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Abstract

Boolean functions, and bent functions in particular, are considered
up to so-called EA-equivalence, which is the most general known equiv-
alence relation preserving bentness of functions. However, for a special
type of bent functions, so-called Niho bent functions there is a more gen-
eral equivalence relation called o-equivalence which is induced from the
equivalence of o-polynomials. In the present work we study, for a given o-
polynomial, a general construction which provides all possible o-equivalent
Niho bent functions, and we considerably simplify it to a form which
excludes EA-equivalent cases. That is, we identify all cases which can
potentially lead to pairwise EA-inequivalent Niho bent functions derived
from o-equivalence of any given Niho bent function. Furthermore, we de-
termine all pairwise EA-inequivalent Niho bent functions arising from all
known o-polynomials via o-equivalence.

Keywords: Bent function, Boolean function, EA-equivalence, maxi-
mum nonlinearity, Magic action, modified Magic action, Niho bent func-
tion, o-equivalence, o-polynomials, ovals, hyperovals, Walsh transform.

1 Introduction

Boolean functions of n variables are binary functions over the vector space Fy
of all binary vectors of length n, and can be viewed as functions over the Galois
field Fon, thanks to the choice of a basis of Fon over Fo. In this paper, we
shall always have this last viewpoint. Boolean functions are used in the pseudo-
random generators of stream ciphers and play a central role in their security.
Bent functions, introduced by Rothaus [35] in 1976, are Boolean functions
having an even number of variables n, that are maximally nonlinear in the sense
that their nonlinearity, the minimum Hamming distance to all affine functions,
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is optimal (for more information on bent functions see, for instance, [I1]). This
corresponds to the fact that their Walsh transform takes the values +2"/2, only.
Bent functions have attracted a lot of research interest in mathematics because
of their relation to difference sets and to designs, and in the applications of
mathematics to computer science because of their relations to coding theory
and cryptography. Despite their simple and natural definition, bent functions
admit a very complicated structure in general. An important focus of research
is to find constructions of bent functions. Many methods are known and some
of them allow explicit constructions. We distinguish between primary construc-
tions giving bent functions from scratch and secondary constructions building
new bent functions from one or several given bent functions (in the same number
of variables or in different ones).

Boolean functions, and bent functions in particular, are considered up to
so-called EA-equivalence, which is the most general known equivalence relation
preserving bentness of functions [3} @].

Bent functions are often better viewed in their bivariate representation, in
the form f(z,y), where z and y belong to F5* or to Fom, where m = n/2. This
representation has led to the two general families of explicit bent functions which
are the original Maiorana-McFarland [29] and the Partial Spreads (PS,,) classes
(this latter class is included in the more general but less explicit PS class). Bent
functions can also be viewed in their univariate form, expressed by means of the
trace function over Fon. Finding explicit bent functions in this trace represen-
tation is usually more difficult than in the bivariate representation. References
containing information on explicit primary constructions of bent functions in
their bivariate and univariate forms are [9, 25]. It is well known that some of
these explicit constructions belong to the Maiorana-McFarland class and to the
PS,p class. When, in the early 1970s, Dillon introduced in his thesis [17] the two
above mentioned classes, he also introduced another one denoted by H, where
bentness was proven under some conditions which were not obvious to achieve.
This made class H an example of a non-explicit construction: at that time,
Dillon was able to exhibit only functions belonging, up to the affine equivalence
(which is a particular case of EA-equivalence), to the Maiorana-McFarland class.

It was observed in [I0] that the class of the, so called, Niho bent functions
(introduced in [I8] by Dobbertin et al) is, up to EA-equivalence, equal to the
Dillon’s class H. Note that functions in class H are defined in their bivariate
representation and Niho bent functions had originally a univariate form only.
Three infinite families of Niho binomial bent functions were constructed in [18]
and one of these constructions was later generalized by Leander and Kholosha
[26] into a function with 2" Niho exponents. Another class was also extended in
[20]. In [6] it was proven that some of these infinite families of Niho bent func-
tions are EA-inequivalent to any Maiorana-McFarland function which implied
that classes H and Maiorana-McFarland are different up to EA-equivalence.

In the same paper [I0], it was shown that Niho bent functions define o-
polynomials and, conversely, every o-polynomial defines a Niho bent function.
They also discovered that a given o-polynomial F' can produce two different
(up to EA-equivalence) Niho bent functions, namely, the ones derived from F
and its inverse F~!. Since taking the inverse of an o-polynomial is a particular
case of the equivalence of o-polynomials, a natural question was to explore
this equivalence for construction of further EA-inequivalent cases of Niho bent
functions. The first work in this direction was done in [f] where the group



of transformations (introduced in [14]) of order 24 preserving the equivalence
of o-polynomials was studied for relation to EA-equivalence. It was shown
that these transformations can lead to up to four EA-inequivalent functions
including those derived from an o-polynomial and its inverse. That is, two new
transformations which can potentially provide EA-inequivalent functions from
a given o-polynomial were discovered. Hence, application of the equivalence
of o-polynomials can be considered as a construction method for new (up to
EA-equivalence) Niho bent functions from the known ones.

Note that the group of transformations from [14] does not cover all possi-
ble transformations within equivalence of o-polynomials. A more general group
of transformations, so-called the Magic action, was presented in [21], which is
an action of a group of transformations acting on projective line on the set of
o-permutations. In this paper we study the modified Magic action, a trans-
formation of o-polynomials preserving projective equivalence. We show that
o-polynomials are projectively equivalent if and only if they lie on the same
orbit under the modified Magic action and the inverse map. Further we prove
that, for a given o-polynomial, EA-inequivalent Niho bent functions can arise
only from a specific formula involving particular compositions of transforma-
tions of the modified magic action and the inverse map. We show that each
o-monomial can define up to four EA-inequivalent bent functions. We prove,
for instance, that the Pyne hyperoval can give rise to EA-inequivalent Niho
bent functions defined by o-polynomials which lie on 3 different orbits of the
modified Magic action. For every known o-polynomial we provide an explicit
number of pairwise EA-inequivalent Niho bent functions which can be derived
via o-equivalence. Moreover, we give an explicit description (involving transfor-
mations of the modified magic action and the inverse map) of all o-polynomials
providing pairwise EA-inequivalent Niho bent functions.

The paper is organized as follows. In Section [2] we recall necessary back-
ground, in Section [3| we define Niho bent functions via o-polynomials and vice
versa. In Section [4] we prove that affine equivalence of o-polynomials in some
cases yields EA-equivalence of the corresponding Niho bent functions. The
known fact that every o-polynomial on Fom necessarily defines a vectorial Niho
bent function from Fazm to Fam can be seen as a corollary. In Section [f] the mod-
ified magic action is introduced and it is proven that potentially EA-inequivalent
Niho bent functions can arise from o-polynomials which lie on the same orbit
under the modified Magic action and the inverse map. The main results of the
paper are contained in Sections [6] and [7], where we obtain an exact form of the
orbit on which o-polynomials should lie to produce potentially EA-inequivalent
Niho bent functions. For each of the known o-polynomials we provide the ex-
plicit number and representations for all equivalent o-polynomials which provide
pairwise EA-inequivalent Niho bent functions.



2 Notation and Preliminaries

2.1 Trace Representation, Boolean Functions in Univari-
ate and Bivariate Forms

For any positive integer k and any r dividing k, the trace function Trff is the
mapping from Fyr to For defined by
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In particular, the absolute trace over For is the function Tr¥(z) = Zi:ol 2?2 (in

what follows, we just use Try to denote the absolute trace). Recall that the
trace function satisfies the transitivity property Try = Tr, o Trff.

The univariate representation of a Boolean function is defined as follows: we
identify F% (the n-dimensional vector space over Fs) with Fon and consider the
arguments of f as elements in Fan. An inner product in Fon is x - y = Tr, (2y).
There exists a unique univariate polynomial Z?:(; ! a;x’ over Fon that represents
f (this is true for any vectorial function from Fan to itself and therefore for any
Boolean function since Fy is a subfield of Fan). The algebraic degree of f
is equal to the maximum 2-weight of the exponents of those monomials with
nonzero coefficients in the univariate representation, where the 2-weight ws ()
of an integer i is the number of ones in its binary expansion. Moreover, f being
Boolean, its univariate representation can be written uniquely in the form of

f(z) = Z Tro( (aj2?) + agn_1z2 1|

FISIEY

where T'), is the set of integers obtained by choosing the smallest element in
each cyclotomic coset modulo 2" — 1 (with respect to 2), o(j) is the size of the
cyclotomic coset containing j, a; € Fyoy and agn_1 € Fa. The function f can
also be written in a non-unique way as Tr, (P(x)) where P(x) is a polynomial
over Fon.

The bivariate representation of a Boolean function is defined in this paper
as follows: we identify FY with Fom X Fom (where n = 2m) and consider the
argument of f as an ordered pair (z,y) of elements in Fom. There exists a
unique bivariate polynomial Zo<i,j<2m—1 ai’jxiyj over Fom that represents f.
The algebraic degree of f is equal to max; jy|a, ,20(w2(i) + w2(j)). And f
being Boolean, its bivariate representation can be written in the form f(z,y) =
Tr,, (P(x,y)), where P(z,y) is some polynomial of two variables over Fom.

Remark 1. Let g(x,y) be a Boolean function over Fom X Faom. Then one can
get a univariate representation of g making the following substitutions:

r=t+t>" and y = ot + (at)?",

where « is a primitive element of Fozm .

2.2 Walsh Transform and Bent Functions

Let f be an n-variable Boolean function. Its “sign” function is the integer-
valued function x := (=1)f. The Walsh transform of f is the discrete Fourier



transform of x; whose value at point w € Fa» is defined by

Xr(w) = Z (=1)/ @)+ Ten (wa)

z€Fon

For even n, a Boolean function f in n variables is said to be bent if for any
w € Fan we have Yj(w) = £2%.

It is well known (see, for instance, [9]) that the algebraic degree of a bent
Boolean function in n > 2 variables is at most 3.

Bentness and algebraic degree (when larger than 1) are preserved by extended-
affine (EA-) equivalence. Two Boolean functions f and ¢ in n variables are
called FA-equivalent if there exists an affine permutation A of Fo» and an affine
Boolean function ¢ such that f = go A+£. If | = 0 then f and g are called affine
equivalent. In the case of vectorial functions there exists a more general notion
of equivalence, called CCZ-equivalence, but for Boolean functions, it reduces to
EA-equivalence, see [3] (as well as for bent vectorial functions [4]).

Two functions F' and F’ from Fa» to itself are called EA-equivalent if A; o
Fo Ay + A for some affine permutations A; and Ay and for some affine function
A. If A =0 then F and F’ are called affine equivalent.

For positive integers n and t, a vectorial Boolean function F' from F} to %
is called bent if for any a € F5 \ {0} the Boolean function a- F(z) is bent. Bent
functions exist if and only if n is even and ¢ < n/2 (see [30]).

2.3 Projective plane, Ovals, Hyperovals

In the following we give a short introduction to the projective plane. We refer
to [I6] for a detailed introduction to projective geometry. A projective plane
consists of a set of points P, a set of lines L, and an incidence relation I between
P and L. The classical projective plane PG(2,q) over IF% has the 1-spaces of Fg
as points and the 2-spaces of Fg as lines. A point p is contained in a line ¢ if
p C /¢ in Fg. A set of points is called collinear if they all lie on the same line.
Note that PG(2,q) has ¢? + ¢+ 1 points, g2 + ¢+ 1 lines, each line contains ¢+ 1
points, and each point lies in ¢ + 1 lines. The group PT'L(3,¢q) acts naturally
on PG(2,q). In particular, it preserves incidence.

Let O be a set of points in PG(2, ¢) such that no three points are collinear.
It is well-known that |O] < g+ 1 if ¢ is odd and |O| < ¢+ 2 is ¢ is even. One
can see this as follows: Consider a point P € 0. Each of the g + 1 lines on P
contains at most one more points, so |O| < g + 2. Suppose that equality holds.
Then each line contains either 0 or 2 points. Consider a point R € O. Then
there are s lines through R with 2 points and ¢ + 1 — s lines through R with 0
points. Hence, g + 2 = 2s, so ¢ is even.

Call a line ¢ passant, tangent, respectively, secant if [N O| =0, |[{NO| =1,
respectively, [£ N O| = 2. If |O] = g+ 1, then O is called an oval. From the
argument above it follows that in this case each point of O lies on exactly one
tangent and ¢ secants. For ¢ even these secants all meet in one point N, the
nucleus of O. If |O] = ¢+ 2, then O is called a hyperoval and we usually write
H instead of O. If |O| = ¢+ 1 and ¢ even, then O U {N} is a hyperoval.

In the following we limit ourselves to ¢ = 2™ even.

A frame of PG(2,q) is a set of four points P = { Py, P», P, P4} such that any
3-subset of P spans Fg. The fundamental theorem of projective geometry (for



projective planes) states that PT'L(3, ¢) acts transitive on frames. As any four
points of a hyperoval H are a frame, we can assume that an oval O contains
((1,0,0)),((0,0,1)),((1,1,1)) € O and has ((0,1,0)) as its nucleus. In the
following we usually leave out the brackets (-) for the sake of readibility. Hence,
we can write O as

O ={(z,F(x),1): 2 € Fam } U{(1,0,0)},
where the polynomial F' satisfies the following:

(a) F is a permutation polynomial over Fom of degree at most ¢ — 2 satisfying
F(0)=0and F(1) =1.

(b) For any s € F5,. the function

{F(x+s)+F(w) if # 0,

x

Fy(z) == i
0 otherwise.

is a permutation polynomial. Here and further int he paper we denote
Fsm = Fom \ {0}.

Such a polynomial F' is called an o-polynomial and, conversely, each o-polynomial
defines an oval. If we do not require F/(1) = 1, then F is called an o-permutation.
We write O(F) for the oval defined by the o-polynomial F', and we write H(F')
for the hyperoval defined by F'.

Note that throughout this paper O consists of points of the form (z, F((x), 1),
while in the hyperplane literature, usually the form (1,z, f(z)) is used.

For a hyperoval H we have 2™ 4 2 choices for the nucleus N € H to ob-
tain an oval H \ {N}. Hence, each hyperoval H defines 2™ + 2 o-polynomials.
Two o-polynomials are called (projectively) equivalent, if they define equivalent
hyperovals (under the natural action of PT'L(3,q)).

2.4 Niho Bent Functions

A positive integer d (always understood modulo 2" — 1 with n = 2m) is a Niho
exponent and t — t% is a Niho power function if the restriction of t% to Fom is
linear or, equivalently, if d =27 (mod 2™ — 1) for some j < n. As we consider
Tr,, (at?) with a € Fyn, without loss of generality, we can assume that d is in
the normalized form, i.e., with j = 0. Then we have a unique representation
d= (2" —1)s+ 1 with 2 < s < 2™. If some s is written as a fraction, this has
to be interpreted modulo 2™ +1 (e.g., 1/2 = 2™~ 4+ 1). Following are examples
of bent functions consisting of one or more Niho exponents:

1. Quadratic function Tr,, (at?"*1) with a € F§,. (here s = 2™~1 4 1).

2. Binomials of the form f(t) = Tr,(a1t? + ast?), where 2d; = 2™ + 1

(mod 2" — 1) and ay,as € Fi. are such that (o + o2™)2 = o2 *1
Equivalently, denoting a = (a1 +a?" )% and b = as we have a = b>" +1 ¢
F5.. and

f(t) = Trp (at®>" +1) + Tr, (bt%).



We note that if b = 0 and a # 0 then f is a bent function listed under
number [I} The possible values of dy are [I8] 20]:

dy = (2™ — 1)3+1,
6dy = (2™ — 1) + 6 (taking m even).

These functions have algebraic degree m and do not belong to the com-
pleted Maiorana-McFarland class [6].

3. Take 1 < r < m with ged(r,m) = 1 and define

2r -1
ft) =Tr, (aQtQm'H +a+a®) > td"> : (1)

i=1

where 27d; = (2™ — 1)i + 2" and a € Fan is such that a + a®" # 0
[26 27]. This function has algebraic degree r + 1 (see [5]) and belongs to
the completed Maiorana-McFarland class [12].

4. Bent functions in a bivariate representation obtained from the known o-
polynomials.

Consider the listed above two binomial bent functions. If ged(ds, 2" —1) = d
and b = 3¢ for some 3 € Fan then b can be “absorbed” in the power term t%2 by
a linear substitution of variable ¢. In this case, up to EA-equivalence, b = a = 1.
In particular, this applies to any b when ged(ds, 2™ — 1) = 1 that holds in both
cases except when dg = (2" —1)3+ 1 with m = 2 (mod 4) where d = 5. In this
exceptional case, we can get up to 5 different classes but the exact situation has
to be further investigated.

3 Class H of Bent Functions and o-polynomials

Here we restrict ourself with fields Forn with n even, n = 2m.
In his thesis [I7], Dillon introduced the class of bent functions denoted by
H. The functions in this class are defined in their bivariate form as

f(.’[?, y) = Trm(y + xF(ny’"—2))7

where z,y € Fom, and
e F'is a permutation of Fom s.t. F(z) 4+ 2 doesn’t vanish,

e for any 8 € F5,. the function F(z) 4+ Sz is 2-to-1.

Dillon was able to exhibit bent functions in H that also belong to the completed
Maiorana-McFarland class. Dillon’s class H was modified in [I0] into a class H
of the functions:

oe.y) = Trm (xG(%)), ifx#£0 @)

Trm(py), otherwise



where p € Fom, G : Fom +— Fam satisfying the following conditions:

F: 2z~ G(z) + puz is a permutation over Fom, (3)
z +— F(z) 4 Bz is 2-to-1 on Fom for any § € Fi.... (4)

Here condition implies condition and it is necessary and sufficient for g
being bent. Functions in A and the Dillon class are the same up to addition of
a linear term Ty, ((11 + 1)y) to (2)). Niho bent functions are functions in H in
their univariant representation.

Theorem 1 ([I0]). A polynomial F' on Fom satisfying F(0) =0 and F(1) =1
is an o-polynomial if and only if

z v+ F(z) 4 Bz is 2-to-1 on Fam for any B € F5... (5)

Hence, obviously every o-polynomial defines a Niho bent function. And
vice versa, every Niho bent function defines an o-polynomial since it defines
a polynomial F' satisfying condition of Theorem I} and we can derive an
o-polynomial F'(z) = % which fixes the requirements F’(0) = 0 and
F'(1) = 1. Note that to get a Niho bent function from a polynomial F it is
sufficient that F' satisfies only condition while the conditions F(0) = 0 and
F(1) = 1 are not necessary.

In Section[2.3] we saw that each o-polynomial corresponds to a hyperoval and
vice versa, each hyperoval corresponds to an o-polynomial. We say that Niho
bent functions are o-equivalent if they define projectively equivalent hyperovals.
As shown in [7, [10], o-equivalent Niho bent functions may be EA-inequivalent.
For example, Niho bent functions defined by o-polynomials F and F~! are
o-equivalent but they are, in general, EA-inequivalent.

Here is the list of all known o-polynomials (we also give names of the corre-
sponding hyperovals):

1. F(z) = 22, regular hyperoval;

2. F(z) = xzi, ¢ and m are coprime, i > 1, irregular translation hyperoval;
3. F(z) =25 m is odd, Segre hyperoval;

4. F(x) = :53'2k+4, m =2k — 1, Glynn I;

5. F(z) = x2k+22k7 m =4k — 1, Glynn II;

22k+1 +23k+1

)=z ,m=4k+ 1, Glynn II;

.O:

!
—~

]

7. F(x) = 22 4?2 4 x3'2k+4, m = 2k — 1, Cherowitzo hyperoval;

1 1 5
8. F(x) =26 +x2 +x6, m is odd, Payne hyperoval;

Pt +a)+ 821 +6+6*) (a3 +2?) L
+x2,
4+ 0222 4+ 1

where Trp,(3) = 1 (if m = 2 (mod 4), then § ¢ Fy), Subiaco hyperoval
(for m = 4 also known as Lunelli-Sce hyperoval);

9. F(z) =




10. F(z) = T}m (0) (Trin (o) @+ 1)+ 2+ Ty (o) +1) 7T (w0 ) ) +
1 m

22, where m is even, r = i%, v € Foom, 02"t £ 1,0 # 1, Adelaide
hyperoval.

1. F(z) = o'+ 2" 422 40 (20 42104 21 4 218 4 2224 220) 4 020 (25 4 220)
WO(2'? 4 2%1) with w® = w? + 1 and m = 5, O’Keefe-Penttila hyperoval.

Note that an o-polynomial F' defined on Fam has the following form [16]:

om_o

2
F(z) = Z bop a2k,
k=1

4 Vectorial Niho bent functions from o-polynomials

It is known since 2011 that every o-polynomial defines a Boolean Niho bent func-
tion [I0]. In this section, we revisit the fact that, actually, every o-polynomial
on Fom defines a vectorial Niho bent function from Fom X Fom to Fom. This
connection has been originally observed in [28]. In the present paper, we derive
this result by studying some simple transformations of o-polynomials.

Below we show that in some cases, affine equivalence of o-polynomials yields
EA-equivalence of the corresponding Niho bent functions. Note that in general if
a function F” is affine equivalent to an o-polynomial F' then F” is not necessarily
an o-polynomial.

Lemma 1. Let F be an o-polynomial defined on Fom and a,b € F5... Then

G(z) = aF(bzx) is an o-polynomial on Fam if and only if a = (or, what is

L
F(b)
the same, b= F~1(a™')). The Niho bent functions defined by the o-polynomials
1

= ——F ) .
Fand G Fb) (bx) are affine equivalent
Proof. Suppose G(z) = aF'(bx) is an o-polynomial, then G(0) = aF'(0) = 0 for
any a,b € Fom and 1 = G(1) = aF(b), hence G is an o-polynomial if and only if

1

a= o)
The Niho bent function corresponding to the o-polynomial F is f(z,y) =
Try(zF(£)), and the one corresponding to G is
9(2,9) = Trm(@G(L)) = Tro(aF (1)) = Tro(zaF(22)) = Tro(uF(2)),
where v = ax , u = aby. Hence, g = f o A with A(z,y) = (az,aby), and,
therefore, f and g are affine equivalent. O

Corollary 1. For every o-polynomial F defined on Fom the function xF(¥)
from Fom X Fom to Fom is bent. That is, every o-polynomial on Fom defines a
vectorial Niho bent function xF(¥) from Fom X Fom to Fam.

Proof. From Lemmal[I|]we have that for a given o-polynomial F and any a € Fj,.
the function g(z,y) = Trm(aa:F(%’,’)) is Niho bent where b = F~1(a~!). Then
the function g(z,y) = Trm(arF (%)) is also bent since g and g are affine equiva-
lent, that is, g = go A with A(z,y) = (x, by), and clearly, such a transformation
A keeps g as a Niho function. O



Lemma 2. Let F' be an o-polynomial on Fam and A(z) = 22’ be an automor-
phism over Fom. Then the Niho bent functions defined by o-polynomials F and
G=AoF oA~ are affine equivalent.

Proof. Obviously if F is an o-polynomial, then G(z) = (F(22 *))? is also an
o-polynomial.
Consider the Niho bent function defined by G:

g(xz,y) =Trm (wG(%)) —Tr,, (xA cFoA! (%)) _

N » —i

tra(e(F((2)))7) =1 H((2) ) = 1w ().
where © = 22’ and v = y2 ’. Thus, f and g are affine equivalent (g = fo A
with A(z,y) = (z,1)% ). O

Lemma 3. Let F be an o-polynomial on Fom and A;(z) = x + a and As(x) =
x+0b for a,b € Fom. Then G = Ay o F o Ay is an o-polynomial on Fom if and
only if b= F(a) and F(a+1)+ F(a) = 1. Furthermore, the Niho bent functions
defined by o-polynomials F and G are EA-equivalent.

Proof. Suppose G(x) = AjoFoAs(x) = F(x+a)+bis an o-polynomial. Then
0 = G(0) = F(a) + b and, therefore, F(a) =band 1 = G(1) = F(1+a)+b=
F(1+4a)+ F(a).
Further we have

g(z,y) = TTm(fCAl OFOAQ(%)) = Trm(x<F<% +a) +b)) =
Trm, (xF(y “;ax)) + Trp(bz) = Trp, (xF(g)) + Trpm(bx),

where u = y + axz. Thus, g and f are EA-equivalent (9 = f o A + [ with
A(z,y) = (z,y + az) and l(x,y) = Try, (bx)). O

5 The modified Magic action

Let F be the collection of all functions F' : Fom + Fam such that F(0) = 0.
The following set

PTL(2,2™) = {z — Az® |A € GL(2,F3n),0< j <m— 1}

is a group of transformations acting on the projective lines, i.e. on the set with
the elements of the form: {(a-z,a-y)|(z,y) # (0,0),z,y € Fam,a # 0}.

An action of the group PT'L(2,2™) on F was introduced and described in
[21]. Define the image of F' € F under the transformation ¢y € PT'L(2,2™),

w:xHAx2j7A: a b

a) € GL(2,2m), 0 < j < m — 1, as a function
PF : Fom — Fom such that

vEG) = A7 [+ ) (F700) +0ar® (7) +ar” (3)]

This yields an action of PT'L(2,2™) on F, which is called the magic action.
The magic action takes o-permutations to o-permutations and it is a semi-linear
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transformation, i.e.
Y(F +G) =¢F +9YG, for any F,G € F,

YaF = a? F, for any a € Fom, FEF,0<j <m — 1.

Let us recall two theorems (Theorem 4 and Theorem 6) from [2I]. For a
given o-polynomial F' denote O(F’) the oval defined by F'.

Theorem 2. [2]] Let F be an o-permutation on Fom and let ¢ € PTL(2,2™)

be b : x — Ax? for A = (Z Z) € GL(2,Fam) and 0 < j < m — 1. Then

G = F is also an o-permutation on Fam . In fact, O(G) = (O(F)), where ¢ €

d 0 c
PT'L(3,2™) is defined by 1) : © +— Az, where A = b F($) |A|2 apF(£)
b 0 a

Note that the formulation of the theorem above differs from the one in [21]
because in the current paper (following notations of [7]) the points of the oval
(or the hyperoval) defined by an o-polynomial F' are considered as (z, F(x),1),
meanwhile in [2T] the form (1, z, F(z)) is used.

Theorem 3. [2]] Let F' and G be o-permutations on Faom, and suppose further
that the ovals defined by F and G, i.e. O(F) and O(G) are equivalent under
PT'L(3,2™). Then there exists 1 € PT'L(2,2™) such that G = ¢y F.

The magic action can be also described by a collection of generators of
PTL(2,2™) [21]:

Oa T (g (1)> x, o, F(x) = a_%F(aaU)7 a € F5n;

Te:@T <i 2) z, T.F(z) = F(x +¢c) + F(c), ¢ € Fam;

(6)
01 1

iz (] x, pF(z) =aF(z™");

P2 cxes 2 poi F(x) = (F(gch))Qj, 0<ji<m-—1.

We slightly modify the magic action generators o, and 7, multiplying them by
appropriate constants to preserve the image of 1 at 1:

1
az

6. F(x) = @)

oo F(z) = F(ax), a € Fim;

1
F(a)
1

- 1
TF(2) = =—————~7.F(z) = FAt0<F©

F(l1+4¢)+ F(c) (F(z+c)+ F(c)), c € Fam.

(7)

The new set of generators
H=A{cu,Te, 0, p2i|0 < j<m—1,¢c €Fam,a € Fi.,

preserves the property F(1) = 1 of the function F.

The action of the group with the new set of generators H on the set of all
functions F' defined on Fom with the properties F/(0) = 0 and F(1) = 1 will be
called the modified magic action.
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Proposition 1. Two o-polynomials arise from equivalent hyperovals if and only
if they lie on the same orbit of the group generated by H and the inverse map.

Proof. According to the first part of Theorem 2, the magic action takes o-
permutations to o-permutations. Since the generators of the modified magic
action differ from the original magic action generators only by constant coeffi-
cient (what allows as to preserve the property of F/(1) = 1 for any o-polynomial
F), then the modified magic action takes o-polynomials to o-polynomials.

According to the second part of Theorem 2, if two o-permutations lie on the

same orbit under the magic action, then the corresponding ovals are equivalent
and have fixed nucleus (0,1, 0).
Now suppose that two o-polynomials lie on the same orbit under the modified
magic action and the inverse map. Since each o-polynomial is an o-permutation,
then the corresponding ovals defined by o-polynomials are equivalent and have
nucleus (0, 1,0). As we know, each oval is contained in a unique hyperoval, which
is obtained by adding nucleus to the points of oval. So, hyperovals defined by the
o-polynomials on the same orbit under the modified magic action are equivalent.
Also it is well known that o-polynomials F and F~! define equivalent hyperovals.
Thus, we conclude that hyperovals defined by the o-polynomials on the same
orbit under the modified magic action and the inverse map are equivalent.

Let’s show the converse statement. Suppose that hyperovals H(F') and H(G)
defined by o-polynomials F' and G are equivalent. It means that there is a
collineation which maps H(F') to H(G). Consider the preimage of (0,1, 0) under
this collineation, there are 3 possible cases:

1. The preimage of (0,1,0) is (0,1,0). It means that this collineation fixes
point (0,1,0). So deleting this point from hyperovals H(F') and H(G), we will
get equivalent ovals with fixed nucleus, hence by Theorem 3, their generator
o-polynomials are on the same orbit under the magic action, hence under the
modified magic action.

2. The preimage of (0,1,0) is (1,0,0). Since hyperovals defined by o-
polynomial and its inverse o-polynomial are equivalent, then hyperoval H(F')
is equivalent to a hyperoval H(F~!) and by the corresponding collineation the
point (1,0,0) has preimage (0,1,0). So, at the end we have that hyperovals
H(F~1) and H(G) are equivalent and the preimage of (0,1,0) is (0, 1,0). Hence
by the previous case 1 (and the fact that an o-polynomial and its inverse belong
to the same orbit under modified action and the inverse) o-polynomials F' and
G are on the same orbit under modified magic action and the inverse map.

The following diagram illustrates the previous decisions.

HEF-Y) = HEF) = HG)
W W W
(0,1,0) — (1,0,0) +— (0,1,0)

3. The preimage of (0,1,0) is (¢, f(¢),1). Choose an element ¢ of PT'L(2,2™)

taking (1,t) to (0,1) (such authomorphism always exist, for example it can be
0 0

10 )

H(pF) equivalent to H(G) where the preimage of (0,1,0) is (1,0,0). Because

of the case 2, we get that pF and G belong to the same orbit under the modified

magic action and the inverse map and so do F and G. O

defined by matrix A = Applying ¢ to F' we will get a hyperoval
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We formulate the next theorem without proof. First this result was an-
nounced in September 2014 at the Forth Isree Conference ”Finite Geometries”
[8] by the authors of this paper, the complete proof can be found in [IJ.

Theorem 4. Two Niho bent functions are EA-equivalent if and only if the
corresponding ovals are equivalent. Hence, the number of EA-equivalence classes
of Niho bent functions arising from a hyperoval of PG(2,2™) is the number of
orbits of the collineation stabiliser of the hyperoval on the points of the hyperoval.

6 Niho bent functions and the modified magic
action

A group of transformations of order 24 with 3 generators preserving o-polynomials
was considered in [7]. This group of transformations is a subgroup of the group
with the (modified) magic action generators and the inverse map. Precisely, they
are the transformations generated by ¢, 71 = 71 and the inverse map. Only 4
of these transformations can lead to F A-inequivalent Niho bent functions [7].

As a continuation of the work of [7], let’s consider the modified magic
action generators, and the inverse map and see which of them give rise to
EA-inequivalent Niho bent functions. From Proposition 1 it is clear that o-
polynomials on the same orbit under the modified magic action and the in-
verse map and only they are projectively equivalent. Since we are interested
in EA-inequivalent Niho bent functions arising from projectively equivalent o-
polynomials, we focus on orbits of the modified magic action together with the
inverse map. We prove below that to get EA-inequivalent Niho bent functions
from a given o-polynomial it is sufficient to use only 7 and ¢ generators together
with inverse map while p and ¢ do not play any role in it. Moreover, we show
that all EA-inequivalent Niho bent functions can be obtained from a special
formula.

6.1 Preliminary results

Following notations of [7] the generator ¢ will be denoted by / when needed.
Let’s recall the set of generators

H ={7,04,/,p2ilc € Fam,a € F5,,,0 < j <m —1},

where
Ol \T) = F(CL) ar), a 2my
1
7 F(z) = 057 F(x) = af(F(x 4 ¢) + F(c)), ¢ € Fam, where af, = RF()
Te

F'(z) = oF (x) = 71F(¢’1);
pai F(z) = (F(2* 7)¥, 0<j<m—1;

and prove a few statements about the generators of magic action and the inverse
map.
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Lemma 4. Let F be an o-polynomial on Fom. Then the following identities
hold:

Te o Tl = TeyqF, (8)
Gq 00 =G F, (9)
p2i © pai ' = poj+i F, (10)

where a,b € F5,., c,d € Fam, 0 <4, <m — 1.

Proof. To prove the first equality note that

TeoTaF(x) = qF(x + ¢) + 1qF(¢) = F(x + ¢+ d)+ F(d) + F(c+d) + F(d) =
Flz+c+d)+ F(c+d) = 1eyqF.

Since magic action is a semilinear transformation we get:

1 1

T F(+d) + F(d) 7F(1+c) + 7a(c)
1 F(1+d)+ F(d)

Fl+d) +Fd)Fl+d+c)+ F(d+c

1 ~
F v dv o)t By o ) = Feral (@)

Te(ra(F (7)) =

Te o TaF ()

] TeraF () =

The other two equalities are straightforward to prove:

1 1 1 1
0q00pF = = opF(ar) = ——————F(abzx) = F(abz) = 6, F (x),
pa 0 poi F(x) = pys (F(227))? = F(a57)?" = pys F(x)

Corollary 2. Let F' be an o-polynomial on Fom and k a positive integer. Then

(Ual o O-U/Q ©0...0 Uak)F = O'a1~a2-...-akF7
(Tey ©Tey © v 07, )JF = Teytent...cn B

(P2ir © paiz ©... 0 Poiy )F' = poirtizs..ti F,
where a1, ...,a5 € F5m,c1,... e €Fom, 0< i <m—1 forallj€{l,...,k}.
Proof. The proof follows by induction using Lemma [ O

Lemma 5. Let F' be an o-polynomial on F5*. Then the following identities hold:

(7eF) M) = fF(c)Fl(al%x), (11)
(&GF)il(‘T) = 5—F(a)F71(x)a (12)
(poi F) N () = pos F (), (13)

where a € F5m, ¢ € Fam and 0 < j <m — 1.
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Proof. Tt is easy to see that %F(C)Ffl( L

<
AR

) =1, therefore

(7F) H2) = (@%(F(x +¢) + F(e) ' =F! (O}%x + F(c)) 4+c=

Fl <041Fx + F(c)) + F7Y(F(c)) = #p(oy F ! (alFm>

Equalities and are straightforwared to prove:

@)@ = (5

(por F) (&) = (F(=* 7))t = (Fa® )™)Y = pgs FH(2).

Flar)) = 2P (F(@)) = orwF (@),

O

Lemma 6. Let F be an o-polynomial on Fom. Then the following identities
hold:

Te 0 pos B = paj 0T 25 F, (14)
To 00 = 64 0 Ty F, (15)
(p2i F) = pai F" (16)

(6uF) =61 F, (17)

where a € F5n, c €Fom, 0 < j <m —1.
Proof. To prove the first equality, transform its left and right sides.

Teopuk(x) =af  ppoiF(x+c) + p2i F(c)) =

of p(F((x+e? ) +(F( 7)) =al p(F* +c&7)? + (F(E 7)) =
of p(F@ +c& )+ F()?

On the other hand,

pr 0T i Fla) = (Fas F@® ) = (af  (F(a”

So, it is left to check that (aif ’ )2j = aj  p. Indeed,

1 1

ot T F o) 4 F@ | (F0+ R P T (F@ )
1 2 c2_j 27
(F(l +c277) + F(cH)) = (ak )7

Thus we proved that 7. o pyi F' = pgj 0 T o5 F.
Computing the left and the right sides of equality we get

o0 P (@) = 0, p (5P (@ +0) + 5 F(0)) = 0, p (s Flala + ) + 5 Flac),
00 FucF(8) = —prs o (Flar + ac) + Flac))
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Note that the coefficients o are equal which means that

1 . and 1
0t and ——
F(a) %F FacF (@)

Te 00, = G4 0 ToeF. Indeed,

.1 ! F(a) B 1
F(a) Gak? F(a) 6, F(1+ c) +6.F(c)  F(a) F(a(1+¢))+ F(ac) F(a+ac)+ F(ac)’
1 ..  F(l+ac)+ Flac) 1 1

%QCF(a)aF ~ F(a+ac) + F(ac) F(1 + ac) + F(ac) - F(a+ac)+ F(ac)
The remaining two equalities are proved similarly. For we get

P F!(z) = (F'(2® )P = (22 F(—))? = a(F(

x2™’

1,,. )% = :cpng(%) = (poi F) ().

x2™

Transforming both sides of Equality we get

o) a0t (1) = i (2).

o1 - P (2) - it (2) - P (2):

6.2 EA-inequivalent Niho bent functions and orbits
Further we need the following equality from [7]

(P~ = ((F=H")™ (18)

Let’s introduce a few notations. Denote by gz the Niho bent function defined
by an o-polynomial F'. When Niho bent functions gr and gz are EA-equivalent
(EA-inequivalent), we will write gr ~ga gp (respectively, gr #pa gp). We will

use notation 7A = ® B”, when the expression B is obtained from the expression

A using equality number p.

Theorem 5. Let F' be an o-polynomial. Then an o-polynomial F obtained from
F using one generator of the modified magic action and the inverse map can
produce a Niho bent function FEA-inequivalent to those defined by F and F~!
only if F = (F")~1.

Proof. Assume F is an o-polynomial which is obtained from o-polynomial F
using one generator of the modified magic action and the inverse map, i.e. I
has one of the following forms: hF, hF~t (hF)™1, (hF~1)~! where h € H.

As we show below, when h is &,, 7. or py;, F defines a Niho bent function
EA-equivalent to those defined by F or F~!

a) Let h be 64,a € F5... Then hF(z) = 6, F(x) = ﬁF(aw) and by Lemma
1, the corresponding Niho bent function is EA-equivalent to those defined by F’
By the same reason hF ! = 5,F~! and F~! define EA-equivalent Niho bent
functions. Further note that

(hF) " (2) = (3aF) " (1) @ 6oy F ' (a).
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Hence, g,r)-1 ~EA gr-1 and

I

(RF~H) &) = (6aF )7 H2) = Gp1()(F) 7N (2) = Gp-1(0)F(2),

and therefore g(5aF’1)’1 ~EA JF-

b) Suppose h is 7, with ¢ € Fam. Then hF(z) = 7.F(z) = a%(F(x + ¢) +
F(c)) and hF~Y(z) = 7.F~! define Niho bent functions EA-equivalent to those
defined by F' and F~! respectively (by Lemma [3). Hence,

(hF)"'(2) = (7F (@) (@) D 150 F 1 ((05) '2)

yields that g, r)-1 ~pa gr and from

(WF )M (2) = (FoF ) @) 2 s (P (a;_l z) = TF-l(@F(a;_l 7)

follows g(hF—l)—l ~EA JF.

c) Take now h = py; with 0 < j < m — 1. Then hF(x) = pyi F(z) =
(F(2® "))? and hF~Y(z) = py F~' = (F~'(2? "))?, and by Lemma We
get that g, ;r and g,  p-1 are EA-equivalent to gr and gp-1, respectively.

Therefore, from (hEF)~1(x) = (po; F) " (2) = poi F~1 and

13] .
(hFﬁl)il(I) = (ijFfl)il poi F' it follows that 9(p,; F)~+ ~EA gr—1 and

9(pys F~1)=t ~EA JF-
d) Consider h = /. The Niho bent function defined by an o-polynomial
hF(z) = F'(z) = zF(z7 ) is

gr(2,y) = Trm(@(F' (1)) = Trm(@ F(()™) = TrmyF () = gr(3,),
ie. gr’ ~EA JF- Similarly, g(F—l)/ ~NEA JFp-1.

The function (hF)~Y(z) = (F')"'(x) = (xF(z~'))"! can define a Niho
bent function EA-inequivalent to those defined by F and F~!. For example,
an o-monomial x>  defines three surely EA-inequivalent Niho bent functions
corresponding to o-polynomials F, F~! and (F')~! [1].

Using equality , we immediately get that a Niho bent function defined by
the o-polynomial (hF~1)~!(z) = (F~1))~!(z) is EA-equivalent to one defined
by (F")~1. O

We rewrite the equalities of Lemmas [4 [§] and [6] in a more compact way.

Equalities - as
hy, © hy, B = hy F), (19)

where hy,, by, , by, are the same generators from the set H \ {/} with different
parameters by, by, by € Fom.

Equalities - as
(hblF)il = hszilv (20)

where hy,, hy, are the same generators from the set H \ {7} with different pa-
rameters by, by € Fom. Note that right and left parts of the equality have
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different arguments, but it does not play any role in our study of EA-equivalence
of resulting Niho bent functions.

Equalities - as

7~'C1 Oth:thi'QF, (21)
where hy € {64, pos }. And equalities - as
(ho, F)" = ha, I, (22)

where hy, , hp, are the same generators from the set {4, pes } with different pa-
rameters by, by € Fom.

To make the formulation of the next theorem more visual instead of using
the notation / we will use the initial one, i.e. . We will also refer to the
original notation ¢ in some parts of the proof when convenient. Further, by
"reduce o-polynomial” we mean that the original o-polynomial and the new
one (reduced) define EA-equivalent Niho bent functions. When we are saying
"delete generator” we mean that if we skip this generator the new o-polynomial
will define a Niho bent function EA-equivalent to one generated by the original
o-polynomial.

Let ¢ be a positive integer and k; > 0. By H; we denote a composition of
length k; of generators ¢ and 7. following each other as follows:

Hi=¢oT,; opoT, o... (23)

ki

That is, if F'is an o-polynomial and we denote T; = g o %cij, 0<j<(k;i+1)/2
then

F if k; =0,
HF = pF ifk; =1,
Tio...oTs, F if k; = 2s;,

Tvo...oTls,0opF ifk; =2s;+1.

In the theorem below we prove that for a given o-polynomial we can derive
all EA-inequivalent Niho bent functions only using transformations ¢, 7. and
the inverse map in a special sequence.

Theorem 6. Let F' be an o-polynomial, gr the corresponding Niho bent function
and G the class of all functions o-equivalent to gr. Then o-polynomials of the
form

(Hy(Ho(Hs(...(H,F)™' .. )~ H=H~ (24)
where H; is defined by , forallie{1l...q}, ¢ >1, and k; > 1 fori > 3,

ki > 0 for i < 2, provide representatives for all EA-equivalence classes within
Gp. That is, up to EA-equivalence, all Niho bent functions o-equivalent to gp
arise from .

Proof. Note first that we can get F' itself in the form if we take ¢ = 2,
ki = ko = 0. if ¢ =1 and k; = 0 then we get F~'. Further we have a
restriction k; > 1 for ¢ > 3 to avoid repetitions.
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According to Proposition 1 any function o-equivalent to gr corresponds to
an o-polynomial of the form

hiohgo...ohLF, (25)

where hq, ha,...,h; (for some k > 0) are generators of the modified magic
action and the inverse map. Our aim is to simplify this expression to exclude as
many cases leading to EA-equivalent functions as possible. That is, we exclude
certain sequences of generators which surely lead to EA-equivalent Niho bent
functions. By h;; we denote a generator of the same type as h; but with a
different parameter.

From Theorem [ it follows

a) If hy € H, then gp,ohso...0n, F ~EA Gho...oh,F and we can consider reduced
o-polynomial hy o ... 0 hiF};

b) If hy is the inverse map and ho € H\{/} then gn,ohqo...ohy F ~EA Ghiohso...ohy Fs
so we can consider the reduced o-polynomial h; o hgo...o hiF.

Hence, if k =1 in then we can get an EA-inequivalent case only if hy is the
inverse map, and it corresponds to withg=1and k; =0. If k=2 in
(and it cannot be reduced to the case k = 1) then we can get EA-inequivalent
cases only if hj is the inverse map and he =/, and it corresponds to with
qg=1and k; = 1. If £ > 3 we can reduce until at some moment we will get
an o-polynomial h; o h;11 0...0h,F, where h; is the inverse map and h; 1 =/,
that is, we have

((hiyao...0hF)) L (26)

Note that here and further we assume that k is large enough to allow such a
redaction while otherwise, it is easy to see that the process would stop and
provide a formula for some parameters.

If hiyo € {Ga, poi } O hiyo is the inverse map then we can delete the generator
hi+o and consider the reduced o-polynomial h; o hjy10h;130...0h,E. Indeed,
suppose hita € {Fq4, p2i} then

hiohi+l Ohi+20...0hkF: ((hH_QO...OhkF)/)il

(h(i+2)1 o (hi+3 0...0 hkF)l)_l h(i+2)2 o ((hi+3 0...0 hkF>/)_1
and, according to (), Gnioh, 1ohiyz0...0hxF ~EA Ghiohs iohiyso...ohyF- 10 the
case when h;io is the inverse map, using we get the same result that
the o-polynomials (((hiz3 0 ...0heF)™ 1)) = ((higz o ... 0 heF))~1) and
((hiygzo...0htF) )"t = h;0ohiy10hizzo0...0h,F define EA-equivalent Niho
bent functions.
If hiyo is/, then h;41 and h;yo eliminate each other: h;oh;110h;y00...0hiF =
hiohiyso...ohF. If hjyo = 7., then we cannot eliminate it from the o-
polynomial h; o h;11 0 hjqa...0 hiF.

Further consider an o-polynomial h; o h;41 0 hjyo0...0hgF where h; is the
inverse map, h;y1 =/, hjyo = 7., i.e. an o-polynomial

((Foo hiyzo...0h F))™h (27)

When k = i + 2 then we get ((7.F)’)~! which has the form with ¢ = 1 and
k1 = 2. Hence, in we can assume that k& > ¢ + 3. Further we can reduce
hivz from unless h;43 is /. Indeed, consider first h;13 € {74, p2i } then
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((7:(; o hi+3 0...0 hkF)/)_l ((hi+3 o 7:01 o hi+4 0...0 hkF)/)_l

(Rit3), © (Tey 0 ... 0 hF)' )71 B(its), © ((Tey © higao...0 hpF)')~L.

The last o-polynomial defines a Niho bent function EA-equivalent to one defined
by the o-polynomial ((7., 0h;i40...0htF)" )™t = hjoh; 41 oh(iy2y,0hita0. . .0, F.
If hiy3 = 7,, then using we immediately get h;oh;10h;490h;130...0htF =
hi o hi+1 o h(i+2)1 o hi+4 0...0 hkF, where h(i+2)1 = 7~'C+C1.

If h;y3 is the inverse map then

h; o hi+1 o hi+2 o hi+3 o...0hF = ((%c((hz+4 0...0 hkF)il))/)il

(((Fey o hizao...0ohF)™ 1))t = (((Fe, ohiyao...0hpF))~1), defines a Niho
bent function EA-equivalent to the one defined by ((7, o hiz40...0hiF) )™t =
hi o hi+1 o h(i+2)1 o hi+4 0...0 hkF

Note that we could eliminate h;;3 as the inverse here because it is followed by
hito = T¢, hiy1 =1 and h; as the inverse map.

Hence, if produces a Niho bent function g EA-inequivalent to those
corresponding to F', F~1, (F/)~! and ((7.F)")~! then g is EA-equivalent to the
function corresponding to an o-polynomial

(poFwo@ohpo...ohF)™L (28)
Now consider an o-polynomial of the form:
(9007:01o<po7~'62ocpo...ohlo...ohkF)fl. (29)

Case 1. First we restrict to the case hy,...,hy € H when considering .
Note that if [ is an even number in , then the generator ¢ acts on hy; if {
is odd, then the generator 7. acts on h; (for some ¢ € Fom). We consider | odd
case, i.e. [ =2t + 1 while for [ even case the proof is similar and we skip it.

If hory € {&a,pgj} then

(poTe, 0POTe,0p0...07, 0hgpy10...0hF)7L

(poTe, 0po...0p0hy 107, (harao...0hF))™!

(poTe, 0opo...0ha1), ©@(Te, (hatrao... 0 hpF))) ™!
1 @

(h(2t+1)t(<)0(%011 (... (7~'ct1 (haty20...0htF))...))))~
Bt 1y, (2 (Fan, (2 .. (e, (hat2 0 -0 hicF)) )Y,

hence we can reduce the o-polynomial (¢ o 7., 0cpo7., 0po...07, 0hgy10...0
hiF)~1, and consider (p o Tey, OPOTey OPO...0T, Ohgpipo...0 hiF)~ L.
If hoty1 = 7e,,, then obviously we can consider o-polynomial

((For (Fon e+ (Frrerss (hatwz 00 i)Y L.LYYY) L

If hotq1 =7 then we cannot eliminate it.

Continuing this process we get for this case that the o-polynomial can be
reduced to (po 7., 0opoT,opo...oF) Lasin . This corresponds to the
case ¢ =1 in .

Case 2. Now we consider and allow Ay, ..., hr to be inverses too. We
still assume [ be odd and (as we saw earlier in the proof) w.l.o.g. hy, ..., hy €
{1, 7c, the inverse|c € Fom }. Take h; the inverse (the other possibilities for h;
were discussed earlier in the proof), i.e. consider the following o-polynomial:

(pofe 0poFs,opo...(hyro...0hF)" 1)L, (30)

20



If hi41 is the inverse, then it cancels with hy. If by is 7, ,, then

(cpo%cl OLPO%CQ O(po"'o(%ct-Fl Ohl+20"'ohkF)7l)71
(pofe,0p0fg,0p0...07, ., (hiy20...0 heF)~1)7L,
which is of the form with fewer transformations in the inner brackets.
If hy11 is ¢ then we get (poFe, 0poTe, 0po...0(pohg0...0hF)~ )7L
If further Ay is 7,,,, then (¢ o7, 0opoTe, 0po...0(poT. , 0hyzo
.o hpF)~1) 71 If hyy o is the inverse or hj 1o = ¢ then we get . Indeed, if
hi+2 = @ then it cancels with h;y1, and if k4o is the inverse then we get:

- ~ _1v—1yv—1 @8]
(9070 0pomopo...o(plhisgo...ohF) 1))t B

(pofey, 0pofe,opo...op(pohizo...ohF)~1)~L

Continuing these process we will clearly transform to in a way that
these o-polynomials produce EA-equivalent Niho bent functions. O

In this paper, when we say that two o-polynomials F' and F’ define poten-
tially EA-inequivalent Niho bent functions gr and gg-, it means that either in
some cases g and gp are EA-inequivalent, or it is not possible to deduce EA-
equivalence with the developed technics which leaves a possibility that gr and
gr» may be EA-inequivalent.

Below we consider some particular cases of formula .

Corollary 3. Let F' be an o-polynomial defined on Fom. Then o-polynomials

Fo(z) = (an(F(% + c) + F(c)))_l, ¢ € Fom (31)

define a sequence of Niho bent functions gre potentially EA-inequivalent to each
other for different ¢, and EA-inequivalent to Niho bent functions defined by F,
F-L

Proof. o-polynomial is the explicit form of o-polynomial forg=1,k =
2. Indeed,

Ry ) = (57 (1) = (g (F (2 +e) + 7))

Note that F° = (F’)~! for ¢ = 0. Hence, the o-polynomial (F’")~! is included
in the class of o-polynomials F.
—1
For ¢ = 1 we get the function F° = (m (F(% + 1) + 1)) studied in [7] and
which can define a Niho bent function EA-inequivalent to those defined by F,
F~!and (F')~'. For instance, when F(z) = 22', gro is EA-inequivalent to gp,

gp—-1 and g(F/)—l[’?].
Using the equality (8)) for every ¢ € Fom we can write:

Fo = (7)) = ((Fr 0 Fea F)) 7 = (Fepa F)°.

Since F°, F, F~1 and (F’)~! can define four potentially EA-inequivalent Niho
bent functions, we obtain that F;? can define Niho bent functions potentially EA-
inequivalent to those defined by 7ot 1 F, (fex1F) L, ((Fex1F)’) 71, It means that,
for any ¢ € Fam a Niho bent function gre can be potentially EA-inequivalent to
gr, gp—1 and gre,, - [
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Corollary 4. Let F' be an o-polynomial defined on Fom. Then o-polynomials

(Fr)~' = (a%, ((1 + cx)F(l —fcx) + cmF(%)))il, ¢ € Fom (32)

define Niho bent functions g(p«)-1 which can potentially be EA-inequivalent to
each other for different ¢ and EA-inequivalent to Niho bent functions defined by
F, (F))~1.

Proof. o-polynomial is the explicit form of o-polynomial for g =1 and
k1 = 3. Indeed,

(FY) " @) = (apa((F (5 +0) + F@)) =

(ape (5 () o (1)) =
( F

F
T 1 -1
w0 enr () rer(Q))
aF<( +ez) 1+cx o c
Note that (FF)~! = F~1. So the o-polynomial F~! is included in the class
of o-polynomials (F)~! with ¢ = 0.

For ¢ = 1 we get the function (F7)~' = ((z + 1)F(;%7) + 2)~" also studied

in[7], and the Niho bent function associated with it is EA-equivalent to the one

defined by F*° [7]. But in the general case, for arbitrary ¢ € Fam we can’t say

that (F¥)~! defines an o-polynomial EA-equivalent to those defined by F' and
Using equalities and note that (F*)™! = (F')° = (7.1 F')°.

Hence, we can say that (F*)~! = (F’)° defines a Niho bent function potentially

EA-inequivalent to Niho bent functions defined by F’, (F')~! and (F')2,, =

(Fep) ™" N

6.3 The case of o-monomials and the known o-polynomials

Further we study the consequences of the obtained results for the particular
cases of o-monomials and the known o-polynomials.

Lemma 7. For an o-monomial F(z) = z?, the Niho bent functions defined by
F? and F° are EA-equivalent, for any ¢ € F,..

Proof. We have for ¢ # 0
F2(z) = (pofF) ' = (a%x((F(é +c) + F(c)))71 =

(i) 5 ) = el () )

1 d —1 1 d —1 1 1
(oreta((F57) ) = (ore e ((557) +1) =2 (G
CT Cx Cc ApC

From Lemma 1 it follows that Niho bent functions defined by F? and F°
are EA-equivalent for any ¢ # 0. O

From the proof of the previous lemma it is easy to see that for any o-
monomial F'

poTF(x) = . porF(cx), (33)

where 3. = a%cd_l, c€ Fom.
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Lemma 8. For an o-monomial F(x) = 2%, the Niho bent functions defined by
(FX)~Y, (F*)~! and F° are EA-equivalent, for ¢ € ..

Proof. F*(z) = (z 4+ 1)F(3%55) + o = (z + 1)(3%5) + 2.
For ¢ # 0 we have

(Fc*)_l( )= (poT.0opF)” ( G ( (1+ cx) (HLCJ:)—’_C‘xF(%)))_l:
(et (0 en(i575) +ee(2) ) -
d

1\ d d -1 1
(a%,(f) ((1—1—0;10)( o ) +cm>) f(F*)*l( ¢ x)
c 1+cx c a%
Using Lemma 1, we conclude that the Niho bent functions defined by (F*)~!
and (F¥)~! are EA-equivalent for ¢ # 0. According to [7], the Niho bent
function defined by (F*)~! and F° are EA-equivalent, and taking into account

Lemma [7} we get that Niho bent functions defined by (F¥)~!, (F*)~! and F°
are EA-equivalent to each other for any ¢ # 0. O

From the proof of above lemma it is easy to see that for any o-monomial F'
poTeopF(x) =7 pomoplF(cr) (34)
where 7. = a5, ¢ c € F}., F' = ¢F.

Further we will need the following equality, which holds for any o-polynomial
F

poTiopF =1 0pomF. (35)
Indeed,
1
F(z) = (1 (F(
Tropor F(z)=(1+x) T

poT opF(x).

To keep notations as simple as possible, since we are interested in EA-
equivalence of Niho bent functions and coefficients of arguments of o-polynomial
do not affect on EA-equivalence of Niho bent functions as well as coefficient of
o-polynomial, then instead of aF'(bx) = G(z) we will write F' = G for a,b € F3,..

)+1)+1:(1+m)F(1ix)+x:

Lemma 9. Let F' be an o-monomial defined on Fom. Then

T F, ift=0 mod 4;
F. ft=1 d 4;
poTl, Zf mo ) Zf]{?:2t
T1 0 ©F, ift=2 mod 4;
pom ok, ift=3 mod4;
QYOoTg OpoT,0po... I
k 71 0 @F, ift=0 mod 4;
F ift=1 d 4;
pomopk, if mod 45 e p ot i1,
nF, ift =2 mod 4;
pomF, ift=3 mod 4;
where t > 1.
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Proof. Assume that k = 2t, i.e. the orbit in the statment of this lemma has the
form po 7., ocpoT,0po...po07,F. Then

(33)
1) For t =1 we have po 7, F poT F.
2) For t = 2,
(22) &3]

- - - - ) (
poT, 0poTe, F = pof, oponF =~ pomopoT, F & pornoponF =
popoTiopF ~ T 0pF.

3) For ¢t =3,

. . . N . (27
POTe 0POTy 00Tyl R poTy omopl mpoTe 109l = poropF
4) For t =4

- - - JU)) - 2)

POTe 0QPOTe, 0poTe, 0007, FRpoT, oporopF ~T1 0p(pF)~mrF.

Thus for even k ,

N N - - U
()OOTCIO...O(poTCt73O(pOTCt72OSOOTCt71OSDOTCtF%

N N - N 4)
pOTey 0...0p0T, ,oTMF~RpoT,o...0op07, ,F=

T F, if t=0 mod 4;
1
@O%cloTlFQ/)’QOOﬁR ift=1 mod 4;
2
@0?010@0?02071F%)T10¢F, ift=2 mod 4;
3)

YOTe, 0poT,0poTg,omEF RpomnopF, ift=3 mod4;

Note that @F' is an o-monomial, therefore we can apply the previous formula
to the case of odd k. Indeed,
pOTe,0...0p0T, jopOT, ,0p0T,  0poT,(pF)~

710 ok, if t =0 mod 4;
poTi(pF), if t=1 mod 4;
T 0 p(pF) T F, if t =2 mod 4;
pomop(pF)~porn F, ift=3 mod 4;
O
Lemma 10. Let F' be an o-monomial defined on Fom. Then
QOoFe 00Ty, 0p0...(ponF)
k
(porm F)™1, ift=0 mod 3;
(pom(pF) ™)™ ift=1 mod 3; if k=2t
(pomioF 171 ift=2 mod 3,
(36)
(por F~H)=L, ift=0 mod 3;
(pori(F~1)"1)=1  ift=1 mod3; ifk=2t+1,
(poriopF)™, ift=2 mod 3,
where t > 1.
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Proof. Assume that k = 2t, i.e. the orbit in the statement of this lemma has
the form @ o 7., o o7, 0opo...po7, (porF)~t. Then

1) For t = 1 we get:

~ 1 (20) . _1 (18) -
ot (ponF) 'R (7, ocponF)™ ' 'R (p(pot,, ocponF)

. 1y 1y iy

(plpomopote, F)T)™ 'S (plpomoponF) )71 'R (p(riopF) )"
(pom(pF)™ )~

2) For t = 2

??)

—1)-1 (é

. PR L g
poFy, 0poT,(ponF) ' Rpof, (pori(pF) ) = (por(p(eF) H)™H™!

(pom ogaFfl)*l
3) For ¢t = 3,

N i P IR
PoFy 0poF,0poty,(ponF) ' Rpof,(poropF ) m(ponF)"
Thus,
) ) ) N .3
<)OOT01O"'¢0T0g720¢0T0t71oonCg(SpoTlF) ~

~ _ 13
(pOTCIO...<pOTCt73((pOT1F) ~

(pom F)~L, if t=0 mod 3;
1
pof., (pomF)! &)' (pori(pF)~ )7L, ift=1 mod 3;
2
QOTe 0poTe,(porF)t 2 (poriopF 1~ ift=2 mod 3.

Note that from follows that p(p o F)™t = (p(n F)~1)~1 =
(p o F~1)~L. Therefor the case of odd k comes down to the previous case.
Indeed,
QOTe O...pO0Te, ,OPOT, , 0POT,, ogp(onTlF)_l 2
POTe 0. pOTe, ,OPOTe 0poTe(porF )71
(porn P H=1 ift=0 mod 3;
(pom(pF 1))t ift=1 mod 3; O
(poTio@F)™1 if =2 mod 3.

~
~

Lemma 11. Let F' be an o-monomial. Then for ¢ > 3
G
1 ’
(Hi(Ha(...(H,F)7Lo )™ Y xS (ponG) 7Y
pomnG,
where G € {F,(pF)™ Y oF L F7L (pF~YH~1 oF} and H; are defined by
foralll1 <i<gq.

Proof. First consider the following cases:
1. ¢ = 1. It is easy to see that from Lemma [9] follows

(rF)~1 TlF L.
) ponF)! _ nGh
UREY2 (o) ~ﬁ(<pF)‘1; {«oonerl, (7
(poriopF)!
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where G € {F, ¢oF'}
2. ¢ = 2. Obviously from Lemma [10| we have
(Hi(ponF) )t =ponG, (38)
where G € {F, (pF) ', oF L F~ (oF 1)~ oF}.
Using and we get
Gy

(pomGa)™h; (39)
(Hi(ponG) ™) B pornGa,

B2
HionmGyH 1=
(H1(H2F)_1)_1Eg (honGi) {

where
Gl c {Fv @F}v

Gy € {GT1, oGT'} = Ay,

Gy € {G1, (pG1) 1 G Gt (G ) ™ 9Gh) = Ao
It is easy to see that

Ay ={F7 (0F) L oF T (pF 77,

Ay = {F, (pF) ™ oF 1 FH (0F ) 7Y F ).
Indeed,
if we take G = F in Ay, then we get {F, (pF)~Y, oF 1 F~1 (pF~1)~1 oF},
if we take G1 = ¢F, then we get the same set of o-polynomials, since
(ploF) ™) © ((pF—)1) 1 = pF,
Note that all functions in the sets A; and A, are o-monomials.
3. q=3,
—1 Tngl;
- (pomGs)~!,
—1v—1y—1 &9 38) —
(HI(HQ(H?)F) 1) 1) ! ~ (Hl((pOTng)il)il QDOTng

(HyoponG) ! 711Gy 1;~ )
(pomGs)™t,
where Gy € {G5 ", 0G '}, Gs € {Ga, 9G35, (9G2) ™1, Gy, (0G5 1) ™1 0Gal,
G3 € {G2,9Gs}, Gy € Ay, G € As.
Substituting in the corresponding sets o-monomials from A; and As, using ,
we get that G, G3, G3 belong to As, therefore
Tngl;
(Hy(H2(H3F)™') ™) = { 0o Gs;
(pomGs)~,
where Gz € Ay = {F, (pF) Y oF L F7L (pF~ 171 oF}.

(Hl e} 7'1G2_1)

We are going to prove this lemma by induction on the length of orbit ¢q. For
q = 3 the statement of the lemma is true as we saw above. Suppose that it is
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true for any [ < ¢ — 1 and [ > 3. By our assumption:
7'1G1_1;
(pomGi)~,
- —1\— B3) —
(Hy(Ho(-... (HF) ™)) 7 % (Hy(po @) )L '© pon,
-1 7—161713
(L,OO TlG1>_15
where G € A, G1 € {G71, oG}, Gy € {G, (¢G) ™1, oG, G, (oG 1, oG},
G1 € {G, ¢G}. By straightforward computations it is easy to see that all of the
sets are equal to As, thus

(H1 o TlG_l)_l

(HyioponG)

nG™h
(Hi(Ha(...(H,F)7 o )™ DYl x ¢ (ponG)7

QOOTIG;
where G € {F,(pF) L, pF 1, F~1 (pF~1)~1 »F}, which proves our state-
ment. O

Proposition 2. The modified magic action and the inverse map applied to o-
monomials give at most 4 EA-inequivalent functions. For an o-monomial F' the
4 potentially EA-inequivalent bent functions are defined by F, F~* (F')~! and
Fe.

Proof. We use Lemma [TT] and discuss the cases ¢ = 1,2 and g > 3 separately.

1. ¢ = 1. According to (H1F)~! has the following two forms 71G ™1
and (po 7 G)~1, where G € {F,¢F}. The first function obviously defines Niho
bent functions EA-equivalent to one defined by G~! and therefore to those de-
fined by F~! and (pF)~! . The second function defines Niho bent functions
EA-equivalent to one defined by F° ( by Lemma 8 ).

2. ¢q=2. From we have:
Gy
(Hi(HoF)™ 1) ™' = { (pom1G2) ™k
8007'1@2»

where
Gz € {F71 (pF) " oF ™ (pF )71,
Gy e {F,(pF) " oF F7Y (F 1)~ oF ).

Obviously, 1G5 I and po 71G5 define Niho bent function EA-equivalent to
those defined by G5 ! and G respectively, which in their turn define Niho bent
functions EA-equivalent to F, F~1 and (F')~!. (po7.G5)~! defines functions
EA-equivalent to one defined by F°. Indeed, (o 71G2)~! has one of the fol-
lowing forms:

o (por F~ 1)1 (p(r F)~1)~1 (¢ om F)~! defines Niho bent function
EA-equivalent to (¢ o7 F)~! = F°

e (porm opF 17! by Lemma 8 defines Niho bent functions EA-equivalent
to (pom F~ 1)t = (p(nF)~1)~! (¢ o 71 F)~t, which defines functions
EA-equivalent to one defined by (po 7 F)~! = F° ;

o (por(pF)~1)~t (p(riopF)~1)~1 (o o@F)~! defines Niho bent
function EA-equivalent to F°(by Lemma 8);
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o (pon(pF ")) = (pomop(pF) ) @ (ropon (pF) ) & 1y (4o
T1(pF)~1)~! defines Niho bent function EA-equivalent to (¢ o 7 (pF)~ 1)~
which by the previous case defines Niho bent function EA-equivalent to F°.

3. For ¢ > 3 by Lemma
G
(Hy(Ha... (H,F)~' )™ ~ d (ponG)
pomnG,
where G € {F, (pF) ", oF L F~ (pF )71 oF ).

7 G~1 and @ o7 G define Niho bent function EA-equivalent to G~ 1 and G
correspondingly, which in their turn define Niho bent functions EA-equivalent
to F, F~1 and (pF)~L.

(p o 71G) ™! defines Niho bent functions EA-equivalent to F°. Indeed, for G
equals to F~1, (pF) ™1, oF~1 (pF~1)~1 we already prove it in the case ¢ = 2. If
G = ¢F, then (por1G) ™! = (por100F)~! which defines Niho bent function EA-
equivalent to one defined by F° (by Lemma 8). If G = F, then (por F)~1 = F°.

O

Proposition 3. The modified magic action and the inverse map applied to the
Frobenius map, give exactly 8 EA-inequivalent functions corresponding to F,

Ffl, (F/)fl‘

Proof. For the Frobenius map F(z) = 22 we have: F° = (F/)~! = 2T
Hence by Proposition 2, F' can potentially define 3 EA-inequivalent Niho bent
functions corresponding to F', F’ and (F’)~!. This 3 o-polynomials define 3
surly EA-inequivalent Niho bent functions [7]. O

The Payne o-polynomial can be represented via Dickson polynomials. Let us
recall Dickson Polynomials. For every non-negative integer d Dickson poly-
nomials Dg(z) over Fom can be defined by a recursion relation in the following
way:

Do(z) = 0,D;1(x) =z, Dgyo(x) = xDgi1 + Dg(x), for all integers d > 0.
It satisfies the following roperties:

1. Dd o Dd/ = Ddd"

2. If d is co-prime with 2™ — 1, then Dy is a permutational polynomial.

Using Dickson polynomials we can prove the following results for the Payne
o-polynomials.

Lemma 12. Let F(z) = 28 4+ 22 +z¢. Then F2 = (F*)™! for any ¢ € Fom.

Proof. Note first, that F(z) = 25 + 22 + 26 = Ds(x5). Also it is easy to see
that F/ = F. Indeed,

Fl(z) =2F(z ") =2Ds(z" ) =x(z" 5 +27 2 +1
2% + 27 + 26 = Dy(25) = F(x).

Therefore (F’)~* = F~!, and hence,
(F) 7t = ((1eF")) ™ = (r.F)) ™! = F2, for any ¢ € Fam.
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Proposition 4. The modified magic action and the inverse map applied to o-

1 1 5 . . . . .
polynomial F(x) = x5 +x2 + a5 can potentially give EA-inequivalent Niho bent
functions corresponding to o-polynomials F' and F?, ¢ € F5,..

Proof. Immediately follows from Lemma O

Ezample For m = 5 we checked computationally that the o-polynomial F(x) =
Dy (x%) over Fom defines 6 EA-inequivalent Niho bent functions corresponding
to o-polynomials F, F~! and F2, F°;, F°;, where w is a primitive element of

w w>?
Fgm .

Remark The modified magic action and the inverse map applied to Subiaco,
Adelaide and 22" + 22"+2 + 232"+4 o polinomials F can give a sequence of
EA-inequivalent functions defined by o-polynomials on the orbits F, F~!, F°,
(TeF)2, (7e(F"))S and so on.

C

7 The Known Hyperovald]]

Over two decades, finite geometers determined the stabilizers of all known hy-
perovals. In this section we provide an explicit list of all o-polynomials which
provide EA-inequivalent Niho bent functions for every of the known hyperoval.
We start by giving an overview over the number of EA-inequivalent Niho bent
functions for each known hyperoval.

Name Hyperoval Condition Number Ref.
Regular 22 m=1 1 [23, Th. 4.1]
m=2 1 23, Th. 4.1]
m>3 2 [23, Th. 4.2]
Irregular % m >3 3 [23, Th. 4.3]
Translation
Segre 20 m=>5 2 [23, Th. 4.4]
m > 5 odd 4 [23, Th. 4.4
Glynn I ~ g37+4 m > 7 odd 4 Th. [7
o = 92(m+1)/2
Glynn II ~ 2+* m="7 2 Th. [7
oc=4=X |
m > 7 odd 4 Th. [7
o= 2(m+1)/2
A\ = 2F for
m =4k —1;
A = 2341 for
m=4k+1 |

1Some of the results will repeat Section results. We decided to keep both of them, since
we use a mix of algebraic and geometric approach.
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Cherowitzo z° 4+ 212 4 37+t ;=5 10

[23, Th. 4.6]

m > 5 prime 47"'*'73:1_2 Th. EI

m > 5 odd ne(m) [23]
Payne /6 4 g3/6 4 25/6 ;> 5 737"4“27:71_1 Th. [8

is prime |

m>5 np(m) Th. [§

is odd |
Lunelli-Sce m=4 1 [23, Th. 4.1]
(Subiaco) v prim. root

vi=v4+1
Subiaco m=26 3 B2, p. 98]

|Aut| = 60

m =0 6 32, p. 98]

|Aut| =15

m odd 12 [34]

m="7

m odd ng(m) Th. [11]

m> 7 u

m =0 (mod 4) ng(m) Th. [11

m > 6 ||

m =2 (mod 4) Th. [12

m>6

|Aut| = 10e

m =2 (mod 4) Th. [12]

m > 6

|Aut| = 5e/2

5¢{m |
Adelaide m=26 8 [34]

m > 6 na(m) Th. [10

m even |
O’Keefe- m=>5 12 [22], Case 2]
Penttila

Below, for given o-polynomials F} and F5, we denote Fy = F5 if F} and Fy
define EA-equivalent Niho bent functions gr, and gg,.
Note that a matrix corresponding to the transformation ¢ o 7, is

L6

and that ¢ o 7. = a% - (p o 7.). Hence, by Theorem 3| the hyperoval defined
by the o-polynomial F} is obtained from the hyperoval defined by F' using the

2Notice that the reference claims 1 + 110 instead of 1 + 11 orbits due to a typo.
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following transformation matrix (the first matrix in the product corresponds to
the inverse transformation):

010 0 0 1 0 a% aS%F(c)/c
1 00 0 a% a%F(c)/c|=1(0 0 1
0 0 1 1 0 0 1 0 c

That is,

corresponds to the map
0
A% =10
1

Also recall that the choice of an o-polynomial for a given hyperoval H only
depends on which point of H is chosen as nucleus, so the o-polynomial is deter-
mined by the preimage of (0,1,0). We have

AS (e, F(c), DT = (a%F(c) + a%F(c)/c,1,¢ +¢)T = (0,1,0).

Hence, F? = F3 if and only if ((¢, F'(c),1)) and ((d, F'(d),1)) lie in the same
point orbit of the stabilizer of H. To summarize, we have the following:

(a) F2 = FY? if and only if ((¢, F'(c),1)) and ((d, F(d), 1)) lie in the same point
orbit;

(b) F = F? if and only if ((0,1,0)) and {(c, F'(c),1)) lie in the same point orbit;

() F~! = F? if and only if ((1,0,0)) and {(c, F(c),1)) lie in the same point
orbit;

(d) F = F~!if and only if {(0,1,0)) and ((1,0,0)) lie in the same point orbit.

As guidelined in [8] we use the known results on orbits of the known hyper-
ovals to get the explicit numbers and representations for o-polynomials which
provide o-equivalent but EA-inequivalent Niho bent functions for each of the
known hyperoval.

Lemma 13. Let m > 3. The two o-polynomials obtained from the reqular
hyperoval H, that is F(z) = 22, are (up to EA-equivalence for the corresponding
Niho bent functions) F and F~1.

Proof. By [23, Th. 4.2], one point orbit is the nucleus N and the other point
orbit is H \ {N}. Hence, F~! is a representative of the second orbit. O

Lemma 14. Let m > 3. The three o-polynomials obtained from the irregular
translation hyperoval H, that is F(x) = 22 with i > 1 co-prime to m, are (up
to EA-equivalence for the corresponding Niho bent functions) F, F~! and Fy.

Proof. By [23, Th. 4.3], one point orbit is the nucleus N = (0, 1,0), another
point orbit is N’ := (1,0,0), and the last point orbit is H \ {N, N'}. Hence, F,
F~1 and F{ are representatives of the three orbits. O
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Lemma 15. Let m > 5 be odd. Consider the Segre hyperoval H, that is F(x) =

28.

(a) If m = 5, then the two o-polynomials obtained from H are (up to EA-
equivalence for the corresponding Niho bent functions) F and FY.

(b) If m > 5, then the two o-polynomials obtained from H are (up to EA-
equivalence for the corresponding Niho bent functions) F, F~', F§, and
Fy.

Proof. By [23, Th. 4.4], for m = 5 the point orbits of H are {(1, 0, 0), (0, 1,0), (0,0,1)}

and all the remaining points. Hence, (0,1,0) and (1,1,1) are representatives,

so we can choose F' and F} as representatives. For m > 5 the first orbit splits

into three orbits, so we have to add F~! and F§ to the previous list. O

Theorem 7. The collineation stabiliser of a Glynn hyperoval has 4 orbits unless
it is of type II and m = T7.

Proof. First consider the case Glynn I. By [23] Th. 4.4] we have 4 orbits unless
(30 +4)? — (30 +4) + 1 =0 (mod 2™ — 1). This simplifies to

9.2m+t 4 91.20mFD/2 4L 13 =31 4+ 21.20mFD/2 =0 (mod 2™ —1).

One can easily check that this is never satisfied.
Now consider the case Glynn II. By [23, Th. 4.4] we have 4 orbits unless
(c+MN2—(c+A)+1=0 (mod 2™ —1). For m = 4k — 1, this is

oBmAT)/4 _om+1)/4 L 3 = (mod 2™ —1).

Equivality holds only for m = 7 as for m > 7 the left hand side is smaller than
2™ — 1. The caluclation for m = 4k + 1 is similar. O]

Similar to Lemma [I5} we obtain the following.

Lemma 16. Let m > 7 be odd. Consider a hyperoval H of type Glynn I or
Glynn I

(a) If m = 7 , then the two o-polynomials obtained from H are (up to EA-
equivalence for the corresponding Niho bent functions) F' and FY.

(b) Otherwise, the four o-polynomials obtained from H are (up to EA-equivalence
for the corresponding Niho bent functions) F, F~', F§, and FY.

Theorem 8. The number of orbits of the collineation stabilizer of the Payne
hyperoval H is given by 3 + 2m
of orbits are given by

if m is a prime. More generally, the number

m

np(m) =3+ > |F3\ |J Ful|/@0.

£|m, e>1 h| £, h<t

For w a primitive element of Fy and ¢ = w?", we get F? = F5 if and only if
d=w?" ord=w2" for somei € {1,...,m}. The o-polynomials F and
F~1 define Niho bent functions EA-inequivalent to those defined by all other
o-polynomials from H.
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Proof. By [23, Th. 4.5], the orbits are {(0,1,0)}, {(1,0,0),(0,0,1)}, and sets
Hoo= (" f(w"?),1) i =1, my U{(L f(@™?),w") ri=1,...,m},

where w is a primitive element of F,. Notice that #H, is {(1,1,1)}. For m
prime it is easy to see that each orbit H, has length m for n > 1, hence the

2m;11_1. In general, if w™ € Fy with ¢ | m, then

total number of orbits is 3 +

{ (w”)z} € Fy. This yields the general formula.
The description of the equivalence of F? and F); follows directly from the
explicit description of the orbits. O

For example for m = 5, the previous result gives the following representatives
for all 6 o-polynomials which can be obtained from the Payne hyperoval:

F, P, F, Fg, Foa, F

wr Faw3dr Fwd

Theorem 9. The number of orbits of the collineation stabilizer of the Cherow-
gm—1"4

itzo hyperoval is given by 4 + 2 if m is a prime. More generally, the

number of orbits are given by

ne(m) =3+ Y |[F*2)\ |J Ful/t

| m h | £, h<£

For w a primitive element of Fy and ¢ = w?", we get F2 = FS if and only if
d = w?™ for some i € {1,...,m}. The Niho bent functions gr and gr-1 are
both EA-inequivalent to Niho bent functions defined by all other o-polynomials
from H.

Proof. Corollary 4.5 in [2] describes the stabilizer as
{(2,y,2) = (2%, 9%, 2%) : v € Aut(Fg) }.

The rest of the calculation is similar to the Payne hyperoval, just that this time
the first and second coordinate cannot be interchanged. O

Theorem 10. Let [1]:=6+ 67, Forc € F,, let

h—1
Oci={c" + Y 1 1i=0,....2m—1}.

i=1

The number of EA-inequivalent Niho bent functions obtained from the Adelaide
hyperoval is na(m) = 2+ |{O. : ¢ € Fy}|. In particular, for fized ¢ € F,,
the Niho bent functions defined by the o-polynomials F, F~', F° are pairwise
EA-inequivalent. Furthermore, gre and grs are EA-equivalent if and only if
deO..

Proof. In [31, Eq. (9)] (in a slightly different representation) the stabilizer of
the Adelaide polynomial was determined as the cyclic group generated by the

map
2

10 [\ [ =
b:z— [0 1 [1] F(x)
0 0 1 1
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From this it is easily verified that 6 fixes (0, 1,0) and (1,0,0), so gr and gp-1 are
not EA-equivalent to those functions defined by any of the other o-polynomials.
Furthermore, it is easily checked that the orbit of (¢, F(c),1) is

{(z,F(z),1) : x € O.}. O
Theorem 11. Let m > 7 with m # 2 (mod 4), let
Opi={zV""2 i=0,... 2m—1}.

The number of EA-inequivalent Niho bent functions obtained from the Subiaco
hyperoval is ng(m) = 2+ |{O. : ¢ € Fg}|. In particular, for fired ¢ # 0,1,
the o-polynomials F, F~Y, Fg, F° provide pairwise EA-inequivalent Niho bent
functions. Furthermore, gre and grs are EA-equivalent if and only if d € O,.

Proof. By [24, Th. 13, Th. 16] (see also [I7]), the stabilizer of the Subiaco
hyperoval H is generated by the map

00 1 z \°
f:z— (0 1 O F(x)
10 0 1

From this it is easily verified that 6 fixes (0,1,0), {(1,0,0),(0,0,1)}, (1,1,1), so
Niho bent functions defined by F, F~! = F§ and F} are not EA-equivalent to
those defined by any other o-polynomial obtained from . Furthermore, it is
easily checked that the orbit of (¢, F(¢),1) is

{(z, F(x),1) : z € O.}. O

For m = 2 (mod 4) there are two types of non-equivalent hyperovals, see
[33]. In particular, from Theorem 6.6 and Theorem 6.7 in [33] we obtain the
following. We are not aware of any nice description of the orbits of the given
groups, but the information is sufficient to calculate all o-polynomials efficiently.

Theorem 12. Let m > 6 with m =2 (mod 4).

(a) If F(z) = % + 22, then gp is EA-inequivalent to all gre and

we have F~1 = F§. Furthermore, F° = F3 if and only if (¢, F(c),1)" =
(d,F(d),1) for an element h of the group (of size 10m) generated by

(i) (x,y,2) = (2,y,2),

(ii) (z,y,2) — (v + 52,y + 822, 2),

(iii) (z,y,2) — (22 + 6222, 2% + 6y, 2?).

(b) If F(z) = % + 6212, then gp, gp-1, and gre are pairwise EA-
inequivalent. Furthermore, F2 = F$ if and only if (¢, F(c),1)" = (d, F(d),1)"
for an element h of the group (of size 5m/2) generated by

(i) (z,y,2) — (x%,y%,2%) for o € Aut(F) with 6% =,
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The O’Keefe-Penttila hyperoval for m = 5, which is not known to belong to
any infinite family, is stabilized by the group generated by

1 01
1 10
100

Hence, most orbits have the form {(c, F(c),1),(1 + ¢ 1,1+ ¢ F(e), 1), ((1 +
¢)71, ¢ (14 F(c),1)}. Then, representatives for the 14 o-polynomials obtained
from the hyperoval and defining EA-inequivalent Niho bent functions are

—1 o o o o o o o o o o
F7 F I Fw7 leo, Fw14, F 16 4 F 19 .

w2y Twty Lwdy LT Fwds w w

Here w is a primtive element of Fos.
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