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Abstract

We first introduce a family of binary pg?-periodic sequences based on the Euler quotients modulo
pq, where p and ¢ are two distinct odd primes and p divides ¢ — 1. The minimal polynomials and linear
complexities are determined for the proposed sequences provided that 2971 £ 1 mod ¢°. The results

show that the proposed sequences have high linear complexities.
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I. INTRODUCTION

We will begin by the following definition of the Euler quotient modulo a product of two
distinct odd primes. Let p and ¢ be two distinct odd primes. For a nonnegative integer ¢ that is
relatively prime to pg, the Euler quotient ¢(¢) (mod pq) is defined as a unique integer in Z,,

with
ppPa) _ q

Y(t) = Ty (mod pq), (1)

where ¢(-) is the well-known Euler-phi function. We also define ¢(¢) = 0 if ¢ and pq are not

relatively prime.
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It can be seen easily that the Euler quotient has the following property:

Ut + kpq) = (t)+kt ™ (p—1)(g—1) (mod pq). 2)

where ¢,k € 7Z and t is relatively prime to pq.

In 2010, Chen, Ostafe and Winterhof [11] introduced families of binary sequences using
Fermat/Euler quotients. Since then several nice cryptographic properties of these sequences were
proved in [3]-[8]. Based on the distribution and algebraic structure of the Fermat quotients,
the linear complexity was determined for a binary threshold sequence defined from Fermat
quotients [8]. Naturally, the definition of the Euler quotient can be generalized by the Euler’s
Theorem [1]. Chen and Winterhof extended the distribution of pseudorandom numbers and
vectors derived from Fermat quotients to Euler quotients [6]. Moreover, linear complexities
were calculated for binary sequences derived from Euler quotients with prime-power modulus.
Trace representations and linear complexities were investigated for binary sequences derived
from the Fermat quotient [3]. Subsequently, a trace representation was given for a family of
binary sequences derived from Euler quotients modulo a fixed power of a prime [4]. Chen and
Winterhof generalized the Fermat quotient to the polynomial quotient in [7]. Then the k-error
linear complexity was determined for binary sequences derived from the polynomial quotient
modulo a prime [5] or its power [22], respectively. In [23], a series of optimal families of
perfect polyphase sequences were derived from the array structure of Fermat-quotient sequences.
All of the above results show that pseudorandom sequences derived from Fermat quotients,
Euler quotients or their variants can be regarded as an important class of sequences from a
cryptographic point of view.

In this paper, we study binary sequences derived from the Euler quotient modulo pq. Using
the same notation as above, a binary threshold sequence s = {s;|t € Z,t > 0} from the Euler
quotient modulo pg can be defined as
®)
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For our purpose, we introduce the concept of the linear complexity of binary sequences now.
The linear complexity of an N-periodic sequence a = {a;|i € Z,i > 0} over the binary field

[Fy is the smallest nonnegative integer L for which there exist elements ¢y, ¢, - -+ , ¢ € Fy such



that
a;+cr-a;1+---+cp-a;_ =0, forall i> L.

N-1
Let A(x) = > a;x* € Fy[x] be the generating polynomial of a. By [12], the minimal
i=0
polynomial of a is defined as
B V-1
~ged(zN — 1, A(z))’

where gcd(+, -) denotes the greatest common divisor of two polynomials over Fy and the linear

M, (x)

complexity of a is

L(a) = N — deg(ged(z™ — 1, A(x))).

Note that the linear complexity is of fundamental importance as a complexity measure for binary
sequences in sequences designs [12], [15], [16]. Besides the measure of the linear complexity for
sequences, other measures are also required according to different specific requirements from
applications, for example, low autocorrelation or cross-correlation [24], [25], good nonlinear
properties [18], [26], [27], and k-error complexities [9], [10]. For a binary sequence to be
cryptographically strong, the linear complexity of the sequence should be at least a half of the
least period of the sequence in order to resist the attack of Berlekamp-Massey algorithm [12],
[20].

The main contribution of this paper is to determine the minimal polynomial and the linear
complexity of the sequence defined in (3). We state our main result as follows.

Theorem 1: Let p and ¢ be two distinct odd primes with p dividing ¢ — 1. Assume that
2971 £ 1 (mod ¢?). Then the binary threshold sequence s defined in (3) has period at least pg®.

The minimal polynomial of s is

D,2(x), if =1 (mod4),

MS(:E) _ pq2( ) . q ( )
(I)pq2 (.Z')(I)pq(l’), if q= 3 (HlOd 4)7

where ®,,(x) denotes the n-th cyclotomic polynomial for any positive integer n and the linear

complexity of s is
(p—1(*—q), if ¢=1 (mod4),
L(s) =
(p—1)(¢?—1), if ¢=3 (mod4).
To the best of our knowledge, this is the first time to introduce this kind of sequences on

basis of the Euler quotient modulo a product of two distinct odd primes. Under the condition



that p divides ¢ — 1, we will show that the binary sequence has period at least pg®. Furthermore,
minimal polynomials and linear complexities of this class of binary sequences are determined.
It turns out that the proposed sequences have high linear complexities and may be useful in
cryptography and digital communications.

By using the generalized cyclotomic techniques, one can also construct other binary sequences
with period pg?. We refer the reader to see [2], [13], [17] for more details. We emphasize that our
results are new. In particular, we point out that our results are not one special case of Theorem
4.2 of [17] although both may give a sequence with period pg?. In fact, this can be seen easily
by comparing linear complexities of the two families of binary sequences.

In the rest of the paper, we give a proof of the above theorem in Section II, and conclude

with a few remarks in Section III.

II. PROOF OF MAIN RESULTS

In this section, we are devoting to the proof of the main results.
We first show that pg® is one of the periods of sequence s under the condition that p is a

divisor of ¢ — 1. Setting k = ¢ in (2), we see that

Y(t+pg®) =(t)  (mod pq)

which implies s;,,,2 = s, for all ¢ > 0. Thus the sequence s is periodic with period pg*. We
will demonstrate that pg? is the least period of the sequence s in the following lemma.
Lemma I: With the notation above, the sequence s has period at least pg?.

Proof: We first prove that pq is not a period of the sequence s. By (2), we have

Yipg+ 1) =)+ p-1@-1)=(@-1)(¢—1) (mod pg).

It follows from 2(p — 1)(¢ — 1) —pqg = (p — 2)(¢ — 1) — p > 0 that the (pg + 1)-th term of
the sequence s is equal to 1, i.e., 5,1 = 1. Note that sy = 0 # 1 = 5,441 according to the
definition of the sequence s. Hence pq is not a period of the sequence s.

Now we prove that ¢? is not a period of the sequence s. We can assume that ¢ is a period of the
sequence s. Let k = [ﬁ]. It follows from (2) that ¢(—1+4kpq) = k(p+q—1) (mod pq) and
thus s_; 4, = 1. This means that the sequence s satisfies s_1ppg12 = S_14kpq = 1. However,
we have s_1 3,142 = 0 according to the definition of the sequence s and ged(kpg—14¢%,pq) =

ged(kpg + (¢ — 1)(¢+ 1), pq) = p. It follows that sy, 1442 7# Skpe—1, @ contradiction.



Hence the least period of the sequence s is pg?, which completes the proof of the lemma. W

For any integer n > 2, we denote by Z, = {0,1,--- ,n— 1} all representatives for the residue
classes of integers modulo n and by Z; all representatives that are relatively prime to n in Z,,,
respectively. Since the least period of s is pg®, we restrict the action of ¢) on Z,,> sometimes.
With a slight abuse of notation, we shall still use the same symbol v to denote this restriction
of the Euler quotient on Z,.

Let g € Z;q2 be a fixed common primitive root of both p and ¢?. The Chinese Reminder

Theorem(CRT) [14] guarantees that there exists an element / of Z; .2 such that

g (mod p),
1

h
h (mod ¢?).

Put d = ged(p—1,g—1) and e =lem(p —1,¢ — 1) = (p — 1)(¢ — 1) /d where Icm denotes

least common multiple. Then the unit group Z; , of the ring Z,,2 [13] can be written as follows
Zro={g'h : 0 <i<qe0<j<d} (4)

The following lemma shows that the map v is a group homomorphism when we restrict the
action of the map ¢ to the unit group Z_ ..

Lemma 2: Let v : t — 1)(t) be the map from (Z; »,-) to (pLyq,+), where pZyg = {lp | 0 <
| < q — 1} contains exactly all of the residue classes which are divisible by p in the addition
group Zyq. Then 1) is a surjective group homomorphism.

Let g and h be defined as above. Then the image and kernel of 1 is given as

Img () = PZLpq

and

Ker(4) = (g%, h) = {g" W} | 0 <i<e,0<j<d},

respectively.

Proof: Note that tP~! = 1 (mod p) for t € Ly - We can write tP~1 =1 + ¢'p for some
integer t'. Substituting it into (1), we have
(1+tp)rt—1

pq
as p divides ¢ — 1. This means that ¢(¢) is divisible by p and thus the map ¢ is well defined.

W(t) =p(t) = =t'(¢—1)¢g ' =0 (mod p)




For u,v € Z;q2 it follows from the Euler’s Theorem that

(uv)?P) — 1

b(ww) =
bg
(uw) PP — #P2) 4 q2Pa) ]
N pg
:uw(pq)w(v) + b (u)

=(u) +1(v) (mod pq)
which yields the map v is a group homomorphism.
Now we show that the map ) is surjective. There exists some integer t; such that g9~! = 1+¢,¢
with ¢; #Z 0 (mod g¢) since g is a primitive root in Z7,. This implies that
g#r) — 1 _ (14 tig)P ' —1

W(g) = - = - =ti(p—1p ' Z0 (mod q).

Note that ¢)(g) =0 (mod p). It follows from the CRT that there exists some positive integer

a with a € Zj; such that
Y(g) =pa#0 (mod pq).

It follows that pa is one generator of the addition group pZ,,. Consequently, the map v is
surjective and Img(v)) = pZ,,.
It is known that both ¢(g) and v (k) are divisible by p. Also,

Y(g?) = qb(g) =0 (mod q).

On the basis of the CRT, we have 1)(¢g?) = 0 (mod pq). Hence g? € Ker(¢). Observe that h = 1
(mod ¢?). We can write h = 1 + ¢*h;. Hence
hera) _ 1 (14 @%hy)PPD) — 1

U(h) = TR =p . =0 (mod q).

Combining the above equation with ¢)(h) = 0 (mod p), we get h € Ker(1)). Therefore, we have

{(g")'n?  (mod pg®) |0 < i <e,0<j<d}=(g"h)C Ker(¥)).

Now we need to show that the kernal Ker(¢)) and the subgroup (g9, h) have the same
cardinality. By the Third Isomorphism Theorem [21], we have

Lz /(9" h) = ((g, 1) /{R)) (g™, 1) /(h)) == (9)/(g")-



This yields that ¢°(g?, h),g' (g%, h),--- , g9 (g% h) are all cosets of the subgroup (g%, h) of
Zy - 1t follows that |(g?, h)| = (p—1)(¢ —1). On the other hand, according to the Fundamental

Homomorphism Theorem [21], we see that

(r—1)(g =g
Ker = =p—1)(¢g—1
()| = 2y = 2= (-1 1)
and so (g7, h) = Ker(%)). This completes the whole proof of the lemma. [

Note that Lemma 2 gives that ¢/(g) = pa (mod pq) with some a € Z;. This means that ¢/(g) =
pa (mod q) by the CRT. Let b be the inverse of @ in Z, i.e., ab = 1 (mod ¢). Define § = ¢°
in Z;qQ. Then

¥(9)

b-¢(g) (mod pg)

by the homomorphism property of the map 1. It follows from ¢(g) = pa (mod ¢) that

P(g) =pab=p (mod q).

Combining the above equality with ¢(g) = 0 (mod p), we get ¥(g) = p (mod pq). The
following lemma describes a partition of Z; , which will give a new explanation of the definition
of the sequence s.

Lemma 3: Let g be an element in Z; , with ¥(g) = p (mod pq). Define

Dy={t: () =4() =pl (mod pq),t € Z,.}

and

Dy=§'Do={g"-t (mod pg):t€ Do}

for ¢=0,1,---,q—1. Then Z , = U Dy and Dy = D, for all £ € 7Z,.
=0
Proof: We first prove that Dg D, for all ¢ € Z,. Note that Lemma 2 gives that Dy =

Ker(v). It is easy to see that for 'ty € D, with ty € Dy = Ker(¢)) we have

W(g'to) =1-9(g) +(to) = lp  (mod pq).

This implies that ﬁg C D,. Conversely, for t € Dy, we have

P(t) =pl =1(g) = (") (mod pq)

and thus

@z}(%) ~0 (mod pg)



by the homomorphism property of ). This means that

t
7 € Ker(y)) = Dy.

Therefore, there exists some element ¢, € Dy such that
t

P =ty (mod pq).

Hence we have t = §* -ty € §'Dy = Dy and so Dy = D,. This completes the whole proof of
the lemma. [ ]

By the definition of Dy and D, , Lemma 3 gives that |D,| = |Dy| = (p — 1)(¢ — 1) for
(=0,1,---,g—1.Let P={t:t € Z,p,gcd(t,pq) # 1}. The sequence s can be rewritten as

0, if tEDO"'UD(q_l)/QUP,
1, if te D(q+1)/2 y--- Dq_l.

St =

The new explanation of the sequence s will be helpful to determine linear complexities. We will
make extensive use of the following lemmas for completing the proof of Theorem 1.

Lemma 4: For any 0 <i < q, if u (mod pg*) € D; for some 0 < j < q, we have
uD; = {uv (mod pg®) : v € D;} = Dy

where all the subscripts are certainly understood modulo q. In particular, D,; = §"D; for
0<r<qg-—1.
Proof: If w € D; and v € D;, then u = Fug and v = §'vg with ug, vg € Dy. Hence
w = §Mugug € "Dy = D;y;. This implies that uD; C D, ;. Conversely, it can be seen
easily that D;,; C uD);. This finishes the proof of the lemma. [ ]
The study of the behavior of the coset D, under modulo various divisors of pg? leads to a
number of useful lemmas.

Lemma 5: For 0 < { < q, we have the following two multiset equalities
{u (mod p):ue€ D} =(q—1)*7Z,

where (g — 1) Z,, is the multiset in which each element of Z,, appears with multiplicity q — 1,
and

{u (mod q):ue€ Di} = (p—1)*Z,

where (p — 1) % Zy is the multiset in which each element of Z;, appears with multiplicity p — 1.



Proof: For u € D, with some fixed ¢ € Z, it can be written as u = §‘g?h? for 0 <i < e
and 0 < j < d. Recall that § = ¢* with some fixed b € Z} in Lemma 3. Then u = g?**h/ in
Z

pg2 and so

w=ggPh = g = g (g9 (mod p).

According to ged (p —1,¢) = 1, we see that g7 is also a primitive root of Z;. If we fix some
jo € Zq, then (u = g#*+*** (mod p)) runs through Z* when i run throughs Z.. Now we count
the multiplicity of each element in Z; when ¢ and j run through Z. and Z, respectively. Assume

that

qi+bl+70 ag

uU=g =g¢* (mod p)

where 0 < ag < p — 2. This means that
qi =ag—jo—bl (modp—1)
for i € Z.. According to ged (p — 1,¢) = 1, it is equivalent to
i=q '(ao—jo—bl) (modp—1).

There exists “* many solutions in the form of ig,io+ (p— 1), - ,io + (5 — 1)(p — 1). Note
that jo has d choices. This implies that there are (¢ — 1) many elements of D, mapping into one
element in Z;. In a similar manner, we can prove the second multiset equality in the lemma.
This completes the whole proof of the lemma. [ ]

Lemma 6: For 0 < { < q, we have
{u (mod pq) : v € Dy} =7Z,,.

Proof: It is obvious that the map from D, to Z’, with v — u (mod pq) is well-defined.
Thus it is sufficient to prove that the map is one-to-one since both D, and Z;, have the same
cardinality.

For u1, us € Dy, we write u; = §*g? k7' and uy = §°g?2h72 with iy, iy € Z and ji, jo € Zg

respectively. Assume that
G TR = uy = uy = §°g™h? (mod pq).

We will illustrate that ¢; = i, and j; = 7js.



10

Note that
g™ R = "k (mod pq)
as gcd(g, pg) = 1. It follows from the CRT that
gt = g2 (mod p),
g™ =g" (mod q).
This implies that
qi1 + j1 = qia + j2  (mod p — 1),
¢i1 = qis  (mod ¢ —1).
Note that d = ged(p — 1, g — 1). It follows from the above equality that
qi1 + j1 = qis + jo  (mod d),
qi1 = qis  (mod d).
This gives that

J1=Jo (mod d).

Since j; and j, belong to Z,;, we have j; = jo. In the following, we will show that 7; = 75 on

the basis of the fact that j; = jo. Now we have
qi1 = qis  (mod p — 1),
qi1 = qis  (mod g — 1).
Since ged(q,p — 1) = ged(q,q — 1) = 1, it follows that
i1 =1y (mod p—1),
i1 =iy (mod g —1).

Recall e = (p— 1)(¢ — 1)/d = lem(p — 1,q — 1). It follows from the above equations that
iy =1y (mod e).

Since ¢; and i, belong to Z., we have i7; = i5. This completes the whole proof of the lemma.
|
Lemma 7: Let g, g € Z;qQ be the same notations as above. For 0 < ¢ < ¢, we have the

following multiset equality

{u (mod ¢*):u€ D} =(p—1)*d"g"),
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where g and g denote (§ (mod ¢?)) and (g (mod ¢?)), respectively. The set g°(g?) is contained
inZ;, and (p—1) +g‘(g?) is the multiset in which each element of g‘(g¥) appears with multiplicity
p—1.

Proof: Note that

w=g'g" W = §'g" 1= §'(g")" (mod ¢?).

This means that (u (mod ¢?)) belongs to g‘(g) indeed. So the map from D, to g‘(g?) with
u — u (mod ¢?) is well-defined. Now we count the multiplicity when u runs through the set

D,. Assume that
g'(g)" = g"(a”)™ (mod ¢°)
for some fixed ag € Z,_;. It follows that
qi =qap (mod g — 1),

1.e.,

i=ap (modgqg—1).

There exists 1%1 many solutions for i € Z, in the form of ag, ag+(¢—1),- -, a0+(’%1—1)(q—1).

Note that j € Z, has d choices. Altogether, there are (p — 1) many elements of D, mapping
into one element in g‘(g?). This finishes the proof of the lemma.

|

Define Dy(x) = > 2" € Fy[z|. There exists an important connection between the polyno-

mial D,(x) and theuiﬁélotomic polynomial ®,,(x) that will allow us to determine the minimal

polynomial of sequences s.

Lemma 8: Let +y be a fixed pg*-th primitive root of unity and v an element in Z,,2. Then

1, if  ged(v,pg®) =g,

Dy(v") =
(7 ) 0, if ng(U,pQZ) S {p,anQQ}
and
Dy(z) = 1 (mod ®p(1)),
0 (mod (B (2)B,(2)D(2)).

Proof: We distinguish two cases according to the distinct value of the greatest common

divisor of v and pg>.
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1) For v € Z,,» with ged(v, pg*) = g, it follows that 4 is a pg-th primitive root of unity. On
the basis of Lemma 6, we have
=Y =D ("
u€D, uEZ;‘)q

Note that > v is equal to the sum of all pg-th primitive roots of unity that is also

uEZy,
the coefficient of the second highest term of the cyclotomic polynomial ®,,(x). According
to Exercise 2.57 of [19], we see that
O, (2P) 2Pl a2 4o
d =1 =
va() D, (x) i1+ g2 4... 41

This indicates that

— D=1 4 1. pe-Dle=D-1

:Z,Yuv: Z,yuv:

u€D, ’LLEZ;;q
for v € Z,,2 with ged(v, pg?) = q.
2) For v € Z,2 with ged(v, pg®) = ¢, it follows that 7* is a p-th primitive root of unity. It

follows from Lemma 5 and the even parity of (¢ — 1) that

27 (g—1) Z( =(qg—1) Zy =0 (mod 2).

u€Dy u€Zy, u€Zy
For v € Z,,2 with ged(v,pg*) = pq or p, then 7" is a g-th or ¢*-th primitive root of unity
respectively. Using the similar argument, it follows from Lemmas 5 and 7 and the even
parity of (p — 1) that ) ., 7" = 0 in this case.

It follows from the definition of cyclotomic polynomials that

1 (mod Py (),
0 (mod ®,,(z)) if n = p, q or ¢*

Therefore, we get the desired result since the cyclotomic polynomials ®,(z), ®,(z) and @, (z)

over [y are relatively prime. [ ]
Lemma 9: For v € Z,,2, we have
q—1 : 2
Y o 1, if  ged(v,pg®) = q,
2 D)= ) = .
=0 wez , 0, otherwise.
Proof: For v € Z,, with ged(v,pg®) = 1, we see that > ¥ equals exactly the

uezZ” .
Pq

coefficient of the second highest term of the pg*-th cyclotomic polynomial ®,2(z). It follows
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from the properties of cyclotomic polynomials (see Exercise 2.57 of [19]) that ®,,2(x) = ®p4(29).
This gives the second highest term of the pg?-th cyclotomic polynomial ®,,2(x) is equal to zero

and so ZUGZ;QQ v =0 for v € Z,, with ged(v,pg?) = 1.

q—1
Recall that Z7 , = szjo Dy. For v € Z,, with ged(v,pg®) € {pq,p,q¢*}, it follows from
Lemma 8 that

27 227 (g—1)-0=0 (mod 2).

uEZ;qQ (=0 u€Dy
For v € Z,, with ged(v, pq*) = q, it follows that 4" is a pg-th primitive root of unity. On
the basis of Lemma 6, we have
qg—1 qg—1
)DRUEDI) ILLED D SELETD SECED SRLEITE)
uGZ;qQ £=0 ueDy =0 ueZy, u€EZy, u€EZy,
This concludes the whole proof of this lemma. [ ]
We are now in a position to give a proof of Theorem 1.

q—1
Proof of Theorem 1: For j € Z,, we denote A;(z) = > Dy (x), where all the subscripts

_g+1
=%

are understood modulo ¢ here. Note that Ag(x) = > Dy(z) is the generating polynomial of

(= qul
the sequence s exactly. Now we claim that A;(y) # 0 Tor all J € Z,.
we first prove 2 € Dy under the condition that 277! £ 1 (mod ¢?). Suppose that 2 € Dy, i.e.,
¥(2) = % =0 (mod pq) according to the definition of Euler quotients. This implies that

ov(ra) _ 1
bg

0 (mod q)

and thus
200 — (20-1P=1 =1 (mod ¢?).

This means that the order of 277! (mod ¢?) is a factor of p — 1. However, it follows from
2971 £ 1 (mod ¢?) that the order of 277! (mod ¢?) is exactly equal to ¢. This implies that ¢
divides p— 1, which contradicts the condition that p < ¢q. Hence, there exists some fixed nonzero
0 € Zg such that 2 € D,.

In the following we argue by contradiction. Assume that there exists some j, € Z, such that
Aj,(7) = 0. By Lemma 4 we get

1

0= A5 (M = A5 (V*) = Njorin ()
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for any ¢ € Z,. According to o # 0 in Z,, the number j, 4 i0 runs through Z, when ¢ runs
through Z,. This means that A;(y) = 0 for all j € Z,. In particular, we can choose Ay(7y) = 0.

For any v € D; with j € Z,, it follows from Lemma 4 that

q—1 q—1
M(y") = D Di(v") = > Dijly) = Aj(7) =0.
p—atl g—atl
2 2
Note that Z; U D;. It is immediate that Ag(7y”) = O for any v € Z; ,. Thus the

cyclotomic polynomlal <I> »2(x) divides Ag(x). By Lemma 8, we see that ®2(x) divides Ag(x).
Then @2 (2)P,2(x) divides Ag(z) since ged(Pp2(x), Ppe(x)) = 1. On the basis of Exercise
2.57 of [19], we have

D2 (2) D2 () = B2 (2P) = D,y (2P9) Z 2P,
We write
Ao(z) = D (a?)m(x) (mod 2P —1).
Note that
P4 (qu - Z 29P1 = Z 2Pl = qu) (mod 2P 1).
7=0

t—1
We can restrict deg 7(z) < pg and thus 7(z) can be written as m(z) = Y ¥, where 0 < vy <

i=0
vy < - <1 < pq. Then
t—1 q—1 t—1 qg—1
Ao(z) =7  (2P) = Zx” ZSB = 2% (mod 2P — 1).
=0 j=0 i=0 j=0
t—1g-1 _
However Ao(x) has £ (p—1)(¢g—1)* terms and >~ > x*"/7 has gt terms, which is a contradiction

i=0 j=0
since the prime ¢ does not divide %(p —1)(qg — 1)% 1t follows that A;(~y) # 0 for any j € Z,.
This implies that A;(7") # O forall v € Z7 , and 0 < j < g. In particular, we have Ag(7") # 0

for all v € Z;q2. By Lemma 8, for v € Z,,;» and 0 < j < g we get

0, if ged(v,pq®) € {p,pq. ¢*, pg*},
o if  ged (v, pg®) =q.
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This implies that (z—1)(®,(2)P,(x)P2(x)) divides Ag(x) if ¢ = 3 (mod 4). Hence the minimal
polynomial for the case of ¢ =3 (mod 4) is

a1

(= 1)Pp(2) Py () Py2()

by using the basic properties of cyclotomic polynomials. In a similar manner, if ¢ = 1 (mod 4),

Ms(r) = = q)pq2(x)q)pq(a7)

then ®,,(z) divides Ag(z). This yields that the minimal polynomial for the case of ¢ = 1
(mod 4) is

P’ —
(2 = 1) (P () Py () Ppq () Pg2 (1))

Note that the linear complexity of s is equal to the degree of the minimal polynomial of the

M(x) = =, 2(x).

sequence and so the third assertion in Theorem 1 follows. This completes the whole proof of
Theorem 1.

In the following, we will give a small example for confirming our main results.

Example 1: Let p = 3 and g = 7. The least period of the binary threshold sequence s derived

from modulo pq is 147. The sequence s in one period is
{0,0,0,0,1,1,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,1,1,0,1,1,0,0,0,0,0,0,0,1,0,0,0,0,0, 1,
1,0,0,1,0,1,0,0,0,0,0,1,1,0,0,0,0,1,0,0,0,0,0,1,0,0,0,0,0,0,1,0,1,1,0, 1,0, 0,0, 0,0,
0,1,0,0,0,0,0,1,0,0,0,0,1,1,0,0,0,0,0,1,0,1,0,0,1,1,0,0,0,0,0,1,0,0,0,0,0,0,0, 1, 1,
0,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,1,1,0,0,0}.
The minimal polynomial of the sequence s over 5 is
296 1 495 | 93 4 292 L 00 | B9 | 87 4 86 4 84 o83 | 81y 080 4 T8 | 7T | 75
LT T2 QL 69 4 68 L 66 4 65 | 63 4 62 | 60 L 059 4 57 | 056 4 54
R e N R o R e R R R i o A o
d3t 420 B 2 2P M 4 2 o P 2B 2 2 P ™2
R e N AR LA LR R LR R |

and the linear complexity of this sequence is (p — 1) - (¢*> — 1) = 2 - 48 = 96.
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III. CONCLUSION REMARKS

In this paper, we determined the linear complexities of a class of binary sequences with period
pg? on basis of the Euler quotients modulo pq. In addition, the proposed sequences have a good
balance asymptotically if the prime p tends to infinity, i.e., the number of 1’s is asymptotically
equal to the number of 0’s in one period if p tends to infinity. Finally, there are several unsolved
problems about the proposed sequences. For example, it is not known whether this family of
sequences derived from the Euler quotient modulo pg can induce more optimal families of
perfect polyphase sequences similar to [23]. Another interesting problem is to study k-error

linear complexities of the proposed sequences.
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