of two quadratic semi-bent
functions f and g (as components of an AB permutation) in odd number of variables, whose
Walsh supports are affine subspaces. The case of non-quadratic semi-bent functions and the
case when the Walsh supports are non-affine sets is left as an interesting topic for further
investigation. The structure of this section is briefly summarized as follows:

We firstly show that if f and g are semi-bent such that f @ g is semi-bent, then it
necessarily holds that dim(Sy N Sy) = n — 2, and thus it is not possible that Sy = S, or
Sy NSy =10 (Theorem 4.1). Based on this fact, we then show that f & g is semi-bent if and
only if the functions ¢, : S¢\ (SfNSy) = Fa, if u € Sy, and 1, : SyNSy — Fa, if u € Fy\ Sy,
defined by

ou(w) = (W) @ g (udw), weSr\ (SrnSYy),

Py(w) = ff(w) g (udw), weSrnYy,
are either balanced, or have weights 273 4+ 9" 1 (Proposition 4.2). Here f* and g* are the
duals of f and g respectively, defined by (5). We note that #(Sy\ (SyNSy)) = #(SrNS,) =
2"=2, Furthermore, unlike in the case of (6), we are not concerned with the ordering of the

(n — 2)-dimensional affine subspaces Sy NSy and S\ (SyN.S,), since we are not able to fully
analyze their structure further as Boolean functions defined on FS*Q.

Remark 4.1. Throughout the subsequent subsections, by ”an affine subspace” we mean a
proper coset of a linear subspace which does not contain the all-zero vector.

We start with the following well-known result in linear algebra.
Proposition 4.1. Let R and Q be two affine subspaces in F5 of dimension n — 1. Then the

following three cases occur:
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(i) R and Q are equal, i.e. R=Q.
(11) R and Q are parallel, i.e. RNQ = 0.
(iii) dim(RN Q) =n — 2.

Let f,g : F§ — Fa (n odd) be two different semi-bent functions. For any vector u € F3,
we have the following computation:

Wigg(u) = Z (—1)f @eg@)eue @ 5-2n Z Z Z W ()W, (2) (1) 2020

z€Fy z€FY weSy 2€8,

= 27 Y Wrw)Wy(z) Y (—1)n e
w€eSy 2€8y z€Fy
27" Z We(w)Wy(z), ue€S;r® Sy
= wESy: z=uBweESy (13)
07 (4 ¢ Sf ©® Sg.

Applying Proposition 4.1 we have the following result.

Theorem 4.1. Let f,g, f®g : FY — Fo (n odd) be semi-bent functions, whose Walsh supports
are affine subspaces. Then:

(i) It is not possible that Sy = Sg or Sy NSy = 0, thus it necessarily holds that dim(Sy N
Sg) =n—2.

(it) It holds that Sy ® Sy = 3.

Proof. (i) Assume that Sy NSy = 0, then one of the sets Sy or Sy is a linear subspace (recall
dim(Sy) = n — 1), which contradicts the assumption that S; and S, are affine subspaces.

On the other hand, let us assume that Sy = S,. By representing Sy = S, = v ® 5, for
some linear subspace S C F3 (dim(S) =n —1) and v ¢ S, we have that Sy & S, = S and
thus for every u ¢ S by relation (13) we have that Wygy(u) = 0. In addition, since f @ g is
balanced (0, & Stqg), then for u = 0,, € S we have that

Wieg(0n) = Z (—1)f(99)€|9g(9c) _o.

z€Ffy

Hence, we have that for at least 2"~! + 1 = #(F3 \ S U {0,}) vectors u it holds that
Wigg(u) = 0. Using the fact that |Wegg(u)| € {0, 2nT+I} for all u € FY, we have that

Z Wf@g(u) < (anl - 1) Lontl _ 92n _ gn+tl < 22n,
u€ly

which contradicts the Parseval’s identity stating that Zung W?eag(u) = 22" Therefore,
it holds that Sy = S, is not possible. And finally, by Proposition 4.1-(i74) we have that
dim(SyNSy) =n — 2.

(i1) The fact that Sy & S, =y follows directly since Sy UE =F7 and SyNE=0. O
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Theorem 4.1-(74) implies that the second case in (13), that is the case when u & Sy @ Sy,
never occurs. This motivates us to further investigate the relation (13) with respect to the
Walsh supports Sy and S;. The main goal now is to find a precise description of vectors
u € Fy and w € Sy for which z = u®w € S;. Based on this analysis, we will later investigate
the duals f* and g*.

Analyzing further (13): Let Sy and S, be represented as
Sg=7@F and Sy =pudT,

where E,T C Fy are linear subspaces and 7 € E, u ¢ T. Since by Theorem 4.1-(i) we have
that Sy NSy # 0 with dim(Sy NSy) =n —2, let A C T be a set for which it holds that

A:SfﬂT.

Clearly, the set A has also the property that Sy = AU(SyNS,) and AN (SN Sy) = 0. Since
S¢, Sy are affine subspaces, it holds that Sy NSy is also a linear or affine space. Thus, by
dim(Sf N Sy) = n — 2 we have that A is either a linear or affine space with dimension n — 2.
We distinguish the following two cases:

Case I: Let u € S = p @ T. This means that u can be written as u = u @ t,, for
some t, € T. By A = Sy NT we have that

u@w:{u@tUGBweu@T:Sg, when w € A,

pdt, & (pdt,) €T, when w=pdt, cSH\A=S5rnY,. (14)

Here, t,, and ¢, are some vectors from 71" used to represent the vectors u and w € Sy. From
(14) we have that u @ w € Sy only in the case when w € A, which means that (13) can be
further written as

Wieg(u) = 27" . Wy (w)Wy(2)
wEACS: 2=uBweSy

= 2 Y (~)f @er e, (15)
UJEACSf

n+1

where in the last step we used W(w) = 272 (—=1)/"®) and W, (v @ w) = 2%1(—1)9*(“@‘“).
It is important to note that the value ¢*(u @ w) in (15) is well defined for every w € A, since
by (14) we have that u® A C S, (recall that g* is a mapping defined on Sy).

Case II: Let u € T'=F3 \ Sy. Similarly, we have that

T, when w € A,
nowe { S, when w e Sp\A. (16)

Consequently, by (16) the relation (13) can be written as
Wpag(u) = 2 Z (,1)1‘*(a«;)eag*(u@w)7 (17)

wESf\A
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where Sp\A = Sy N S,.
To unify Cases I and II, we finally have that (13) (with respect to u € ) is given as

2 ) (-SRI e s, A= S\ (85N Sy),
w€eACS;
2 Yoo (mpf s luse), ueT=Fy\S,.
weSF\A=S;NS,

Wiag(u) = (18)

Remark 4.2. In (18), we have that the semi-bentness of f ® g depends on functions f*(w)®
g*(udw), where w are either from A = S¢\ (SyNSy) or Sp\A = S¢NS,. Due to the influence
of the vector w € FY, it is not clear whether the function g*(u ® w) in (18) represents the
restrictions of the dual g* to Sy NSy and Sy \ (Sf N Sy), or not.

Assuming that Wygg(u) € {0, :|:2nT+1} holds for all w € F%, from (18) we conclude that

S (c)@es e () @80 o) ¢ (0, 42"}, Vu € Fy.
wEACS; WESG\A

Since dim(A) = dim(Sg\A) = n — 2, this does not imply that the functions w € A —
ff(w) @ g*(udw) and w € S\A — f*(w) ® g*(u @ w) are semi-bent on Fy~ 2. At least, we
can provide the following characterization of these functions.

Proposition 4.2. Let f.g,f ® g : F§ — Fy (n odd) be semi-bent functions, whose Walsh
supports are affine subspaces. In addition, let Sy be represented as Sg = p@®T, where T' C Fy
is a linear subspace and p & T. Denoting by A = Sy N'T (dim(A) =n — 2), it holds that the
functions

[fw) @ g (udw) for uesS,,
[fw)® g (udw) for uely\ Sy,

Pu - A— ]FQ) C)Ou(OJ)
wu : Sf\A — ]FQ, ’(ﬁu(w)

are either balanced, or have weights 273 4+ 9% 1,

Proof. One proves the statement by using the fact that Wrgg(u) € {0, :EQHTH}, the relation
(18), and the fact that for any Boolean function g € B, it holds that wt(g) = 2™~ ! —
sWo(0m). O

In the following example, we briefly indicate what kind of structure the function ¢, may
possess (similarly one can consider the function 1,,).

Example 4.1. Let F(z) = 2% (d = 2% + 1, ged(n, k) = 1, k < (n — 1)/2) be a Gold AB
function defined on Fon whose components are denoted by F; and its corresponding Walsh
support by S;, i € {1,...,2" —1}. Moreover, by F; we denote the duals of F; defined with
(5).

Since S; are affine subspaces for alli € {1,...,2"—1}, we can represent the affine subspace
A= {)\0,...,)\2n—2,1} = SZ\(Sz ﬂSj) = SZ\S] (1 <1 < ] < 2" — 1) as A = a+ T with
Ak = @+ g, where I' = {0,...,Y9n—2_1} is a lexicographically ordered (n — 2)-dimensional
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linear subspace. Clearly, A (and thus o and T') depends on indices i and j. Now, by defining
the function @; j. : S; \ (S;NSj) — Fo as a function in n — 2 variables as

i) = u(Mr) = pula + ) = F' (M) © Ff(u® \g), ueS;,

where k € [0,2"2 —1] and IE‘Q“2 = {xg,...,xon-2_1} is lexicographically ordered. Using Sage
(for any d described above) we observe that for n =5 the functions ©Piju are either linear or
semi-bent, while for n = 7,9 they are either semi-bent or 3-plateaued (the non-zero Walsh

(n—2)+3 ntl
+2727 ).

coefficients are £2° 2 =

Remark 4.3. The previous example indicates that the functions p, and 1, seem to have a
plateaued-like spectrum, at least for quadratic AB functions. However, due to the presence of
the vector u in their definition, the properties of these functions remain unclear and thus a
more rigorous theoretical analysis is required.

5 Designing quadratic AB functions in the spectral domain

In this section, we specify a search technique for finding quadratic AB functions (the design
being performed in the spectral domain), which turns out to be quite successful. More pre-
cisely, we demonstrate the existence of many different bent duals (JE Tyevns fn), used to specify
the coordinate functions fi,..., f, of F, so that F'is a quadratic AB function. For n = 5,
the AB functions constructed in this way turn out to be CCZ-equivalent to Gold functions.
Nevertheless, in this case, none of the found functions is a permutation which is the property
of Gold AB monomials. On the other hand, when n = 7, the same approach provides several
AB functions which are not CCZ-equivalent to Gold functions.

Notation: Throughout the section, we denote by fi,...,f, : F§ — Fo and F; = v; -
(fi,.-., fn) the coordinate and component functions, respectively, of a given Gold function,
where 3 = {vp,v1,...,van_1} is ordered lexicographically. The corresponding Walsh sup-
ports of F; will be denoted by S;. The Walsh support of a coordinate function f; will be
denoted by Sy,.

In the following example, we observe that the cardinalities of intersections of the Walsh
supports of component functions of F'(z) = %, for n = 5,7, 9, follow certain patterns.

Example 5.1. Let fi,...,f5 : F3 — Fa be the coordinate function of the Gold function
F(x) = 2° : Fys — Fys. We observe that the following intersections of k-tuples of the Walsh
supports satisfy the following (with 1 <i; < --- <1 <5)
2
| Mi=1 Sfik‘ =38, | ﬁi:l Sfik’ =2,
3
| Mi=1 Sfik‘ =4, |m?:1 Sgl=1.
Hence, the cardinalities of these intersections are of the form 2°~™, where the parameter m

s the number of intersected Walsh supports. Similarly, one can verify that the same pattern
holds for the remaining Gold AB functions when n =15,7,9.
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While Proposition 4.1 regards the dimension of intersection of two linear/affine subspaces
of dimension n — 1 (n odd), in the following result we describe the dimension of intersection
of more than two affine subspaces.

Proposition 5.1. Let S1,...,S, be affine subspaces in Fy of dimension n — 1 such that
dim(S;NSj) =n—2 foralll <i<j<n. WithS;  _; =S N---NS; we denote the
intersection of ¢ > 2 arbitrary (fized) affine subspaces S;,,...,S;., where 1 <i3 < -+ < i, <
n. Then

dim(silv--aicfl’ic) S {dim(sil,wﬂ:c—l)?dim(SiL ic71> - 1}' (19)

ceey

Proof. We prove the statement by the mathematical induction. Using the given assumptions
and Theorem 4.1 we have that dim(S; NS;) =n—2 (1 <i < j < n), and thus (19) holds for
¢ = 2. Suppose that (19) holds for some ¢ > 2. In order to prove that (19) holds for some
c+ 1, that is,

dim(Siy,..ic e ) € {dim(Siy,. i), Aim(Ss, i) — 1},
we compute the following:
n > diIn(Sih._,,Z‘k1 @ S;i.) = dim(Sil,_wicfl) + dim(S;,) — dim(Sz‘l,...,ic)
= dim(S;,,..4,) > dim(S;,,.4._,)+(n—1)—n
= dim(8i1,...,ic) > dim(Sz-l 77777 ic71> —1.
On the other hand, S;;, i._,i. € Siy,...i._, implies that dim(S;, . ;.1 .) < dim(Si,,. 4._,)-

Hence, -
dim(S;; i, y) > dim(Siy i, y.) > dim(Siy ) — 1,

and thus it holds that
dim(silyv-wic—lyic) € {dim(sil,--~,ic—1)’dim(8i17--~,ic—1) - 1}7
which completes the proof. O

Referring to Example 5.1 and Proposition 5.1, we state the following conjecture that
addresses the gold AB function of the form F(x) = 22! (n =2k +1,1< s <k, ged(s,n) =
1), which specifies (19) more precisely.

Conjecture 1. Let fi,..., fa be the coordinate functions of the Gold function F(x) = x? !
defined on Fon, where n = 2k + 1 and 1 < s < k with ged(s,n) = 1. Let also S; denote
the Walsh support of fi, 1 = 1,...,n. Let &, . ;. = Si N---NS;, be the intersection of c
arbitrary (fized) affine subspaces S;,,...,S;., where 1 < iy < --- < i, < n. Then, it holds
that

dim(Sy,....i.) = dim(S;,,. i) — 1. (20)
Remark 5.1. We observe that intersection of the Walsh supports of the coordinate functions

of F(x) = 221 (m=2k+1,1<1i<k, ged(i,n) =1), forn e {5,7,9,11}, always satisfies
the relation (20). For a graphical representation, we refer to Figure 1 given in Appendiz,
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cf. Section 6.1. On the other hand, for the quadratic AB function F(x) = x3 + Tr(2) [5]
(CCZ-inequivalent to the Gold function for n > 6) for n € {9,11}, these intersections are
not uniform as in the Gold case and they generally correspond to (19). A precise description
of the intersection structure of the Walsh supports for different (in)equivalent AB functions
18 an interesting research challenge.

5.1 Constructing AB functions on F;

In the following example, we construct five semi-bent functions using the so-called spectral
approach which has been described by [21, Theorem 3.1]. We notice that any semi-bent
function with linear/affine Walsh support necessarily has a bent dual (in lower number of
variables).

Example 5.2. With Ty,...,T5 we denote the truth tables of five bent functions in four
variables. It turns out that these five bent functions (found by a computer search) will give
rise to an AB function defined on F3.

7, =(0,0,0,1,0,0,1,0,1,1,0,1,0,0,0,1)

T, =(1,0,1,0,1,1,1,1,1,1,0,0,1,0,0,1)

75 =(0,1,1,0,1,0,1,0,0,0,0,0,1,1,0,0)

T, =(0,0,1,0,1,0,1,1,0,0,0,1,1,0,0,0)

Ts = (0,0,0,1,0,0,0,1,1,0,1,1,0,1,0,0)

From Example 5.1 and Figure 1, we see that the Walsh support of any Gold coordinate behaves
in a special manner. More precisely, if S1,...,S5 are the Walsh supports as in Example 5.1,
then we can represent U?Zl S; as a disjoint union of sets Ey of the form

Er=S\ U S (21)

iel JEN\I

where ) # I € P(N) and N = {1,2,...,5} (for a graphical representation see Figure 1
in Appendiz). Here, P(N) denotes the set of all non-empty different subsets of the set N.

Moreover, there are 2° — 1 choices for Er since this is exactly the number of non-empty sets
in P(N). Hence, for the sets Er, where I € P(N) we have that

5
Usi= U EnlEl=1 EnE=0InJ=0) (22)
i=1 PAICP(N)

In addition, we observe that the affine hyperplanes S; (from Example 5.1) are given as
S;={x=(21,...,25) EF}:x; =1}, i=1,...,5, and they satisfy (22).

Using the method proposed in [21, Theorem 3.1], we can construct a semi-bent function
fi from T; and S; (i = 1,...,5) as follows. For instance, let us construct the function
fi from Ty and S1, as the construction of fa,..., f5 goes similarly. Firstly, we note that
Si,...,S5 are ordered lexicographically. Let S1 = so ® L = {s0,81,...,894_1} C ]Fg, where
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L = {0,e1,...,e9a_1} C F3 is a linear subspace and let {xo,...,294_1} = F3 be ordered
lexicographically. Let the spectrum Wi : F3 — Z be defined as

_I)Tl(xi).Qi; u==s8ydDe;, €8
W _ ( y 0 i 1,
1(u) { 0, ud S

By applying the inverse Walsh-Hadamard transform (2) to the spectrum Wy = {Wi(z) : z €
F3}, we obtain the truth table of fi (clearly having Wy = Wy, ), cf. Algorithm 1. Using the
same approach we obtain the truth tables of fo, ..., f5, which are given as:

Ty, = (0,1,0,1,0,1,1,0,1,0,0,1,1,0,1,0,0,1,1,0,0,1,0,1,0,1,0,1,0,1,1,0),
Ty, =(1,1,0,0,1,1,0,0,0,1,1,0,1,0,0,1,1,1,0,0,0,0,1,1,0,1,1,0,0,1,1,0),
Ty, = (0,1,1,0,1,0,0,1,0,0,0,0,1,1,1,1,1,1,0,0,0,0,1,1,1,0,1,0,0,1,0, 1),
Ty, = (0,1,0,1,0,0,0,0,1,0,1,0,1,1,1,1,1,1,0,0,0,1,1,0,0,0,1,1,1,0,0, 1),
Ty, = (0,0,0,1,1,1,0,1,0,0,0,1,0,0,1,0,1,1,1,0,0,0,1,0,1,1,1,0,1,1,0, 1).

Using Sage, we confirm that F' = (fi1,..., f5) is an AB function CCZ-equivalent to the Gold
function. Using the primitive polynomial p(x) = x® + x> + 1 and the generating element a
for which p(a) = 0, the univariate form of the function F is given by:

Fiz) = (@ +a)z*+ @+ +a®>+a+1)20 +@®>+a+ 1)z + (a* +a+ 1)z
+a*+ad+ a2+ a)z' + (® + D22 + 2%+ (a* + o+ 1)z + (a* + a?)2®
+(a* 4+ a® +a)z® + (a* + )2’ +a'a + (@ +a+ 12 + (0 +a)2® + (® +a* +a)r +a
More formally, given an affine Walsh support and a bent dual function, the process of

deriving semi-bent functions is specified in Algorithm 1 below. On the other hand, the search
for suitable bent duals that specify an AB function is summarized in Algorithm 2.

Algorithm 1 Construction of semi-bent functions via bent functions and Walsh supports
Input: bent function f in n variables, n-dimensional affine subspace S.
Output: semi-bent function g in n + 1 variables with Walsh support 5.
SemibentFromBent (S, f,n)
A = [z.base(10) for z € S|
: Wy = [0 for i € range(n + 1)]
: for x € A do )
Wf(.%’) _ (_1)f(A.index(:c)) L9t
end for
return g =invWHT(Wy)

AN S S

The above example is a special instance of a computer search for suitable duals performed
on a pool of 20 random bent functions in 4 variables, which gives (250) = 15504 possibilities
to select five bent duals for the coordinate functions. In this search, the five Walsh supports

of the coordinate functions are defined as above, i.e., as

Si={r=(1,...,35) €Fy 12, =1}, i=1,...,5.
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Algorithm 2 List of AB functions defined on Fj ! from (7, S)

Input: (n,7,S), where T is the list of truth tables of bent functions in n variables and
S =1{S1,...,5,} are n-dimensional subspaces of F .
Output: List of AB functions F' : FSH —TF ZH whose coordinates have Walsh supports
in § and their duals are in 7.
1. C = Combinations(T,n+ 1)
2: for ce C' do
3: L= [ }
for i € range(n+ 1) do
f = Semibent FromBent(S[i], T [c[i]], n)
L.append(f)
end for
if isAB(L) then
A.append(L)
10:  end if
11: end for
12: return A

Thus, we obtain 15504 pairs (7,.S), where T' = {T},...,T5} are five bent functions in
4 variables and S = {Si,...,S5} are the previously defined Walsh supports. This search
method is described in Algorithm 2. Among the 15504 pairs (7', S), there are exactly 60 pairs
(T, S) that specify AB functions. Nevertheless, all these AB functions (listed in Appendix-
Section 6.2) are CCZ-equivalent to some Gold function, which seems to be a consequence
of the small ambient space. It is interesting to notice that none of the listed functions is a
permutation even though the Gold AB functions are bijective mappings (any monomial AB
function is necessarily a permutation).

On the other hand, one may attempt to use equivalent bent duals 7" = {T7,...,T¢} of
bent functions T" = {T1,...,T5}. In this context, by constructing semi-bent functions out
of pairs (77,5) (where S = {S1,...,S5}), we could observe that the AB property is rather
sensitive to such a transformation, and quite remarkably none of the vectorial functions
constructed from (77, 5) was an AB function.

Remark 5.2. When considering the function F(z) = x3 + Tr(2%), x € Fyo, we noticed that

the intersections are not as uniform as in the Gold case. That is, if S1,...,S9 are the Walsh
supports of the coordinate functions, then for I € P(N), N ={1,...,9}, we have that
|EI|€{072}7 EIHEJ:(D(IHJ:@)a (23)

where Er is defined by (21).

In the previous example, we have fixed the Walsh supports S = {S1,..., S5} that satisfy
the “uniform” intersection (corresponding to (22)) and we searched for bent functions 7" such
that the sets of duals T = {T1,...,T5} and Walsh supports S (briefly denoted by a pair
(T,S)) gives us an AB function. Let us now consider an example for the second case, i.e.
when the sets Ey satisfy (23). We define the Walsh supports to be

Si={zx=(x1,...,25) €F5 2, ®Tis1 moas =1}, i=1,...,5.

21



These supports obviously satisfy (23). Using Sage and the previously described method, we
have taken 20 random bent functions in 4 variables and considered all possible 5-tupples,
ie. (250) possibilities for T. In total, we were able to find 44 pairs (T,S) for which the
constructed vectorial function is AB. Furthermore, all the functions are CCZ-equivalent to
some Gold function.

Remark 5.3. Using Sage, for the component functions of the AB functions listed in Appendiz-
Sections 6.2, we note that the functions 1y, ;; and @y ;; (as described in Example 4.1) are
semi-bent Boolean functions in 3 variables for any choice of Walsh supports S;,S; and of
components f;, f; of F.

5.2 Constructing AB functions on F}

For n = 7, by using Algorithm 2, we were able to find suitable pairs of Walsh supports and
bent functions in six variables, such that the resulting mappings are AB functions on F5.
Similarly as before, the Walsh supports behave in a pattern identical to (22) and (23). Fur-
thermore, using the mathematical software Magma, it could be confirmed that the obtained
AB functions are not CCZ-equivalent to the Gold AB function. In Appendix - Section 6.3, we
list these AB functions. However, a much rigorous theoretical approach is needed to have a
better understanding of these intersections, that is, to find explicit conditions for (7, .S) such
that the constructed vectorial bent function is always AB and hopefully CCZ-inequivalent to
the Gold function. We leave this investigation as an open problem for further research.

Similarly as in the case when n =5 (cf. Remark 5.3), we observe that the functions ¢,
and ¢, ;; (for n = 7) are semi-bent functions in 5 variables. However, this holds only for
those functions whose Walsh supports are affine subspaces. For some of the AB functions
listed in the Appendix-Section 6.3, we observe that the Walsh-supports are linear subspaces.
Because of this, we need to redefine the functions v, and ¢, in Proposition 4.2, so that they
are well-defined mappings.

Using similar observations as in (14) and (16), the mappings ¢, and 1, can be redefined
as follows:

Yy SPAA = Fo, oy(w) = ff(w) @ g"(udw) for ues,,
Yu i A= Ty, hy(w) = fH(w) B g (udw) for uekFy\ Sy,

Notice that the only difference between the above definition of ¢, and v, and those given
in Proposition 4.2 is that we switched the domains of the functions. Again, using Sage, we
could confirm that in the case of linear Walsh supports, the functions ¢, ;; and ¢, ; (as
described in Example 4.1 and defined as above) are semi-bent functions in five variables for
any choice of Walsh supports S;, S; and of components f;, f; of F', where F' is from the list
of AB functions in Appendix-Section 6.3.

6 Conclusions

In this article, we employed the concept of dual of s-plateaued functions introduced in [20, 21]
to analyze the structure of quadratic AB functions and to address the problem of designing
AB functions in the dual (spectral) domain. It turns out that even the quadratic case (along
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with the fact that the corresponding Walsh supports are affine hyperplanes) is quite compli-
cated. Nevertheless, the presented results are quite promising and there seems to be a greater
potential in this approach which can eventually be further developed to efficiently deal with
the quadratic case.
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Appendix

6.1 Intersection of the Walsh supports for the Gold coordinate functions

So

€S

ol

Figure 1: Graphical representation of the intersection of Walsh supports of the coordinate
functions f; for the Gold function F(x) = 2¢ on Fys, d = 3,5

6.2 A list of AB functions constructed by the spectral method for n =5

The functions F : F} — F3 below are specified as integer outputs when the input = goes
through 3 ordered lexicographically.

(2,15,4,25,22,19,1,20,9,2, 10, 17, 15,12, 29, 14, 30, 31, 17,0,0,9, 30,7, 20, 19, 30, 9, 24, 23, 3, 28)
(18,31,4,25,22,3,17,20,9,18, 26,17, 15,12, 13,30, 14,15,17,0,0, 25, 14, 7,20, 3, 14,9, 24, 23,19, 12)
(18,23,12,17,6,19,1,12,9,10,18,9, 15,28, 13,6,6,7,17,8,24,9, 22,31, 28,27, 14,17, 16, 7, 27, 20)
(26,31,4,17,6,27,9,4,1,2,26,9, 15, 20, 5, 14, 14, 7, 25,0, 16, 1, 22, 23, 20, 27, 6, 25, 24, 15, 27, 28)
(2,15,20,29,6,19,17,0,29, 22,30, 17, 27, 8, 25, 14, 30, 27, 5, 4, 16,13, 10, 19,0, 3, 14, 9,12, 23, 3, 28)
(18,15, 20,29,6,3,17,0, 13, 22,30, 17, 27, 24, 25, 14, 14, 27,5, 4,16, 29, 10, 19, 16, 3, 14,9, 12, 7, 3, 28)
(26,15,20,5,6,11,9,0,5,6,30,25,11,16, 17, 14, 14,19, 13, 20, 16, 21, 18, 19, 16, 27, 6,9, 28, 15, 11, 28)
(10,23, 24,29,22,3,13,0,17,10,2,1,31,12,5,14,22,15,9, 8, 8, 25, 30, 23, 8, 23, 22, 17, 4, 19, 19, 28)
(26,7,24,13,6,3,13,0,1,10, 18,17, 15,28, 21, 14, 6, 31,9, 24, 24, 25, 30, 23, 24, 23,6, 1, 20, 3, 3, 28)
(10,31,20,17,22,9,9,6,17,0,10,11,31,4, 5,14, 30, 7,9, 0,0, 19, 22, 21, 6, 27, 20, 25, 10, 29, 25, 30)
(26,15,16,13,6,9,5,2,1,0,26, 19, 15,20, 29, 14, 6, 23,9, 16, 16, 27, 22, 21, 26, 31,4, 9, 30, 1, 9, 30)
(18,31,8,29,30,1,21,18,9,16,18,19, 7,12, 13, 30, 14, 7,17,0,8,19, 6,5, 18, 15,12, 9, 22, 25, 25, 14)
(0,21,30,27,22,11,9, 4, 27, 8,16, 19, 31, 4, 21, 30, 28, 13, 11, 10, 8,17, 30, 23, 4, 19, 6, 1, 2, 29, 1, 14)
(0,5,18,31,14, 27,21, 8,27, 24,24, 19, 23, 4, 29, 6, 20, 21, 3, 10, 16, 1, 14, 23,8, 15, 14, 1,14, 25, 1, 30)
(12,13,18,27,2,27,21,4, 19, 20,28, 19, 31,0, 25, 14, 20, 17,15, 2, 16, 13, 2,23, 8,11, 2,9, 14, 21, 13, 30)
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0,7,30,21,6,17,17, 10, 29, 28, 22, 27, 25, 8, 27, 6, 22, 19, 5, 12, 24, 13, 2, 27, 10,9, 12, 3, 6, 21, 9, 22)
28,15,18,13,8,3,15,8,1,4,26,19,5,24,23,6,2,27,13, 24, 20,21, 18, 31, 24, 23, 2,1, 30,9, 13, 22)
6,19,28,29,16,13,11,2,25,14,6,5,31,0,1,10,26,9,9, 14,14, 21, 28,19, 4, 21, 18, 23, 0, 25, 23, 26)
26,29, 20, 23,4,1,2,28,1,7,10,27,12,8,15,27,10, 1,0, 12, 23, 30, 21, 2, 23, 29, 24, 6, 25,17, 30)
15,2,29,4,19,20,17,2,16, 13, 23, 30,15, 24, 24, 27,19, 18,9,28,4,15,14,17,14, 31, 1,4, 26,1, 5, 10)
17,26, 15, 20, 5, 20, 3,2, 14, 1,21, 10,11, 30, 8,13, 11, 8,17, 2, 30, 7, 28,21, 18,21, 13, 26, 22,11, 17, 28)
25,10, 23,16, 7,28,25,22,0,1,11, 30, 29, 20, 6,27,11, 18,9, 4, 20, 5,6, 3,22,29,17, 14, 10, 9, 29, 10)
25,26,7,16,7,28,9,6,0,1,27,14,13, 20,6, 11, 11, 2, 25,4, 20, 5, 22, 19, 22, 29, 1, 30, 26, 9, 29, 26)
25,10, 19, 20, 5, 30, 31, 16,4, 5,11, 30, 25, 16, 6, 27,11, 18,9, 4, 20, 5, 6, 3, 16, 27, 23, 8,14, 13, 25, 14)
25,26, 3,20, 5,30,15,0,4, 5,27, 14,9, 16,6, 11, 11, 2, 25, 4, 20, 5, 22, 19, 16, 27, 7, 24, 30, 13, 25, 30)
17,18,11,28,21,14,31,16,12,29,19,22,9,0,6,27,11, 10, 25,12, 12,21, 14, 3,16, 3,7, 0, 22,29, 17, 14)
17,18,15,24, 21,14, 27,20, 8,25,19,22,13,4,6,27,11,10,25,12,12,21, 14, 3,20, 7, 3,4, 18,25, 21, 10)
13,0, 31,6,19,20,17, 2,16, 13, 23, 30, 13, 26, 26, 25,17, 16, 11, 30,4, 15,14, 17,14, 31,1, 4,24, 3,7, 8)
1,18,31,20,31,14, 8,1, 26, 15, 20, 25, 23,0, 16, 31, 31, 4, 13, 14, 2, 27, 25,24, 5,24, 7,2,11, 20,0, 7)
17,18,15,24,21,14, 26, 21, 8,25,18,23,13,4,6,27,11, 10, 25,12,12, 21, 15, 2, 21, 6, 3, 4, 19, 24, 20, 11)
7,18,29,28,17,12,10, 3,24, 15,6, 5,31,0,0,11,27,8,9,14, 14, 21, 29, 18, 5, 20, 19, 22, 1, 24, 22, 27)
15,18,29,28,17,4, 10, 3, 16, 15,6, 5,31,8,0,11, 19, 8,9, 14, 14,29, 29, 18, 13, 20, 19, 22, 1, 16, 22, 27)
16,13, 23, 26,6, 3,16, 5,11,16, 24,19, 31, 28,29, 14, 13,28, 2,3,17,24,15,22,21,2,14,9,11,4, 1, 30)
0,29,23,26,22,3,0,5,27,0,8,3,31,12,13,14, 29,12, 2, 3,1, 24, 31, 22, 5, 18, 30, 25, 11, 20, 17, 30)
24,29,7,22,6,27,8,1,7,4,28,11,11, 16, 1, 14, 13,0, 30, 7,17, 4, 19, 18,17, 26, 6, 25, 31, 12, 25, 30)
12,29,19, 26, 26,3,12,13,19, 4,28,19,23,8,17,22,21,8,14,11, 1, 20, 19, 30,9, 18,2, 1, 15, 28,13, 6)
16,23,15,20,6,17,0,11,13,12,22,11,9,24,11,6, 7, 2,20, 13, 25,12, 19, 26,27, 24, 12,19, 23, 4, 25, 22)
16,15,31,12,14,1,0,3,13,4,22,19,1,24, 27,14, 15,18, 4, 21, 25, 20, 19, 18,19, 24, 12,11, 23,12, 9, 30)
20,11, 31,12,10,5,0,3,9,0,22,19,5,28,27,14, 11,22, 4,21, 29,16, 19, 18,23,28,12,11, 19, 8, 9, 30)
16,7,27,20,6,3,20,9,11, 26,16, 25, 31, 28, 29, 6, 7, 20,0, 11, 27, 26, 5,28,25,12,14, 3,7, 0, 9, 22)
4,19,31,28,18,15,8,1,27,14, 4,5, 31,0,1, 10,27, 8, 8,15, 15, 22, 29, 16, 5, 20, 18, 23, 3, 24, 21, 26)
20,3,31,12,0,15,10,1,9,12,22,23,13,16, 19, 10, 11, 26, 8, 29, 29, 20, 31, 18, 21, 22, 2, 5, 19, 8, 5, 26)
16,31, 6, 29, 23,0, 17, 18, 13, 20, 30, 19, 9, 8, 10, 31, 14, 11, 20, 5, 0, 29, 10, 3, 18, 1, 13, 10, 31, 20, 16, 15)
16,7,30,21,7,0,17,10, 13,28, 22,27, 25,24,26,7,6,19,4, 13,24, 29, 2,27,26,9,13,2,7,4, 8, 23)
16,23, 14,21,23,0,17,26, 13, 28, 22, 27,9, 8, 10, 23, 6, 3, 20, 13, 8,29, 2, 11, 26,9, 13, 2, 23, 20, 24, 7)
24,11,18,21,7,12,29, 2,5, 20, 26, 31, 25, 16,22,11, 10, 19, 8, 5, 20, 21,6, 19, 18,9, 5,10, 15,12, 8, 31)
24,11,22,17,7,12,25,6,1, 16, 26, 31, 29, 20, 22,11, 10, 19, 8, 5, 20, 21, 6,19, 22,13, 1, 14, 11, 8,12, 27)
24,11,18,21,5, 30,31, 16, 5,4, 10, 31, 25, 16, 6, 27, 10, 19, 8, 5, 20, 5, 6, 3, 16, 27, 23, 8,15, 12, 24, 15)
16,19, 10,29, 21, 14, 31, 16, 13, 28, 18,23, 9,0, 6, 27,10, 11, 24, 13,12, 21, 14, 3,16, 3,7, 0, 23, 28, 16, 15)
24,11,22,17,5, 30, 27,20, 1,0, 10, 31, 29, 20, 6, 27, 10, 19, 8, 5, 20, 5, 6, 3, 20, 31, 19,12, 11, 8, 28, 11)
24,9,22,19, 5, 30,27, 20, 3, 2, 8,29, 29, 22,6,25,8,17, 10, 7,20, 7,6, 1,20, 29,19, 14, 11, 8,28, 11)
4,17,30, 23,25, 14,11, 0,27,10, 20, 25, 21, 6, 18,29, 24, 5, 14, 15,4, 27, 26, 25, 4,29, 7,2,11, 16,0, 7)
4,13,27,10,27,16,20,7,24,5,22,19,4,27,26,29,29,16,7,18,8,7,2,21, 3,26, 8,9, 21, 14, 14, 13)
20, 25,15, 30,27, 4,16, 19, 8,21, 22,23, 4,11, 10, 25,9,0, 19, 6, 12, 23,6, 1, 23, 14, 8, 13,17, 26, 30, 9)
12,1,31,6,19,20,17,2,17,12, 23, 30, 13, 26, 26, 25, 17, 16, 10, 31, 5, 14, 15, 16, 14, 31, 0, 5, 25, 2, 6, 9)
8,13,23,14, 30,17, 25,10, 20,1, 26, 19,0, 31, 22, 21, 21, 24, 11, 26,0, 7, 6, 29, 14,19, 1,0, 25,14, 14, 5)
14,19,28,29,16,5,11,2,17,14,7,4, 30,9, 1,10, 18,9, 8,15, 14,29,29,18,12, 21, 18, 23,1, 16,22, 27)
6,19,28,29,17,12,10, 3,24, 15,6, 5, 30,1, 1, 10, 26, 9, 8,15, 14, 21, 29, 18, 5, 20, 19, 22, 0, 25, 23, 26)
14,19,28,29,17,4, 10, 3, 16, 15,6, 5, 30,9, 1,10, 18,9, 8, 15, 14, 29, 29, 18, 13, 20, 19, 22,0, 17, 23, 26)
7,16,29,18,26,15,8,5,24,9, 19, 26, 23, 4, 20, 31, 25, 2, 14, 13, 7, 30, 24, 25, 2, 31,4, 1,14,17,0, 7)
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(7,18,29,16,24,15,10,5,26,9, 17, 26, 23,6, 20, 29, 25,2, 14, 13,7, 30, 24, 25,0, 29,6, 3,12, 19,2, 5)
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6.3 A list of AB functions constructed by the spectral method for n =7

A list of AB functions with the intersection of their coordinate Walsh supports corresponding
to (22):

(0,1,14, 25,84, 71,106, 111, 44, 27, 100, 69, 57, 28, 65, 114, 118, 117, 52, 33, 60, 45, 78, 73, 111, 90, 107, 72, 100, 67, 80, 97, 117, 58, 66, 27, 110,
51,105, 34, 67, 58, 50,93, 25, 114, 88, 37, 12, 65, 119, 44, 9, 86, 66, 11, 15, 116, 50, 95, 75, 34, 70, 57, 72, 67, 61, 32, 104, 113, 45, 34, 71,122, 116,
95,38,9,37,28,95, 86,102, 121, 97, 122, 104, 101, 101, 90, 26, 51, 26, 55, 85, 110, 32, 101, 108, 63, 79, 24, 51,114, 53, 70, 63, 90, 27, 122, 33, 86,
56,127, 56, 105, 73,28, 121, 58, 24, 105, 94, 57, 40, 75, 94, 43)

(0,1,68,85,112,119, 42, 61,113, 32, 33,96, 35, 116, 109, 42, 126, 107, 10, 15, 92, 79, 54, 53, 10, 79, 106, 63, 10, 73, 116, 39, 54, 61, 54, 45, 69, 72
91,70,123,32, 111, 36,42, 119, 32, 109, 70, 89, 118, 121, 103, 126, 73, 64, 14, 65,42, 117, 13, 68, 55, 110, 127, 24, 60, 75, 25, 120, 68, 53, 92, 107
11,44,24,41,81,112, 29,110,110, 13, 41,92, 68, 33, 59, 24, 92, 111, 45, 8, 84, 97,43, 70, 44, 81, 78, 37, 87, 44, 52, 9, 39, 10, 115, 72, 126, 85
71,62, 112, 25,112, 15,89, 54,93, 116,126, 71,72, 103, 117, 74)

A list of AB functions with the intersection of their coordinate Walsh supports corre-
sponding to (23):

(0,0, 28,24, 86,70,122, 110,82, 112, 67, 101, 124, 78,93, 107, 114, 116, 34, 32, 58, 44, 90, 72, 107, 79, 54, 22,91, 111, 54, 6, 119, 61, 59, 117, 30,
68, 98,60, 30, 118,95, 51, 15, 119, 126, 2, 92, 16, 92, 20,43, 119, 27, 67, 126, 16, 115, 25, 113, 15, 76, 54, 98, 126, 10, 18, 101, 105, 61, 53, 85, 107, 48,
10, 42,4, 127, 85, 46, 52, 10, 20, 55, 61, 35, 45, 82, 106, 123, 71, 51, 27, 42, 6, 124, 42, 68, 22, 68, 2, 76, 14, 112, 4, 69, 53, 48, 84, 53, 85, 105,
57,29,73,79,15, 11,79, 46,92, 87,33, 112, 18, 57, 95)

(0,1, 40,57, 88,95,12, 27, 68,89, 122, 119, 125, 102, 63, 52, 38, 51, 108, 105, 80, 67, 102, 101, 115, 122, 47, 54, 100, 107, 68, 91, 87, 114, 66, 119
10,41, 99, 80, 31, 38, 28, 53, 35, 28, 92, 115, 10, 59, 125, 92, 121, 78, 114, 85, 83, 126, 50, 15, 65, 106, 92, 103, 112, 39, 77, 10, 58, 107, 123, 58, 29, 86,
54,109, 54, 123,97, 60, 47, 108, 112, 35, 75, 14, 104, 61, 83, 12, 26, 85, 86, 15, 99, 42, 126, 13, 126, 29, 49, 68, 77, 40, 31, 112, 9,118, 49, 88, 91, 34,
90, 61, 56,79, 59, 90, 37, 84, 42, 81,94, 53, 42, 87, 34, 79)

(0,1,118,103, 106, 109, 78,89, 80, 31, 25, 70, 77, 4, 86, 15, 60, 41, 84, 81, 52, 39, 14, 13,28, 71, 75,0, 99, 62, 102, 43, 34, 25, 83, 120, 12, 49, 47,
2,99, 22, 45,72, 58,73, 38, 69, 80, 127, 63,0, 28, 53, 33, 24, 97, 0, 49, 64, 90, 61, 88, 47, 102, 83, 37,0, 71, 116, 86, 117, 90, 33, 38, 77, 12, 113
34,79,49, 16, 108,93, 114, 85, 125, 74, 125, 18, 31,96, 73, 32, 121, 0, 108, 99, 40, 55, 9, 0, 31, 6, 65, 0, 58, 107, 83, 20, 122, 45, 117, 110, 47, 36,
114,111,122, 119, 40, 125, 77,8, 88, 11, 111, 44)
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