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1 Abstract

This work shows all necessary calculations to extend the “Practical Attribute Based Encryption:
Traitor Tracing, Revocation, and Large Universe” scheme of Liu and Wong with non-monotonic
access structures. We ensure that the blackbox traceability property is preserved.

2 Introduction

We selected Liu et al’s “Augmented R-CP-ABE” scheme [1, 2] as the technical foundation for
a data encryption service. In the course of the requirements analysis it turned out that the
property of the non-monotonic access structures is needed, but is not provided by Liu’s original
scheme. This work uses the techniques introduced by Yamada et al. in [3] which build on top
of Ostrovsky et al. [4] to retrofit the property of the non-monotonic access structure, as it was
already outlined by Thatmann in [5].

The remainder is structured as follows: we start with an overview of terms and symbols in
Section 2.1. New required computations to archive the non-monotonic property and blackbox
traceability property are subject of Section 3 and 4. An evaluation is given in Section 5.

2.1 Overview of terms and symbols

The definitions, terms and symbols listed in Table 1 are intended to give the reader an easier
access to the mathematical description of the Attribute-based Encryption (ABE) scheme.
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| Symbols: | Description |

A A = (A, p) is an LSSS matrix. A is an [ X n matrix. p maps each row
A, of A to an attrib. p(k) € U=17Z,

R R = C [m,m] is a revocation list.

U Attribute Universe, U € Z,

S Attribute S € Z,,

PP Public Parameters, can be seen as equivalent to a public key

Wk wi € Z, is a set of reconstruction constants. k € [I] with [ being the
row index number of the LSSS matrix (see A description)

e e is an bilinear map

M; ct M is a plaintext message. ct means ciphertext

T; T; is a variable and linked to the user-index matrix at row ¢. T; is also
an indicator for the position of the plaintext in the ciphertext.

D, Dp is calculated from many mappings e and ensures that the
attributes S of a private key SK can solve the access structure A. Dp
is part of the decryption. (D=Decryption and P=Policy)

D; Dy is calculated from many mapping e ensures that the hidden
user-index (7, j) and the revocation list R are taken into account
during decryption. (D=Decryption and I=Index)

X X is a vector. This vector is the core element of the traceability
function.

N total number of users in the ABE system

m? m is the user-index matrix size. It depends of the given amound of
users V.

A the security parameter, curve parameters

Table 1: terms and symbols

3 Extended computations for non-monotonic access structures

We decided to use the notation applied by Liu et al. in [2]. Next, we recapture the Practical
Attribute-based Encryption (PABE)’s Augmented R-CP-ABE construction and emphasize the
modifications required for achieving the non-monotonic and unbounded access structures prop-
erty. The blue colored parts indicate the new additional elements and computations required
to achieve the non-monotonic property. Black colored formulas indicate the original PABE
construction. Color highlighting is only used at the beginning of each method or at selected
locations.

3.1 Setup method
Setup (A, N = m?) — (PP, MSK)
The Setup method uses the group generator G(\) and gets further (e, p, G, Gr) as parameters.
e is a bilinear map and p the prime order of G and Gp. G represents the source group and G the

target group of the mapping. The attribute universe is i« = Z, and A is the security parameter.
N defines the total number of users in the system. From a technical point of view, a matrix must
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be created in which all users can be accommodated. As an example we choose 90 < N < 100
then m is set to 10 which leads to a 10 x 10 matrix for the user index.
The algorithm randomly chose

9, ha fa fla ey fma Ga He G’ {ai, Tiy 2 € Zp}ié[mb {C] € Zp}jE[m}

and outputs the Master Secret Key (MSK) and the system’s Public Parameter (PP):

MSK, = MSKJ{b € Z,}
PP, =PPJ{G = H"}

3.1.1 KeyGen method
Keygen (PP,MSK,S C Z,) — SK; j),s

The KeyGen method creates a secret key SK by using the Public Parameters PP, a set of

attributes S and the MSK a secret key SK. The {5%73-@ € ZP}WES should be chosen in a way
that 6; ; .+ +0; ;. = 0i; with k = |S| applies. Hereby, every delta ¢ represents an attribute
and the + character expresses the group operator. In our case the scalar product. The KeyGen
method sets a counter ¢ = 0 and calculates the corresponding index (i, 7) with 1 < 4,7 < m and
(i — 1) *m + j = c. By this all created Secret Keys (SKs) contain the index (4, 7).

We use Yamada et al’s approach to key generation, which involves the random generation
of a set of variables {0/ .  }vzes € Zp. These variables have the following property:

2,J,%

V(IZ (S S . 5:’]71 + e + (57/;,j,$ - O'Z,] (1)
The KeyGen method outputs the secret key as follows:

Choose {62%36 € Zp} such that 0] . .+ -+ 0]

VzeS 1,3,%1 =0 with k = |S|

I Tk

SK, = SK| J {f{n f(;m}\mes

with K ;, = g"%e and K/, = (H"hY) hie

Z?j?‘/‘n
The calculation of the private keys are identical to those of Liu and Wong.

Kij=g%g" i (ff;)7, Ki;=g", Kij=2",
{Kijj = 1" biremny
(Kijz= g%, K]

7/7‘77x

= (Hh)’9*G™ " }aes,

The additional variables K ;, and I~(Z’]x are calculated as follows:

> b’ . oyl &
{Kijo =970, K, = (G"h")e}es

Both variables K ., and K/
now like this:

are now added (union) to the private key SK(; j) ¢ which looks

3], T
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SKj).s =((5,5), 8 Kij, K j, Ki';, {Kij.jr}yempiiys { Kigaes Ki j o Kijas K j o} }ees)

3.1.2 Encrypt method

ETLCT‘ypt(PP, M,R,A = (Aa p)7 (575)) - CTR,(A,p)

The encrypt method encrypts a plaintext message M with the help of the Public Parameter
PP under consideration of an attribute revocation list R. The access structure A must be defined
beforehand. This boolean formula secures the encrypted data in Ciphertext-policy Attribute-
based Encryption (CP-ABE) schemes. For all attributes « € S it has to be checked whether x
is prime (negated) and then set Py accordingly with p (k) = x:

' fARUGE if p(k) ==
e it p (k) =

The following calculations are carried out in the preparatory phase of the encryption. They
are identical to [2]:

Ky Ty S1yeey8my  tly ey tm € Zp,
Vey Wiy eeey Wiy € Z;’,,

€1y eerr €1 € L,

U= (T,u2, ..., Upn) € Ly,

Tz, Ty, Tz € Lip.

With the three prime numbers r,,r,, and r, the vectors X7, X2, X3 can be calculated, which
are needed for the Blackbox Traceability functionality.

_i = (TQHO?TZ)
X_é = (O,Ty,TZ)
X_é = X_i X X_é = (_Ty'rz’ —TgT2, Txry)

The user-index (i,7) can be used to calculate v;, the set of all finite linear combinations or
linear span.

Vie{l,...,i}:v € Zg,
Vie {i+1,..,m}:v € span{x1, X2}
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3.2 Ciphertext Construction

Given v; we can create a ciphertext. The construction is a two-step process because we have to
(2

perform a row and a column calculation on the user-index matrix and a second calculation on

the LSSS matrix.

1. Calculation on user-index matrix
For the rows and columns calculations we have to consider all cases for i > and 7 < .
For each row ¢ with (1 <4 < m) of the user-index matrix with size m we calculate R;, R},
Qi, Q., Q. and T; as follows:
e if 4 < choose §; € Z, randomly and calculate
Ri = g’Ui’ R; = gm)ia
Qi=g% Q=[] ) zif, Ql=4",
J'€R;
T, = B
o if i >4 calculate
R, =G, R, =G,
i (Vi+ve — i(vi-ve) s — Al
Qi =g Q= (f T] =z, Qf =g,
J'ER;

Ivi — M . E;'Si(vi'vc)

For each column j of the user-index matrix (1 < j < m), calculate Cj and C’ as
follows:

o if j < j choose u; € Z, randomly and calculate

C; = H7(WetniXa) . s

I — g¥i
Cj =

)

e if j > j calculate:

2. Calculation on the LSSS matrix

The introduction of the non-monotonic access rule has an effect on the calculations of
the LSSS matrix. There must be a case-by-case analysis. For each row k of the LSSS
matrix with size 1 (1 < k < 1) we calculate: p(k) = x with f4*“G  which must be used
for all monotonic access rules and p(k) = 2’ with 4G’ which must be used for all
non-monotonic access rules.
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It follows:

(a)

P fARUGEE if p(k) ==
e i p (k) =
(b)

Pl = (Hp(k)h)fe;c

()
P];/ — gek

The ciphertext now contains one more element: P

C'TR,A:(A,p) = (Ra (Aa p)v (Ria Rév Qi Q;7 élv Ti)?;l’ (Cj’ Cj,)gnzla (Pk’ PI;’ Pg)écl)

3.3 Decrypt method

The decryption method gets as arguments the PP, the ciphertext, the secret attribute key(s)
SK; j),s- If the attributes S can solve the access structure A = (A, (evaluation to true) the
decryption works. Otherwise L follows.

Decrypta(PP,CTg a=(ap)), SKij,S) — Mor L

To determine whether the attributes can solve the access structure, reconstruction constants
{wr € Z,} kef) must be included in the calculation. These constants have the following property:

D wpdy = (1,0,...,0) (2)

p(k)eS

These constants can not be calculated if the set of attributes S does not satisfy the access policy
A. Tt is only possible to calculate the constants if the private key with its attributes can solve
the access structure. We use the following formula to reconstruct the plaintext, the message M,
just like Liu and Wong do (compare [2, p.21]).

by ®)
P Dr

As with Liu et al. D, is the part of the equation that ensures that the attributes S of the
private key can solve the access structure A = (A, p) of the ciphertext. Dy is responsible for
the fact that the excluded subsets of user indexes can no longer decrypt. Both D, and Dy are
results of many calculated pairings in the context of bilinear maps calculations. The variable T
is connected to the user-index at row I. It also indicates the position at which the message M,
i.e. the plain text, is embedded in the ciphertext.

M:

In order to get a holistic understanding of the decryption and to prove its correctness, we
next present the reconstruction of the plaintext M in detail.

All mathematical transformations for the calculation of Dp and D; are presented in the
following, so that a better understanding is achieved and verification is ensured.
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3.4 Calculating D,

The calculation of Dp differs from the original Liu scheme, because the non-monotonic attributes
have been added. This can be seen in the new calculation of Dp, where we have to process
negated and non-negated attributes separately.

art—17

Wi
pp= ][ (e(Ké,pPk) DPW-t-1>

p(k)eS

The negated attributes 2z’ and normal attributes  must be considered. The calculation of
Dp, therefore differs:

art-1

1
. ~ ~ p(k)—p(2)
lf p(k) - wl = DPpart»l = H (e(Ki:j:p(z)7 P]::) e(KZ{,j,p(z)7 l:}l)>
p(2)€S

lf p(k) =T :> DPpart-l = e(Ki,j,p(k)7 P]:‘) e(Kg,j,p(k)7 P]::/)

We must consider two cases when calculating Dp,, ., ,. We start with the first case, which always

occurs when a negated attribute P(k) = 2’ is present.
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p(z)€S
POETe

= H e(g, H)™ ekbo ey}

p(z)€S
T el e

p(z)€s
:6(97H)_Ekb(z'gefdg,j,p(zﬂ |  with equation 1
— 8(9, H)_skba'i,j

After the calculation of Dp

art—1 W can now continue with the calculation of Dp.
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137Pk D-Ppart1>

p(k)eS
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( Oij fAk uG/ek) e(ng)&cbO’i,j)
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—~
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( i fAk u e(gam ’ Hskb) e(g’ H)Ekbgi,j)
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( i fAk u e(g’ H)€kb¢7z‘,j e(g’ H)fskbai,j
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m

p

.’:1

p(k)eS
(o e )
p(k)eS
= gffw, f) p(kyes @k (Akv) |  with equation 2

/\

2 )T

If we have a normal, non-negated attribute (p(k) = z) , the calculation by P, = f4%%(G)%*
of Dp, looks like this:

art-1

Dppart-1 = €<Ki,j,p(k)v P;Q) e(Kz(,j,p(ky PIQ’)
_ e<géi,j,p(k>, ( Hp(k)h)’5k> e((Hﬂ’“)h)%ﬂw(;*f’m , g5k>
:e<g§i’j’p(k),H—p(k)6k) e(g5i,j,p(k),h_5k) e((Hp(k)h)ai’j’p“),gak) €<G_0i’j»9€k)
(
= (.17

p(k)ero; —exd;,;, p(k)erd; ;, €xd;j, Ek—0i,5
g,H) k9%,5,p(k) e(g,h) k9%,5,p(k) e(H,g) k9%,5,p(k) e(h,g) k9%,5,p(k) e(G,g) k J

= e(G,g)
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This now leads to the following calculation of Dp:

Wi
DP: H <(KZ/]7PI<:) DPpart—l)

o ANG) e(Gg )

Wk

IZI

e, elGug) )

p(k)es

m

I:l

p(k)es

m

I:l

W
o Au ERTi i Ek—0i. 4
b, fR) MW)

11 (e
1 (o
(cla™s. 14 el e(Ggo )
(s
(s

p(k)esS
o o)
p(k)esS
=e(g%, f) 2pkyes wi(Awu) | with equation 2

(
(9743, f)T

By this case-by-case analysis we can distinguish between negated and non-negated attributes,
where the calculation of D, will result in e(g?%/, f)™. Because if this is not the case, the
reconstruction of the plaintext will always fail. Compare section 3.5.1.

3.5 Calculating D;

We divide the calculation of Dy into two parts Drpere—1 and Dppgpi—o to get a better overview.

Dr =Dy

part-1 ’ DIpart—Z

The two parts can be calculated as follows:

e(Kij, Qi) e(K;,QY)
DIpart»l - (K, Q )
0,77
D . 63(RQ7C]/')
[part»2 - 63(RZ',C]‘)

We start with the consideration of part 1, where we first calculate K; ; as follows:

10



NP-ABE SEpPT 2019

=

Kij=K; ( [ K
J'ERN}
=g™g" o (f )7 I )
7'ER\{5}
= g%igh . (f H fj)7

J'€R,

With the calculated fi,j we can calculate Dypgp¢—1:

e (Fi,j, Qi) e (K{fj’ Q;’)
(K., Q)
e(gaigricj . (f Hj/eE; fj/)a'i,j7g7'8i(vi~'vc)> . G(Zfisj7gti>
e<gm’,j’ (f Hj’eﬁ; f]-/)'rsi(vi-vc)Zfifw>
e(gaigricj,gmi(”i'”c)> . 6<(f Hjleﬁl. f'j,)Ui,j’gTsi(”Ui-vc)> . e(Z;Ti,j,gti>
€(gai"ja (f Hj/€§; fj/)‘rsi(vi.vc)> : e(gai’j ) Zfsz>

Ipart—l =

R (s - o )
e('ga%gnc]’gﬂ's,(vZ ’UC)> s im t;

elg ”) tl '6<goi’j’fﬂ-)
e (gaigricj , gTsi (vi-vc))

o)

Now we can turn to the calculation of “part-2”. This calculation depends on two indexes,
the user-index (4, j), which is used for encryption and the user-index (4, j), hidden in the private
key. Since the decryption process only works if ((i =) A (j > 7)) or (i > i) applies. This fact
leads to a case by case analysis where six cases must be considered individually.

11
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Ist case: i <i A j<]

N 63(R£7 C;)
P ey(Ri, C)
es(9™, 9*7)
eg(gvi’ngT(vc‘i‘NjXB) - grwi)
e3(9,9)
63(9, g)UiCjT(Uc+MX3)+vmwj
1
e3(g, g)viciT(Vethixs)Fvinw; —vikw;
1
63(9, g)UiCjT(”Uc-‘r,qu3)
1
e(g, g)CjT(Uivc+vz‘X3Hj)

Dy

KUjW;

Since we randomly select v; € Z;, and v; - x3 # 0, the calculation of Dy , leads to an

additional exponent that destroys M. M cannot be reconstructed. Please compare section
3.5.1.

2nd case: i <i A j>]

el
‘Dlparth = 23(R1:70]:)
S(Ru C])

es(g™", g*7)
eg(gvi,gcﬂ—vc . gnwj)

63 (g’ g)’{viwj
63(9, g)vicj’rvc—&—vinwj

1
83(9, g)vic]-'rvc—&-vmwj—vinwj
1

Also here the reconstruction of M is made impossible, because one exponent is missing,
so that the exponents cannot cancel each other out. Please compare section 3.5.1.

12
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3rdcase: i=i A j<j

D, _ 63(R27 CJ/)
part-2 es(R;, Cj)
63 (gT’iK/SZ"UfL‘ , gu}])
eg(grisivi,ngT(Uc+ﬂjX3) )
es(9,9)
es(g, g)n'SiviCjT(chrqus)JrTiSwmwj
1
es3 (g, g)TiSiviCjT(vc+MjX3)+T‘iSi’Umwj—Tisivmwj
1
63(9, g)risivicjﬂ-(vc—l—,ujxg)
1
6(97 g)TiSiCjT(U¢UC+U¢X3uj)

TiRS;VWj

An unwanted additional exponent prevents the calculation here as well (see section 3.5.1).
M cannot be reconstructed.

4th case: i=1i A j>j

63(R;’ C;)
art-2 63(Ri, C])
es3 (gri/@sivivgwj)
eg(grisivi,gcj‘mc . gnwj)

TiRS; VW

e3(g, )"
T§8;V;CjTVHTi 8V KW
63(9’9)1213 c 121U 7

1
e3 (g’ g)risivicjﬂ-vc—l—risivinwj—riswinw]-
1
Ti8iCjTVV
6(97 g) ] (ade

Dy,

The first case in which the result can be easily shortened with other terms when recon-
structing M. The reconstruction of M succeeds (see section 3.5.1).

13
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5th case: i >1 A j<j

/ /
D es(R;, Cj)
Ipart-2 —
e es(Ri, C)
es (gri/@sivivgwj)
63(grisivi,gc]-7'(vc+ujx3) . gnwj)
¢3(9: 9)
63(9, g)risivich(vCJr,ujxg,)+risivinwj
1
es (g, g)risivicj'f(chrujxg)+r¢5ﬂ¢muj —T§ SV RW;
1
63 (g, g)TiSiviCjT(Uc+MjX3)
1
63 (97 g)TiSich(vivC+viX3uj)
1

6(97 g)TiSiCjTUiUc

TiKS; VW

During the reconstruction of M, terms are canceled out, whereby the reconstruction suc-
ceeds without errors (see section 3.5.1).

6thcase: i >1 A j>j

D; _ 63(R£’ C]/)
part-2 83(Ri, C])
es (ngSi’Ui , gw]-)
QB(QTiSiUz"ngT”Uc . gﬁwj)

TiRS;ViW;

c3(g, )"
T§8;V;CjTVHTi 8V KW
63(9’9)1213 c 191 Y1 J

1
e ( )ris,-vicJ-Tvc-l—risw,nwj—r,-swinwj
39,9
1
6( )msiCijivc
9.9

As in case 5, an correct calculation of M can also be performed in case 6.

14
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Now we can merge "part-1” and ”part-2” and determine Dy:

D] = Dlpart—l : Dlpart—2

e <go¢i gTiCj ’ gTSi (vi-vc)> 1
= : Ti81C;TUUc
e(g‘”ﬂ' ; f”) e(g, g)
e <gozi ’ gTSi (vi-fuc)> e (gricj- 7 gTSi(Ui'UC)> 1
= : Ti5iC; TV Ve
e(gﬂi,j’fﬂ> e(QaQ)

;8¢5 T(Vi-vc)
e (go”' : g”i(”"'”c)) e (g, g) ’

e(g"w', f”) e(g,g
r38:¢5T(Vi-ve)

€<gai7grsi(v¢-vc)>€ g,9 1

T3S8{CjTVU;VUc
e(g74, 7) (oo~

e (gai ’ gTSi (vs -vc)>

)

1

>TiSiC7'T’Ui’UC

We just calculated Dp and got e(g”l’d’, f”). If we look at the result of D; we see that the

same term occurs in the denominator of D; and cancel each other out (see section 3.5.1).

3.5.1 Reconstructing M
We can reconstruct M as follows:
T
~ Dp-Dy
M- ETsi(vi-vc)
i

M/

e<gai7g7'si<“z“1’6)>

efgeis, - N
€ (gai’j 7f7r>

M - e(g, g)™7e(vive)
(g™ f)T -
T

B M - e(gjg)ansi(vi-vc)
- 6(97 g)aﬂsi(vimC)

M -e qg,3g 783 (vive)

- e(9,7 ;785 (Vi-ve)
=M

6<gai7g7'5i<vi“’0>>

™

15
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M can only be reconstructed if the attributes in the key can solve the access structure that Dp
takes care of. Non-monotonic attributes can be used as shown. Finally, D; can only be valid if
the user-index (4, j) of the private key is equal to or greater than the embedded user-index (4, 5)
used for encryption.

4 Blackbox Tracing

The black box calculation is taken unchanged from [2]. It is based on D; and the exclusion of
user indexes. The decryption box D and the PP public parameters are needed to decrypt the
potentially non-monotonic access structures under the probability parameter €. The result is a
set of user indexes marked as traitors.

5 Evaluation

The ABE scheme is compared with selected other ABE schemas regarding its functionalities
and component sizes. The result is shown in the Figures 2 and 3. Furthermore, the schema was
implemented in Java, so that its functionality was not only shown mathematically.

Table 2: Feature Comparison

Scheme Traceability | Revocation | Large Attribute Universe | Non-Monotonic
[2013] Liu et al. [7] blackbox X X X
[2014] Yamada et al. [3] X X v v
[2014] Ning et al. [8] whitebox X v X
[2014] Deng et al. [9] blackbox X v X
[2016] Liu et al. [10] blackbox X X X
[2016] Li et al. [11] blackbox direct X X
[2016] Liu and Wong [1] blackbox direct v X
[2017] Li et al. [12] x x x v
this work blackbox direct v v

Table 3: Component Size Comparison

Scheme Master Secret Key Public Key Cipher-Text | Private Key
Liu et al. [7] 1+ VN 3+4VN +|U| 9V N + 21 4+ |8
Yamada et al. [3] 2 7 2+3l 2 +415]
Ning et al. [8] 4 7 3+ 31 44 2|5
Deng et al. [9] 1 3 4+ 21 24+ (|S|-|L])
Liu et al. [10] 6+ 6vVN +4|U| 10 + 6V N + 4|U| 8V/N +1 44 |9|
Li et al. [11] 6+ 6V N +4|U| 104+ 11VN +4|U] | 8V/N +1 4+ VN + S|
Liu and Wong [1] 3V N 5+ 5VN 8VN +3l [ 3+VN+2|9]
Li et al. [12] 14 2|U] 2+ |U| 2+ |R| 2
this work 1+3VN 6+ 5V N 8VN +3l | 3+VN +4|S|

N= total number of users, |L|= Scheme specific value, denoting the length of a codeword
|U|= The number of all possible attributes in the attribute universe, [I= Number of rows in LSSS matrix

|S|= Number of Attributes asigned to the privat key, |R| Valid path size of the Ordered Binary Decision Diagram
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