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Abstract. Let N, be the number of solutions to the equation m2k+1 +
z+a = 0 in Fan where ged(k,n) = 1. In 2004, by Bluher [2] it was known
that possible values of N, are only 0, 1 and 3. In 2008, Helleseth and
Kholosha [11] have got criteria for N, = 1 and an explicit expression of
the unique solution when ged(k,n) = 1. In 2014, Bracken, Tan and Tan
[5] presented a criterion for N, = 0 when n is even and ged(k,n) = 1.
This paper completely solves this equation 22"+ + 2 + a = 0 with only
condition ged(n, k) = 1. We explicitly calculate all possible zeros in Fan
of P,(z). New criterion for which a, N, is equal to 0, 1 or 3 is a by-
product of our result.

Keywords Equation - Miiller-Cohen-Matthews (MCM) polynomials - Dick-
son polynomial - Zeros of polynomials - Irreducible polynomials.

1 Introduction

Let n be a positive integer and Fon be the finite field of order 2™. The zeros of
the polynomial
k
P(z)=2"""+2+a, a€cF;, (1)

has been studied in [2,11,12]. This polynomial has arisen in several different
contexts including the inverse Galois problem [1], the construction of difference
sets with Singer parameters [7], to find cross-correlation between m-sequences
[9,11] and to construct error correcting codes [4]. More general polynomial forms
22"+ 4 122" 4 sz +¢ are also transformed into this form by a simple substitution
of variable z with (r + sz%)x + 7.

It is clear that P,(x) have no multiple roots. In 2004, Bluher [2] proved
following result.

Theorem 1. For any a € F3. and a positive integer k, the polynomial P,(x)
has either none, one, three or 25°4F1) 11 zeros in Fon.
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In this paper, we will consider a particular case with ged(n,k) = 1. In this
case, Theorem 1 says that P,(x) has none, one or three zeros in Fan.

In 2008, Helleseth and Kholosha [11] have provided criteria for which a P, ()
has exactly one zero in Fo» and an explicit expression of the unique zero when
ged(k,n) = 1.

In 2014, Bracken, Tan and Tan [5] presented a criterion for which a P,(x)
has no zero in Fan when n is even and ged(k,n) = 1.

In this paper, we explicitly calculate all possible zeros in Fon of P,(z) when
ged(n, k) = 1. New criterion for which a, P,(x) has none, one or three zeros is a
by-product of this result.

We begin with showing that we can reduce the study to the case when k is
odd. In the odd k case, one core of our approach is to exploit a recent polynomial
identity special to characteristic 2, presented in [3] (Theorem 3). This polynomial
identity enables us to divide the problem of finding zeros in Fy» of P, into two
independent problems: Problem 1 to find the unique preimage of an element in
Fan under a Miiller-Cohen-Matthews (MCM) polynomial and Problem 2 to find
preimages of an element in Fon under a Dickson polynomial (subsection 3.1).
There are two key stages to solve Problem 1. One is to establish a relation of the
MCM polynomial with the Dobbertin polynomial. Other is to find an explicit
solution formula for the affine equation 2 o= b,b € Fan. These are done in
subsection 3.2 and Problem 1 is solved by Theorem 5. Problem 2 is relatively
easy which is answered by Theorem 6 and Theorem 7 in subsection 3.3. Finally,
we collect together all these results to give explicit expression of all possible zeros
of P, in Fan by Theorem 8, Theorem 9 and Theorem 10.

2 Preliminaries

In this section, we state some results on finite fields and introduce classical
polynomials that we shall need in the sequel. We begin with the following result
that will play an important role in our study.

Proposition 1. Let n be a positive integer. Then, every element z of F3. =
F2r \{0} can be written (twice) z = c+1 where ¢ € F3, 1= Fon \Fa if Tr(1) =0
and ¢ € piyn 1y = {C € Fozn | (¥'F1 =13\ {1} if Tr}P(2) = 1.

Proof. For z € F5., z = ¢+ % is equivalent to Z% =<+ (5)2, and thus this
equation has a solution in Fay. if and only if Tril(%) = 0. Hence, mapping
¢ — ¢+ L is 2-to-1 from Fan onto {z € Fan | Tr} (%) = 0} with convention

. 2m n 2m .
% := 0. Also, since (c—!— %) =c? + (%) = % + c for ¢ € p3n 1, the mapping

¢+ c+ L is 2-to-1 from 3., with cardinality 2" onto {z € Fan | Tr} (L) =1}
with cardinality 271, 0

We shall also need two classical families of polynomials, Dickson polynomials of
the first kind and Miiller-Cohen-Matthews polynomials.
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The Dickson polynomial of the first kind of degree k in indeterminate x and
with parameter a € F3. is

Lk/2]

k (k—1 :
D M (e L

=0

where |k/2] denotes the largest integer less than or equal to k/2. In this paper,
we consider only Dickson polynomials of the first kind Dy (x, 1), that we shall
denote Dy(x) throughout the paper. A classical property of Dickson polynomial
that we shall use extensively is

Proposition 2. For any positive integer k and any x € Fon, we have
1 1
D —) =aF4+ = 2
k (96 + ;1:) "+ e (2)

Muiller-Cohen-Matthews polynomials are another classical polynomials de-
fined as follows [6],

T (X
fra(X) = o
where

k—1
Te(X):=) X* and ed=2"+1.
=0

A basic property for such polynomials that we shall need in this paper is the
following statement.

Theorem 2. Let k and n be two positive integers with ged(k,n) = 1.

1. If k is odd, then fi o111 is a permutation on Fon.
2. If k is even, then fy oryq is a 2-to-1 on Fan.

Proof. For odd k, see [6]. When k is even, fj or 1 is not a permutation of Fan.
Indeed, Theorem 10 of [7] states that fi 1 is 2-to-1, and then the statement
follows from the facts that fk’QkH(ka“) = fk,l(x)Qk"‘l and ged(28+1,2"—1) =
1 when ged(k,n) = 1. O

We will exploit a recent polynomial identity involving Dickson polynomials
established in [3, Theorem 2.2].

Theorem 3. In the polynomial ring For [X, Y], we have the identity

k
X%y <Z Y2k21> XP 1 y? = [ (Dargr (wX) —Y).

=1 we]F;k

Finally we remark that the identity by Abhyankar, Cohen, and Zieve [,
Theorem 1.1] tantalizingly similar to this identity treats any characteristic, while
this identity is special to characteristic 2 (this may happen because the Dickson
polynomials are ramified at the prime 2). However, the Abhyankar-Cohen-Zieve
identity has not lead us to solving P,(x) = 0.
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3 Solving P,(x) =0

Throughout this section, k and n are coprime and we set ¢ = 2.

3.1 Splitting the problem

One core of our approach is to exploit Theorem 3 to the study of zeros in Fan
of P,. To this end, we observe firstly that

k
X4 (Z Y‘I‘2i> Xt 4 ya-!

i=1

2
— X1 Ly, (;) X9yt

Substituting ¢z to X in the above identity with t4°—9 = YT, (%)2, we get

k
D G (Z Y”’) Xt gyt

i=1
1

2
1
= YT () 1t (xqz‘l +2 ).
Y YTy (L)% a1
Y

Now, 0° =1 = YT, (%)2 is equivalent to t9~! = YT}, (%)

2 2
(@) r-ra(l) ™ - (i ()

By all these calculations, we get

_
(Frat1 ()

. 3)
_ 1 _ (Xq2_1+ (qu—T) Xq—1+Yq—1> )
i=1

Yo (frgr ()

If k is odd, fi,g+1 is a permutation polynomial of Fa» by Theorem 2. There-

fore, for any a € F}., there exists a unique Y in F%, such that ¢ = —2——
fk,q-%—l(%)

BN

. Therefore

2(q+1)

2_ —
@ Tty gy

QN

Bl

Hence, by Theorem 3 and equation (3), we have

1
p (D1 (wtz) =Y) (4)
Yo (fran () wg; '

P, (a:qfl) = xq2*1+xq*1+a =

where Y is the unique element of F3, such that « = —L1—— and t9°! =

fk,q+1(%)a
2

YTy ( )q. Now, since ged(q — 1,2™ — 1) = 1, the zeros of P,(x) are the images

L
Y
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of the zeros of P,(z97!) by the map z + 297 . Therefore, when k is odd,
equation (4) states that finding the zeros of P,(z?!) amounts to determine
preimages of ¥ under the Dickson polynomial Dy ;.

When k is even, fj 4+1 is no longer a permutation and we cannot repeat again
the preceding argument (indeed, when k is even, fy 41 is 2-to-1, see Theorem 2).
Fortunately, we can go back to the odd case by rewriting the equation. Indeed,
for x € Fan,

k
Piz) =2 tota= (ﬁ"’kﬂ +22 a2”7k>2
n—k N 2P
= <($+1)2 k+1+($+1)+a2 k)
and so
{2 € Fan | Po(z) =0} = {f” +1]22 M ypa+a® " =0,z€ an} NG)

If k is even, then n is odd as ged(k,n) = 1, and so n — k is odd and we can
reduce to the odd case.
We now summarize all the above discussions in the following theorem.

Theorem 4. Let k and n be two positive integers such that ged(k,n) = 1.

1. Let k be odd and q = 2*. Let Y € T3, be (uniquely) defined by a =
L . Then,

Q[

fra+1(3)

241
P(z)=0}=¢ ———— | Dgy1(2) =Y, 2 € Fon

{IIJ’ € an
YTy (4)

2. Let k be even and ¢ = 2" F. Let Y' € F5. be (uniquely) defined by a? =
1
—L . Then,

fn—k,q’+1(%)q

’
241

(£ E€Fy | Pola) =0} =14 —
YT (37)

| Dg41(2) =Y', 2 € Fan

m\‘w

Proof. Suppose that k is odd. Equation (4) shows that the zeros of P, in Fan
are 971 for the elements z € F3, such that D,yq(wtx) = Y where t771 =

2 - -
YTkE%)q. Set z = wtz. Then, since w € Fy, 2?71 = (ﬁ)q - jq,ll =

2 Ttem 2 follows from Item 1 and equality (5). O
VI (3)h

Theorem 4 shows that we can split the problem of finding the zeros in Fon of P,
into two independent problems with odd k.
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Problem 1. For a € IF5,., find the unique element Y in F3, such that

q 1

e (6)
Frat1 ()

Problem 2. For Y € F3,, find the preimages in Fon of Y under the Dickson

polynomial D41, that is, find the elements of the set

a

D (Y) = {2 € F3u | Dypa(2) = Y. (7)

In the following two subsections, we shall study those two problems only when
k is odd since, if k is even, it suffices to replace k by n — k, ¢ by ¢ = 2" %, and
a by a? in all the results of the odd case.

3.2 On problem 1

Define
a1

/

Qk,k’ (:E) Zf;l l‘qi
where k' < 2n is the inverse of k modulo 2n, that is, s.t. kk’ =1 mod 2n. Note
that k' is odd since ged(k’,2n) = 1. It is known that if ged(2n,k) = 1 and &’
is odd, then Q) ;. is permutation on Fa2n (see [7] or [8] where Qg = 1/Q) 1/
is instead considered). Indeed, due to [7], defining the following sequences of
polynomials

(8)

i+1

Ay(z) = 2, Ao(z) = 2771, Ajya(z) = 29 Ajsr(2) + 29 T Ay(z), i>1,
Bi(z) =0, By(z) = 297, Biyo(z) =29 By (z) + 29 7 By(z), i>1,

then the polynomial expression of the inverse Ry s of the mapping induced by
Q;ﬂ,k/ on F22n is

k/
Ry () =Y Ai(x) + By (). ()
i=1
Directively from the definitions, it follow
(x + 27)9T!
frgm(z+a?) = Tt a2d
and ( q)q+1
, ay _ T+ x
Qk7k’ (I +x ) 24 +qu/+1 .

1./
+1 2kk

Since 24 = 24" 7 == 2 = 22" " it holds that

Frqri (@ +2%) = Q) o (x + %) (10)
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for any = € Fozn. Let x be an element of Fa2. such that

1 2
?—x—i—x.

By using (10) we can rewrite (6) as

a

[N

= Q. (x +27).
Therefore, we have
Proposition 3. Let a € F5,.. Let x € Fa2n be a solution of
Rk,k/ (a_%> =+ x4,

a
2

Then, ¥ = ﬁ = (1 + %) + (1+1%) s the unique solution in Fon of az =

(Frarr (3))

Proposition 3 shows that solving Problem 1 amounts to find a solution of an
affine equation = 4+ x? = b, which is done in the following.

Proposition 4. Let k be odd and ged(n, k) = 1. Then, for any b € Fan,

b
{xEngn |$+fl]q:b}:Sn’k (m) +]F2,

where Sy, () = Z;:Ol 29" and C is an element of Hnyq-

Proof. As it was assumed that k is odd and ged(n, k) = 1, it holds ged(2n, k) = 1
and so the linear mapping x € Fg2n — x+ 27 has kernel of dimension 1, i.e. the
equation z+ 7 = b has at most 2 solutions in Fgz.. Since Sy, x(z) 4+ (Sn x(2))? =
z+ 29", we have

b b a b b\
S"”“(<+1)+<S””“<C+1>> th= 1+<<+1) o

+
b b b
RGN
TSNV
=0
and thus really Sy, (&) Sk (C%) +1 € Fy2n are the Fy2n —solutions of the
equation z + 2% = b. a

By Proposition 3 and Proposition 4, we can now explicit the solutions of Prob-
lem 1.
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Theorem 5. Let a € F5,.. Let k be odd with ged(n, k) =1 and k' be the inverse
of k modulo 2n. Then, the unique solution of (6) in Fs. is

1

o () (o (ST

where ¢ denotes any element of Fia, such that (*"*1 =1, S, x(z) = Z?:_ol 24"
and Ry, i is defined by (9). Furthermore, we have Y =T + % for

2

3.3 On Problem 2

By Proposition 1, one can write z = ¢ + % where ¢ € F3, or ¢ € p3n, . Equa-
tion (2) applied to z leads then to

Dya(z) = 1 + (11)

ca+1l’

Thus, we can be reduced to solve firstly equation T + % =Y, then equation
I =T in F5, Upsn,y, and set z = c+ <. Here, let us point out that ¢¢™ =T

is equivalent to (%)q—H = % and that ¢ and % define the same element z = c+ %

of ]FQn .

Proposition 1 says that the equation T+ % = Y has two solutions in Fj,
if Tr7 (&) = 0 and in p3. if Tr7 (&) = 1. In fact, Proposition 4 gives an
explicit solution expression, that is,

T = YSn,l ( and T = YSnJ <

! )>+Y, (12)

1
Y2(C+1)> Y2 +1

where Sy, 1(z) = Z?;Ol 2% and ( is any element of 15, ;.

Now, let us consider solutions of ¢?* = T in F}, U p}. . First, note that
if T € F3., then necessarily ¢ € F3, (indeed, if ¢ € p3.,,, we get T? =T -T =
72" . T =T%"+1 = (2"+1)9+1 = 1 contradicting T ¢ Fy).

Recall that if k is odd and ged(n, k) = 1, then

1, if nisodd
gcd(q+1,2"—1)={ o nnEe (13)
3, if nis even
and
1, if n is even
dig+1,2" +1) =4 " 14
ged(q + ) {3, if n is odd. (14)
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Therefore, if T' € F5., then there are 0 (if T is a non-cube in F},) or 3 (if
T is a cube in F3,) elements ¢ in F%, such that ¢?™' = T when n is even while
there is a unique ¢ (.e. T@HD ™" mod 2"~y \whon p is odd. And, if T € pba,y,
then there are 0 (if 7" is a non-cube in p3.,,) or 3 (if T is a cube in p3. ;)
elements ¢ in p3.; such that ¢! =T when n is odd while there is a unique ¢

(i.e. T(atD ™" mod 2"+1y when g is even.
It remains to show in the case when there are three solutions ¢, they define
three different elements z € F3.. Denote w a primitive element of F4. Then these

three solutions of ¢?*! = T are of form ¢, cw and cw?. Now, cwy+ - = cwa+ i
1

implies that cw; = cwy or cw; = v (because A + % =B+ % is equivalent

to (A+ B)(AB + 1) = 0). The second case is impossible because it implies that

g+1
T =citl = < . 1> =1 because 3 divides ¢ + 1 when k is odd.
wZw?
We can thus state the following answer to Problem 2.

Theorem 6. Let k be odd and n be even. Let Y € F5,.. Let T be any element of
Foen such that T + % =Y (this can be given by (12)).

1. If T is a non-cube in F3., then

2. If T is a cube in F3,., then
Dl (v)= 1 a+l _p F* F*
q+1( )— cw+%|c =1,celfs,wely .

3. If T is not in Fan, then

DL (Y) = {T(q“) w21y

1
T(g+1)~' mod 2"+1 } :
Remark 1. Ttem 1 of Theorem 6 recovers [5, Theorem 2.1] which states: when
n is even and ged(n, k) = 1 (so k is odd), P, has no zeros in Fon if and only

if a™! = frgm1 (ﬁ) " for some non-cube T’ of F%,. Indeed, the statement of

Theorem 2.1 in [5] is not exactly what we write but it is worth noticing that the
2

quantity that is denoted A(b) in [5] satisfies A(b) ™" = frqi1 <bl+11> )

1
b4

Theorem 7. Let k be odd and n be odd. Let Y € F5.. Let T be any element of
Foen such that T + % =Y (this can be given by (12)).

1. If T is a non-cube in pz. 1, then

D L(Y)=0.
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2. If T is a cube in 5., then

|cq+1=T,ceu§n+1,w6FZ}.

_ 1
DQ—:l(Y) = {cw T o

3. If T is in Fan, then

-1
D,

_ (¢+1)~' mod 2"—1 1
(¥)= {T ! + T(@+1) 1 mod 271 } :

3.4 On the roots in Fan of P,(x)

We sum up the results of previous subsections to give an explicit expression of
the roots in Fan of P,(x).

Let k denote any positive integer coprime with n and a € F3...

First, let us consider the case of odd k. Let &’ be the inverse of k modulo 2n.

Define
1

—g ?
n—1

where ¢ is any element of F,, such that ¢2"*! =1, S, 1 (z) = Y1, 29" and
Rk,k’ is defined by (9)
According to Theorem 5, Theorem 6 and Theorem 7, we have followings.

T=1+

Theorem 8. Let n be even, ged(n, k) =1 and a € F3,..

1. If T is a non-cube in Fon, then P,(x) has no zeros in Fan.
(cw+$)q71

in IF
YTk(%)% 2m,

2. If T is a cube in Fon, then P,(x) has three distinct zeros
where ¢t =T, w e F; and Y =T + .

()

~—=<— in Fon, where

1
3. If T is not in Fan, then P,(x) has a unique zero <
YTi(¥)

c=T@H) ™ mod 24l gngy — 4 L

Remark 2. When k = 1, that is, P,(x) = 2% + 2 + a, Item (1) of Theorem 8 is
exactly Corollary 2.2 of [5] which states that, when n is even, P, is irreducible
over Fon if and only if a = c+ % for some non-cube ¢ of Fan.

Theorem 9. Let n and k be odds with ged(n, k) =1 and a € F3,..

1. If T is a non-cube in psn 1, then P,(x) has no zeros in Fon.
19—t
2. If T is a cube in p5. ,, then P,(x) has three distinct zeros (CUH_CWI))2 in
YTk v q
Fon, where ¢ =T, w €F; and Y =T + +.

g—1
c+ .
(G i Fon, where ¢ =

1
3. If T is in Fan, then P,(x) has a unique zero L
YTk(%)q

T‘(q-‘:—l)’1 mod 2" —1 andY =T + %
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When £ is even, following Item (2) of Theorem 4, we introduce [ = n—k, ¢’ = 2!
and [’ the inverse of [ modulo 2n. Define

(q’)2 I’
Rl,l’ <a_ 2 >
Sni | —aT

T =1+

where ( is any element of F},, such that (2" 1 =1, S, (z) = 2?1—01 29" and
Ry v is defined by (9).

Theorem 10. Let n be odd and k be even with ged(n, k) = 1. Let a € F3,..

1. If T" is a non-cube psn 1, then Py(x) has no zeros in Fan.

(dw+ﬁ>q -t

2. If T" is a cube in p5. .y, then P,(x) has three distinct zeros 1+ W
in Fon, where d' ' =T', w € F§ and V' =T" + .
1)d’' -1
3. If T" is in Faon, then P,(x) has a unique zero 1 + % in Fon, where
YT (35) 7

'41)7t d2n—1
c=\ @+ mo andY’:T’—}—%.

Remark 3. When n is even, Theorem 8 shows that P, has a unique solution if
and only if T' is not in Fan. According to Proposition 3, this is equivalent to
Tr?(Rg (e~ 2)) = 1, that is, Tr}(Ry (1)) = 1. When 7 is odd and k is odd
(resp. even), Theorem 9 and Theorem 10 show that P, has a unique zero in Fan
if and only if T' (resp. T”) is in Fan. According to Proposition 3, this is equivalent
to Tr (R, (a™1)) =0 or Tri (R (a™!)) = 0 for odd k or even k, respectively.

n—k)?2
(z+:z:q/)q/+1 _ [ (zFaz?)at? 2! !
24" 24’ - rd4+x24

By the way, for x € Fan, Q;J, (x +ggq’) =
(n—k)2 1
Q. (x + 29)° . Hence if T" € Fon, then Ry y(a™!) = Ry (at)20n-0%
and so Tr (R (a™t)) = 0 is equivalent to Tr7(Rg s (a™t)) = 0. After all, we
can recover [11, Theorem 1] which states that P, has a unique zero in Fan if and

only if Tr}(Ry (™) +1) = 1.

4 Conclusion

In [2,3,5,11,12], partial results about the zeros of P,(x) = 22 424 ain
Fy>-» have been obtained. In this paper, we provided explicit expression of all
possible roots in Fan of P,(z) in terms of a and thus finish the study initiated
in these papers when ged(n,k) = 1. We showed that the problem of finding
zeros in Fon of P,(z) in fact can be divided into two problems with odd k: to
find the unique preimage of an element in Fy» under a Miiller-Cohen-Matthews
(MCM) polynomial and to find preimages of an element in For» under a Dickson
polynomial. We completely solved these two independent problems. We also
presented an explicit solution formula for the affine equation 22 4= b,b € Fan.
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