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Abstract

In this paper, we present an Edwards model for elliptic curves which is defined over
any perfect field and in particular over finite fields. This Edwards model is birationally
equivalent to the well known Edwards model over non-binary fields and is ordinary over
binary fields. For this, we use theta functions of level four to obtain an intermediate model
that we call a level 4 theta model. This model enables us to obtain the new Edwards model
with a complete and unified group law. Over binary fields, we present an efficient arithmetic
of these curves. We also provide competitive differential addition formulas over any perfect
field.
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1 Introduction

In [EdwO07], Edwards has described the model Ed, : 22 + y* = ¢?(1 + 2%y?) for elliptic curves
over a non-binary field K. The sum of two points (x1,y1) and (z2,y2) on this Edwards curve
FEd. is given by:

( T1Y2 + X211 Y1Y2 — T122 > (1)
c(1 4 z1229192) " (1 — Z122Y1Y2)

The group law on FEd,. is unified, this means that the same formulas can be used to compute
both the adition of two points and the doubling of a point. But this group law is not complete,
i.e. it does not work for every pair of inputs. In fact, if z # 0,y # 0, and the point (z,y) € Ed,,
then so are (£1/x,+1/y). But we can not compute the sum of (z,y) and (1/x,1/y) because
the denominator of the second coordinate of the sum vanishes.

To fill this gap, Bernstein and Lange introduced in [BLO8| a more general model defined by
BL.g : 2% + y? = *(1 4 dz*y?®) over non-binary fields K. Using the birational map (z,7)
(z,y) = (Zv/d,7V/d), one transforms the classical Edwards model Fd, : 22 + 3? = (1 + x2y?)
to the model BL. 4 : 7% + 52 = ¢2(1 + dz°y?), where ¢ = ¢/ v/d. One can then derive the group
law formulas on BL. 4. The formulas obtained are also unified and the addition law is complete
if d is not a square in K. But BL. 4 and its twisted given by az?+y? = 1+dz?y? in [BBJLPO0S|
always give singular model over binary fields.
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To resolve the problem in binary fields, Bernstein, Lange, and Farashahi introduced in
[BLFO8| the ordinary binary model defined by Ep 4,4, : di(z + y) + d2(2? + y?) = 2y +
zy(x + y) + 22y Another binary model is introduced in [Wu:2010:608] but, the connection
between these binary models [BLF08, Wu:2010:608| and the classical Edwards model Ed,
of [EdwO07| has not been made explicit, to our knowledge. To solve this problem, Diao in his
thesis [Dphd10] introduced a new binary Edwards model which is deduced from the well known
Edwards model, but the addition law is not unified and not efficient.

Contribution of this paper: Our first contribution in this work is the introduction of an
Edwards model for elliptic curves which is valid in all fields. For this, we use an intermediate
model given by level 4 theta functions, that we call the level 4 theta model in this paper. We
obtain unified addition formulas for addition law from Riemann theta relations.

Moreover, we prove that the group laws on these curves are complete over any finite field F, of
characteristic p > 3 where ¢ = 3 mod 4. Over non-binary field, if ¢ # 3 mod 4, then we show
that, the group law is complete depending on the curve parameters. Over binary field, we show
that there exists a subgroup of odd order such that addition laws are complete.

Over binary fields, addition formulas are competitive with the well known models of elliptic
curve. The addition of two points requires 7TM + 25 + 2m and 12M + 25, respectively, for the
level 4 theta model and the Edwards model where M denote the multiplication, S the square
and m the multiplication by a constant in the field K.

Over non-binary fields, we provide competitive differential addition formulas. Indeed the
computation of the point nP for an arbitrary integer n and a point P costs 4M + 35 4 4m and
5M + 55 + 2m per bits of n, respectively, for the level 4 theta model and the Edwards model.

Outline: The rest of the paper is organised as follows: In section 2| we briefly review the
theory of theta functions. We define the level 4 theta model and present explicit formulas for
point addition in section [3]. We use the results of this section to deduce the equation and the
arithmetic of our Edwards model in section Ml . Section [B] deals with the differential addition on
the curves mentioned above.

2 Theta functions

In this section, we briefly review some general results about theta functions. A more compre-
hensive understanding, and results in this section can be found in [Mum74, Mum83, Cos11,
RobPhD10, Dphd10].

2.1 General definition

Let H; be the upper-half space over C and w € H;. Let A, := wZ + Z be a lattice of C and
a,b € Q. The theta function with rational characteristics (a,b) is by definition an analytic
function on C x H; given by:

Oop(z,w) = Z exp (im(n + a)’w + 2im(n + a)(z + b)) . (2)
neZ

A function f defined on C is A,—quasi-periodic of level £ € N* if for all z € C and m,n € Z, we
have f(z + wm + n) = exp (—ilrm*w — 2ilmmz) f(z). For £ € N*, the set Ry, of A,—quasi-
periodic functions of level £ is a C—vector space of dimension £. For any ¢ € N*, one basis of
Ry, is given by By := {007b(z,€*1w), be %Z/Z}. If £ = k2, then an alternative basis of Ry, is
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Bk == {Ha,b(k‘z,w), a,be %Z/Z}. The change of basis between B, and By, ;) can be obtained
by Koizumy formulas in [Koizumi76|:

HObz€ w) Z O kb (kz,w). (3)
ac ,Z/Z

If ¢ > 3, then we can consider the elements of the basis of Ry, as projective coordinates of P,
And for £ = 2, the image of Ry, in P~ is the Kummer variety associated to E, which is the
quotient of E' by the automorphism —1. From now on, we are interested by the set of complex
functions A, — quasi-periodic of level 4 denoted R4,,.

2.2 Riemann theta relations

Riemann theta relations give algebraic relations between theta functions. With these relations,
one can derive the model and the addition law on elliptic curve. In the following theorem we
recall that %Z/Z can be seen as a subgroup of Z/47 via the map n —— 4n. To facilitate the
writing and the reading, we set 0;(z) := 0(2,4 ') for i € Z/4Z.

Theorem 1 Leti,j, k andl be in Z/AZ such that i’ = (i+j+k+1)/2,j' = (i+j—k—1)/2,k =
(it—j+k=0/2andl = (i—j—k+1)/2 are in Z/AZ. Let z1 and zy be elements in C. The
theta functions of level 4 satisfy:

D Bign(z1 + 22)0j19(21 — 22)0k19(0)011(0)
UE%Z/Z

Z Osr 1 (21)01 1 (21) Opr 4 (22) O 1y (22) (4)
UG%Z/Z

Proof: Consider the particular case of [LuRo010| when g = 1. We replace i + j,i — j,k + [ and
k —1 by i,7,k and [, respectively. We do the same for i, j', k¥ and I’. Then we have

Z Xm0ty (21 + 22)0j 15 (21 — 22) Z X(1)0+5(0)0141,(0)

ne3Z/Z nelz/z

= D XOisn(21)0j4n(21) D X0k (22)00 4 (22) (5)

ne3Z/% nelz/z

These Riemann relations can be rewritten in the form:

D X0+ 1) (21 + 22)8j19 (21 = 22)hty (0)61y (0)
nn'€1z/7

= D X+ 000 (2005019 (21) 0k 4y (22) 0 4y (22). (6)

n,n’ E%Z/Z
Then by summing under all characters x on the dual %Z /Z, we obtain the desired result. O
Theta functions, or more precisely Riemann relations of theta functions, give a parametrisation
of elliptic curves defined over C. It is well known that elliptic curves over C are isomorphic to
the torus C/A,. By the classical theory of theta functions, the isomorphism E = C/A,, gives
an embedding into the projective space P3, for more details, see [MumRedAb04]. Moreover,
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Riemann relations satisfied by theta functions are defined over C. According to Lefschetz prin-
ciple [Sil86], these relations are also valid over any algebraically closed field of characteristic
zero. But for characteristic p > 0, we consider an elliptic curve E defined by f(z,y) = 0 over
a finite field [, of characteristic p. We lift the coefficients of f(x,y) over Z,, the valuation
ring of Q, which is an unramified extension of Q,. Let E7z_  be the canonical lift of E over Z,
(i.e. End(E/F,) ~, End(E/Z,)). We fix an embedding Q,; < C and an application of Lefschetz
principle ensures that algebraic relations defined over C are also valid over an algebraic extension
of Q4. We then use a reduction modulo p to obtain relations over FFy.

3 Level 4 theta model

In this section, we define the level 4 theta model of elliptic curve, which is valid over any finite
field. We take zo = 0 in formula to obtain two equations that form an elliptic curve over
P3(C), that we call the level 4 theta model elliptic curve ((Mum66Ab]):

po [ XEHXE = XX
A2 X7 4 X2 A2 X0 Xo

Where X, = 0,(21), M1 = (a3 + a3)/(a?) and A\g = 2a?/(apaz) with a; = X;(0).
The point [ag : a1 : ag : as] is called the theta null point. The numbers a; = X;(0),i =0,1,2,3
are called theta constants and satisfy the Jacobi relation

aoag(ag + a%) = Qail <~ A\ = o (7)

We can show (see for example [Car05|) that a; = a3 and we can set the common value equals
1.

3.1 Valid model over any finite field

Model over non-binary fields. Let K be a finite field of caracteristique p > 3. The Jacobi
relation is defined modulo p, then above coefficients A\; and Ay are defined over K. Thus, in
projective space P3(K) with homogeneous coordinates [Xo : X1 : Xo : X3], the curve given by
Exia e X2+ X3 =M X1X3, X7+ X2 = X2 XXz defines an elliptic curve over the finite field
K.

Model over even characteristic. Let F, be a finite field of characteristic 2 and W(IF,) the
ring of Witt vectors with coefficients in IF;, which is isomorphic to Zg, the valuation ring of the
set of 2—adic integers. So, to obtain the level 4 theta model in even characteristic, it suffices to
compute the 2—adic valuation of theta constants. Carls in [Car05] proves that on the canonical
lift Eyy(r,), we have for all i € Z/4Z the relations a? = ) iczyaz, ?(aivj)d(a;) where ¢ is the
lift of the Frobenius of IF, over W(F,) and « € Z, is a non zero constant. Thus a(ag + a2) =1
and as = 2aag. Applying the 2-adic valuation, vg, to the both hand sides of these relations
implies that va(agp) = 0 and va(ag) = 1. Then, there exists ¢g € Zg and ¢z € Z4 such that
ag = ¢g and as = 2¢o. Finally we have \; = 0(2) + 4c2 and Ay = 1/(coca). The equations of level
4 theta model of elliptic curve over the binary field IF, has a good reduction:

2 2
Ex { X+ X3 = My , where )\; € K*.

Xlz—l-Xg = XXpXs

We have A\ = cg and Ay = 1/(cpce) and the Jacobi relation given by A1 = Ay is equivalent to

0802 =1.
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Valid model over any finite field. Let K be a field of characteristic p > 0. Then a level 4
theta model is defined by the intersection of two equations:

P X2+X2 = MX1X3
M2 XPHXZ = AaXoXo

where \; = cg + 403, A2 = 1/(coc2) € K* and ¢p, c2 € K* and A\; = Ay. The Jacobi relation 1D
becomes coca(c3 + 4c3) = 1 and the set of points (cg, c2) € A?(K) satisfying Jacobi relation is a
curve C' defined over K. The number of rationals points of C' is equal to the number of level 4
theta model defined over K. In the above definitions, the condition A; A2 # 0 ensures that the
level 4 theta model Ej, », is not singular. Indeed, if we assume that [Xo : X7 : Xo : X3] is a
singular point, then the rank of the following matrix can not be two.

2Xo —MX3 2Xo -\ Xy
—>\2X2 2X1 —>\2X0 2X3

Observe that the model that we call level 4 theta model has been introcuced in 1966 by
Mumford in non-binary fields [Mum66Ab|. Over binary fields, Carls [Car05] obtained the
level 4 theta model but, he did not studied the arithmetic of this model. Recently, David Kohel
[Koh12| studied the arthmetic of this model that he called a p4-normal form, but only in
characteristic 2 and using a different approach than in our case.

3.2 Addition law on level 4 theta model

Our addition law come from Riemann theta relations, which are valid over any finite field.

Theorem 2 Let P1 = [Xl,O : X171 . XLQ . X173] and PQ = [X270 : X271 : X272 : X273] be two
points on Ey, \,. The coordinates of the sum Py + P, = P3 are given by the following formulas:

Xg,o = (X1270X2270 + X1272X2272) - 4(02/00)X171X173X271X2,3
X31 = co(X1,0X1,1X20X21 + X12X13X02X03) — 2c2(X1,2X13X20X21 + X1,0X1,1X22X23)
(XP1X3 ) + X73X33) — 4(ca/co)X1,0X12X20X22
X33 = co(X1,0X13X00X03 4+ X11X12X01X02) — 2c2(X1,0X13X2,1 X022 + X11X12X20X23)

o
|

In any finite field, the opposite of the point P = [Xo: X1 : Xo: X3 is —P = [Xo: X3: X2 : X1]
(the second coordinate and the fourth coordinate are permuted). The neutral element is Oy =
[co:1:2¢q:1].

Proof: Consider Ey, »,/Zq the canonical lift of Ey, \,. Then, an equation of Ey, x,/Zg is Ey, »,.
Let B(i',j", k', U)) = 3 ge 175 0i+8(21)0515(21)00 1 5(22) 0k 15(22), Zij = bi(21 + 22)0; (21 — 22)
and 0y = 0,(0)6;(0) = ara;. The equation leads to a system of linear equations:

(S){ 0k Zij + Okt2i42Ziv242 = B, j K1)
Ok+212i5 + Opir2Zivoji0 = B, K +2,1)

The determinant of the system (5) is det(S) = ajai42(ai — a3,,). To avoid a null determinant,
we choose k ¢ {1,3} since a; = a3. The Cramer method to resolve the system (.5) gives:

Ok a42B(W, 3" K 1) — Opgoa42B(, ', K 4+ 2,1)
Ok, 10k 142 — Ok4214+20k 42

B4 K V) — arBG K +2,0) )

al (a% - a%+2)

9,'(21 + 2’2)9]'(21 — 2’2) =

. (8)
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We fix k = 0 and [ = i+ j. Then for i € {0,1,2,3} we factorize @) by ag — a2 in projective
coordinates to have:
CLOB(i,,j/, 07 i/ + j/) - GQB(ilvj/a 27 i, + j/)

0; (21 + 22)9 (21 — 22) = e . (10)

In equation , if we fix j equal to 0,1,2 and 3,respectively, then we obtain 16 formulas for
i € {0,1,2,3} which correspond to four different formulas for addition. Here we consider the
case j = 0 which gives the addition law formulas in (8). We can factorize by 6g(z1 — 22) since
we are in projective coordinates. We obtain

apB(i',0,0,i) — asB(7',0,2,7)

91'(2’1 + z2)00(21 — ZQ) = o (11)

For i € {0,1,2,3} and recalling that ¢; = a; if i # 2, and 2¢o = ag, we have:

c0B(0,0,0,0) — 2¢28(0,0,2,0
Oo(z1 + 22)00(21 — z2) = oB( ) 2 3( )’

€o
coB(1,0,0,1) — 2¢2B(1,0,2,1
01(z1 + 22)00(21 — 22) = — ( )Cl 2B( )7
c0B(2,0,0,2) — 26,8(2,0,2,2
Oo(z1 + 20)00(21 — 20) = 2 ( )202 2 B( )’
c0B(3,0,0,3) — 2¢2B(3,0,2,3
03(21 + 22)00(21 — 20) = — ( )Cg 2B( ).

If | =4 = 2, the numerator and the denominator of can be factorized by 2 before reducing
modulo 2. Nevertheless one can avoid az in the denominator by using this alternative relation
aoB(i’,0,0,i 4+ 2) — asB(4',0,2,7 + 2)

0i(21 + 22)00(21 — 22) = P ;
1+

which gives
cpB(2,0,0,0) — 2¢28(2,0,2,0)

€0

02(Z1 + 22)90(21 — 22) =

Finally we have :

o (03 (21)03(22) + 03 (21)03(22) ) — 4201 (21)03(21)01 (22)05(z2)
Oo(z1 + 22)00(21 — 22) = 0 ;
01(z1 + 22)00(21 — 22) = ¢o (90(21)91(21)90(22)9 (22) + 92(21)93(21)92(22)93(22))
—202 (92(2’1)93(2’1 9 ( )91(Z2) 90(21)01(21 92 ZQ 93 2))

) ;
—46290(21)92(2’1>9 ( 92 22 + ¢o ((9 (Z1)92 22 —|—93(21)9§(Z2)>

92(21 + 2’2)90(,21 — 22) =
03(z1 + 22)00(21 — 22) = co (90(21)93(21)90(22)9 (22) + 91( 1)02 (21)91(22)92(22)>
2 (90(21)93(,21)91(22)02(22) + 91(zl)ez(zl)ao(,zz)eg(@)).

We set X3; = 6;(21 + 22), X1; = 0i(21) and Xg; = 0;(22). These relations are valid over Q,
according to Lefschetz principle and since they have a good reduction modulo p, this completes
the proof. O
These relations give the theta of the sum 6;(z1 + z2) in term of 6;(z1) and 6;(z2), and hence the
addition formulas in any finite fields (see appendix [B|for a sage script for verification).
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These formulas are valid modulo any prime p. In characteristic 2, the addition law formulas
are given by:

X30 = (X10Xa20+ X12X92)?
X31 = co(X1,0X1,1X20X0,1 + X12X13X22X23) (12)
X32 = (X11Xa91 + X13X03)? ’

X33 = ¢o(X1,0X13X20X23+ X11X12X21X22)

The neutral element becomes 0p := [cp : 1 : 0 : 1] over binary fields.
The additions laws and for non-binary and binary fields, respectively, are also valid for
doubling: they are unified. More precisely, let [X7 o, X1,1, X712, X1,3] be a point on E), ,. The
coordinates of 2[X1’0, X1,17 X1’2, Xl’g] = [X570, X571, X572, X573] are:

Xs0 = Xig+ Xiy—4(cafco)XT X7y

Xs1 = co(XToXT)+ X70X73) — 42 X10X11X12X13
Xs52 = Xil + Xf:s - (CQ/CO)X%,UX%Q

Xs3 = co(XToXis+ X7 1X7y) — 42 X10X11X12X13

(13)

Denote by M, .S and m the cost of a multiplication, a square and a multiplication by a constant,
respectively, in the finite field K. In characteristic 2, we have an efficient algorithm to compute
point addition formulas (see section for comparaison with previous work). The different
costs are given in the following corollary.

Corollary 3 (Costs of addition) The addition of two points on Ey, », can be done with:
(a) TM 4 2S5 + 2m, when K is a binary field;
(b) 11M + 8S + 6m, when K is a non-binary field.

Proof: (a) In binary fields, the point addition formulas can be computed as follows:

A:=X10X20; B:=X11Xo1; C:=X12X09; D:=X13X23 Xz0:=(A+C)%
X372 = (B + D)Z; X371 = Co(A'B + C’Z))7 X372 = X371 =+ Co(A + C)(B + D),

which cost 7 multiplications and 2 squares and 2 multiplications by constant cg.

(b) For efficiency in non-binary fields, a point [Xo : X : X5 : X3] is represented as a seventuplet
(Xo, X1, X9, X3, X9 X1, Xng). Thus the sum (X370, X371, X372, X373, Us, V:;) of the points repre-
sented by (Xl’(], X1’1, X1’2, X1’3, U1, Vl) and (Xz}o, X2,1, X2,2, X2,3, UQ, Vg) where U1 = X1,0X1’1;
Vi= X172X173 and Us = X270X271; Vo = X272X2,3 can be computed with the algorithm:

A= X10X00; B:=X11-Xo1; C:=X12X09; D:=X13X03 E:=A? F:=B%
G:=C?* H:=D? X30:=E+G+2(c2/co)((B—D)?>~F—H);

X390 =F+H+2(c2/c0) (A-=C)? —E—-G); I:=(A+B)*-E-F)/2;
J:=(C+D)?-G-H)/2; K:= U +WV)Uy+VW)—1I-J;
L:=(A+C)(B+D)—-1-1J; X31:= coI +J)—2cK;

E:= X104+ X12)(X13+X11) = U = Vi; Fi=(Xo0+ Xo2)(Xo3+ Xo1) — Uz — Va;
G:=FEF— L; X373 = C()L — 2CQG; U3 = X370-X371; Vg = X372‘X373,

This costs 11M + 8S + 6m. O

Lemma 4 Let Ey, ), be the level 4 theta model of an elliptic curve over a finite field K of
characteristic p > 0. Then Ey, », has a rational point of order 4.
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Proof: Let Sy be the group of permutation on {0,1,2,3}. Let 0 = (0,1,2,3) be the hull
permutation of Sy and denote by H; = (o) the subgroup of Sy generated by o. Remark that
it P = [XO . Xl . X2 . Xg} 1S 1n E>\1,>\27 then so are [Xl : X2 : X3 : XQ],[XQ : X3 : XO : Xl]
and [X3 @ Xo : X; : Xo]. There exists an action of Hy on the points of E), y, given by :
o([Xo: X1 : X2 : X3]) = [Xo(0) 1 Xo1) : Xo(2) : Xo(3)]- Under this action, 4 divides the order of
B, z,. O
Over non-binary fields, apart from the neutral element Oy = [co : 1 : 2¢5 : 1], the level 4 theta
model has 3 points of order 2 namely: 60 =[-co:1:—2¢0:1],01 :=[2¢9:1:¢p: 1] and Oy =
[—2¢5 : 1 : —¢g : 1]. The four points of order 4 are A; := [1: 2¢y : 1 : ], A1 := [=1 : 2¢y :
—1,¢0],A2 :==1[1:¢p:1:2co and Ay = [-1:co: —1:2¢c). Let P=[Xp:X;:X2:X3] bea
point on level 4-theta model E), y,, the actions of these rationals points of order 2 and 4 are:

Xo:X1: Xy , P+50=—X0:X1:—X2:

[ |, P+Oy=| X4,
P+01:[X22X32X0: 1], P+01:[—X2:X3:—X0:X

[ ] [

[ ] [

3]

1,
],
]

X
X
P+A1: X12X2:X3:X0
X

=[-X7:X9:—X3: X
P+ Ay =[X3:Xo:Xq: X

, P+Ay=[-X3:Xy:—-X1:

2

These formulas give: P + 0/(Op) = ¢*(P) and P + 7/(0p) = 7(P), from which we can deduce
that o(P) +0(Q) = P+ Q +20(0p) and o(P) —0(Q) =P — Q.

Completness of group laws. A complete group law means that one can compute the addition
of all pairs of input. This property is used to avoid some exceptional procedure attack on elliptic
curve cryptosystems [IzuTakEPAO2|. Let E), ), defined over a non-binary K.

Lemma 5 Let P = [X(: X : Xo: X3] be a point on E), »,. If X; =0, then we can write P in
the form o7 ([0: 1 : &v/FeAy : &€|) for some j = 0,1,2,3 where ¢ = /—1.

Proof: Without loss of generality, we can assume that Xo = 0. If we have X; = 0 for j # 0
then according to the equations of the curve, we obtain P = [0 : 0 : 0 : 0] ¢ P3. Therefore
X; # 0 for j # 0. Assume also that X; # 0, then X7 = M\ X;X3 and X7 + X2 = 0 or
equivalently X3 = 4++v/—1X; and X22 = :t\/—il)\lX%. Then over projective space, we have
P = o%0 :1: £y/%£e); : £¢]). Finally, it means that if X; = 0 and X;11 # 0 we have
P=0%([0:1:4yFe) : £¢]) O

Theorem 6 (completness) The group law on E\, ), defined over K is complete if and only if
one of the following conditions holds in K:

(1) —1 is not a square in K, or
(2) V—1)\1 is not a square in K

Proof: For the first part, assume that these conditions do not hold, i.e. ¢ = /=1 € K and
a = +/eX] € K. We will prove that they are two points P;, P, € E, ), such that we can not add
Py and P;. Let P, =[0:1: £+y/+e)\; : €] be a point given by Iemma and consider the points
Py = [tcpe : 1 : £2¢9e : £1] . By formulas in equation , the coordinate X3 of Py + P, is
equal to zero but X 3%71 +X 3273 is not zero, according to the equation of the curve. Hence the group
law is not complete. The converse is simple. Indeed, assume that one of the condition in the
theorem holds. Then it is clear that the coordinates X3, X3 1, X32 and X33 of the sum P + P
satisfy the equations of the curve. The only point (sum) that must be removed is [0: 0 : 0 : 0],
but according to lemma [5] and by hypothesis, the sum of points can not give this point. So the
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group law is complete. O

The first sufficient condition of theorem @ holds when K is a finite field F, of characteristic
p > 3 such that ¢ = 3 mod 4. Notice that all points of the form o'([£coe : 1 : £2c0e : £1])
given by theorem [6] have an even order, since their coordinates are given by theta constants.
This implies that over any finite field (including binary fields), the addition law on the level 4
theta model E)y, ), is complete in a subgroup of odd order.

4 Edwards model for elliptic curves

In [EdwO07], Edwards gave a normal form for elliptic curves defined over non-binary fields with
an unified addition law. From the level 4 theta model E), », elliptic curve, we derive an Edwards
model which is defined over any finite field and which is birationally equivalent to this Edwards
model over non binary fields.

4.1 Equation of the Edwards model

Theorem 7 Let K be a field of characteristic p > 0. The level 4 theta model Ey, x, gives a
normal form with equation: €y : 1 + 2% + y* + 2%y? = \vy, where X = A\ \g € K*.

Proof: Divide the first equation of Ey, , by X3 and the second by X?# and consider the following
change of variables: [Xy: X7 : Xy : X3|—(z,y) = (X2/ X0, X3/X1), we have:

X1X3 XoXo

T+22=M2203 and 2 +1= X\
X3 X7

Multiply the above two equations to have (z2 4+ 1)(1 + y?) = A Aazy, which can be written as
1+22+y%+2%y% = M dazy. The change of variables gives the neutral element Og := (2¢3/co, 1)
which becomes (0, 1) over binary fields. O

Theorem 8 Let K be a non-binary field, then the model &y, with the neutral element Op :=
(2¢ca/co, 1) is birationally equivalent to the well known Edwards model.

Proof: Let €\/Z4 be a canonical lift of €. Then &)/Z, comes from the model E}, \,/Z,
defined by the basis By := {0071,(2,4_1(&1),17 € %Z/Z}. Consider the alternative basis By o) 1=
{60,(22,w),a,b € $Z/Z}. We recall that $Z/Z can be identified to Z/2Z via the map n — 2n.
The Koizumy formula gives a change of basis:

Xo(z) = 900(2’) + 910(2’) (900(2) = % (Xo(z) + XQ(Z))
Xi(2) = Oni(2) +0u(z) ] On(2) = 5 (X1(2) + X3(2))
Xa(z) = boo(z) — b10(2) 0o(z) = 5(Xo(z)— Xa(2))
X3(z) = bo1(z) — 611(2) 0n(z) = 5(Xi(z) — X3(2))

The basis By 9) gives an alternative model of elliptic curve defined over non-binary fields (see
[Mum83| for more details):

{9%O<O)T()20 = 05,(0)T5, + 63,(0)TH,

, where T;; = 0,;:(z 14
02(0)T7 = 03,(0)T3 — 03,(0)T%, j = 0i(2) (14)

Setting x = %’g; Y= % and ¢ = 619(0)/600(0) = zgjrgg, the curve 1' is birationally equivalent

to the well known Edwards model, for more details see [Dphd10]|, which ends the proof. O
According to Theorems [7] and [8] we have this definition:
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Definition 1 Let K be a field of characteristic p > 0. An Edwards model for elliptic curves is
given by the equation:

Ex 1+ 2% 4+ 9% + 2%9y? = Ay, where \ € K*.

Theorem 9 Let K be a field of characteristic p > 0 and let A € K*. Then the Edwards model
defined over K is non-singular.

Proof: Our Edwards model is birationally equivalent to the Edwards model Fd, : X% 4+ Y? =
(1 + X2Y?) where ¢ = ©=22  The model Ed,. is non singular if and only if ¢* # 1 (see

co+2c2”
[EAwO07]), i.e (co — 2c2)* # (co + 2¢2)*. This condition is equivalent to coca(cg +4c3) # 0 which
is always true, according to Jacobi relation (|7]). U

Apart from the neutral element Og := (2c2/co, 1), the Edwards model £y, : 1422 +y%+22y? =
Azy has three 2—torsion rationals points: Py = (1/7,1), P3 = (—7v,—1) and Py = (—1/v,—1),
where v = 2¢/¢p. The Edwards model £y also has four 4-torsion points which are rationals over
K: Q1= (1,7),Q2=(1,1/7),Q3 = (—1,—v) and Q4 = (—1,—1/7). The actions of rationals
points of order 2 and 4 are:

(,y) (z,9) + Py = (1/z,1/y)
(z,y) + Ps=(-z,-y), (z,y)+Pi=(-1/z,-1/y)
(z,y) + Q1 = (1/y,2), (z,y) + Q2= (y,1/2) ’
(z,9) ( (z,y) + Qs = (—y,—1/x)

Remark 10 If K is a binary field, then P3 = O, Py = P>, Q3 = @1 and Q4 = Q2. The number
of rationals points of &, is then divisible by 4.

4.2 Birational equivalence with Weierstrass models

Theorem 11 Let £y : 1 + 2 + 42 + 22y? = A\wy be the Edwards model of elliptic curve defined
over the finite field K of characteristic p > 0.

(1) if p # 2, then &y is birationally equivalent to a cubic Weierstrass model;

(2) if p =2, then &y is birationally equivalent to the Weierstrass model v?4uv = u3 +1/\*.

Proof: Theorem [§] gives the birational equivalence between &y : 1 + 22 4+ y? + 22y? = Azy and
the well known Edwards model X2 + Y2 = ¢%(1 + X2Y?). This well known Edwards model is
birationally equivalent to the quartic Z2 = ¢?X* — (c¢* +1) X2 + 2. Setting X = 2c(u—c*—1)/v
and Z = —c +uX?/(2c), the quartic Z? = c2X* — (¢* + 1) X? + ¢? is birationally equivalent to
the cubic Weierstrass model v? = u3 — (1 + c¢*)u? — 4c*u + 4c*(1 + ¢*). This proves (1).

For fields of characteristic 2, the birational map and its inverse between Edwards model and
Weierstrass model are

1 No+1
Au’ Nu+ M 20 +1

(1 Ayta(y+1)
(z,y) +— (U’U>_<)\x’)\2x(y—|—1)

(u,v) +—> (x,y)z( )and((),l)»—>[0:1:0]
>and[0:1:0]+—>(0,1).

which ends the proof (see also [Dphd10]). O
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Corollary 12 (j—Invariant) Let K be a finite field and E : 1+ 2% + y? + 2%y? = A\zy the
Edwards model over K. The j—Invariant of €y s

((c — 4cBea + 8cdc + 16cocs + 16¢3) (cf + 4cea + 8cied — 16cocs + 160%))3

(caco(co — 2¢2)(co + 2¢2)(cd + 40%))4

j=

Ower fields of characteristic 2, the j—Invariant is \* = j mod 2.

Proof: Let K be a non-binary field. The j—Invariant of the Weierstrass model v? = u3 — (1 +
u? — 4ctu + 4c* (1 4 ¢*) over K is:

((c* =263 +2¢2 + 2c + 1)(c* + 26° + 262 — 2¢ + 1))

(clc=D)(c+ 1)(+1))" '
Since ¢ = (co —2¢2)/(co + 2¢2), a straightforward calculation give the desired result. Notice that
the expression of j is defined modulo any prime p then j is defined over field of any characteristic.

Over fields of characteristic 2, we have j mod 2 = (co/c2)* = A* which is the j—Invariant of
Weierstrass model v2 + uv = u® + 1/\* in theorem . O

jw = 24

4.3 Addition on the Edwards model

In [Dphd10], Diao uses formulas on the known Edwards model [EAwO07| to deduce an
addition on his binary Edwards model. Over binary fields, the addition law in [Dphd10] is not
unified and not efficient. However, to have an unified and more efficient addition law formulas
we use the addition law on the level 4-theta model. More precisely we have:

Theorem 13 Let (x1,y1) and (x2,y2) be two points of Ex. The coordinates of the sum (r3,y3) =
(z1,y1) + (z2,y2) are given by:

(25, 5) = (Co(ﬂﬁl +y122y2) — 2c2(y1 + T122y2)  co(T122 + Y1y2) — 2c2(T1y2 + Y172) ) (15)
’ co(y2 + z1y1@2) — 2c2(x2 + z1y1y2) co(1 + z1y122y2) — 2¢2(z1y1 + 22y2) )

The opposite of the point is —(x1,y1) = (1, 1/y1) and the neutral element is Oy := (2¢2/cp, 1).
One can verify the addition law on new Edwards model £, by this sage script [Sage-4.8|:

R.<c0,c2,x1,y1,x2,y2> = QQ[]

El = cO*c2%(x1°2 + y172 + 1 + x1"2%y1~2) - (c0"2 + 4%c2°2)*xlxyl
E2 = cO*c2*%(x272 + y27°2 + 1 + x272%xy272) - (c072 + 4%c272)*x2xy2
S = R.quo([E1,E2])

Nx3 = cO*(xl + yl#x2%y2) - 2%c2*(yl + x1*x2%y2)

Dx3 = cO*(y2 + xl*ylxx2) - 2%c2x(x2 + xl*xylx*y2)

Ny3 = cO*x(x1*x2 + ylxy2) - 2#c2x(xlxy2 + yl*x2)

Dy3 = cO*(1 + x1*x2*xyl*y2) - 2*xc2*(xlxyl + x2%y2)

x3 = Nx3/Dx3; y3 = Ny3/Dy3

E3 = cO*c2+(x3°2 + y3°2 + 1 + x3°2%y3~2) - (c0°2 + 4%c2°2)*x3%y3
S(numerator(E3)) ==

Over fields of characteristic 2, the coordinates of the sum of two points are obtained by a
reduction modulo 2:

r1 +y1x2y2  T1x2 + Y192 )

) (16)
Yo +x1y172 1+ T1Y172Y2

(z1,91) + (22,92) = (
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Remark 14 Addition group law is unified over any fields, i.e. addition formulas are also valid
for point doubling. The point doubling formulas can be written as follow:

~ (eom(1497) =2 (1 +23) co(x] +yi) — deamim
2(z1,y1) = 2 55 o : (17)
coy1(1+ 1) — 2c0m1 (L +y7) co(l + 27yi) — deaziyn
Over binary fields, the formulas or (17) give the doubling formulas:
v1(1+y1)* (21 +y1)? >
2(xq, = , . 18
(=1.01) <y1(1+$1)2 (14 x11)? (18)

According to theorems [6] and [7] the addition law on Edwards model &) is complete over any
subgroup of £ of odd order.

4.3.1 Explicit formulas

Affine coordinates. Let (z1,y1) and (x2,y2) be two points on the Edwards model &£y : 1 +
22 + y? + 2%y? = \zy defined the field K. The following formulas compute the sum (z3,y3) =
(z1,y1) + (22,y2), when it is defined:

A=mxry1; B=wyys; C=21+y1'B; D=y1+x1-B; E=ys+12A; F=m2+y24;
G=A+DB; H=(x1+y2)(xa+y1) —G; I=(x1+y)(x2+y2)—H; J=1+ADB;
r3 = (co-C — 2c2-D)/(co-E — 2¢2-F);  y3 = (co-H —2c2-1)/(coJ — 2¢2-G)

These formulas cost 21 +9M 4+ 8m over non-binary fields and 21 + 5M over binary fields, where
I, M and m are the costs of a field inversion, a field multiplication and a field multiplication by
a constant, respectively.

Remark that, the opposite of a point costs 1 inversion which is too expensive. Nevertheless
the sum and the difference of two points (z1,y1) and (z2,y2) have the same complexity. Indeed,
the following formula computes the difference (z5,y5) = (z1,y1) — (22, y2), if it is defined:

(s, 5) = ( co(1y2 + y122) — 2c2(x122 + Y1Y2)  co(y1 + T122y2) — 2c2(21 + 911‘22/2)) (19)
’ co(1 + ziy1@ay2) — 2ca(@iyr + 2y2) co(y2 + z1y1@2) — 2¢2(x2 + T1y1Y2) )

We retrieve the eight polynoms used to compute the sum: Fy = x1 + yiz2y2, Fo = y1 +
T172Y2, F3 = yot+w1y172, Fi = xot+x191Y2, F5 = T102+Y1Y2, F6 = T1Y2+ Y172, F7r = 1+219172Y0
and Fg = x1y1 + x2y2. Therefore formulas and can be rewritten as follows:

CQFl — 202FQ C()F5 — 202F6

<C()F3 —2c9Fy coFy — 202Fg> ’
C()F6 — 2CQF5 C[)F2 — 202F1

<00F7 — 262F8, CgFg — 262F4> ’

(z1,91) + (z2,92)

(z1,91) — (z2,92) =

Projective coordinates. In this paragraph, we give projective coordinates over finite fields K
of characteristic 2. To avoid inversions we can work in the projective space P*(K). Let z = X/Z
and y = Y/Z, then the coordinates of the sum [X3: Y3 : Z3] = [X; : Y7 : Z1] + [Xo : Yo : Z5]
can be computed as follows:

A=X1-X9; B=V11'Yy; C=AB;
D:Xl'ZQ; E:YQ-Zl; Z:Z1'ZQ
F=E(C+D?; G=D(C+E?);
H=Z7(A+B); I=C+ 7%
Xs=F-1, Ys=H-G;, Z3=G-I
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The coordinates of a doubling [X4 : Yy : Z4] = 2[X; : Y] : Z;] can be computed as follows:

A=Y1+21)% B=(X1+2Z1)% C=(Z1(X1+W))%
D=AB+C; E=X-A: F=Y,-B
X, =ED; Y,=F-C;: Z,=F-D

Projective addition costs 12M + 35 and projective doubling costs 7TM + 3S in the base field.

4.3.2 Comparisons of addition formulas with previous works

In this section, we compare our addition formulas in binary fields with other models of elliptic
curves. As in theorems [7] and we choose models that are birationally equivalent to the
ordinary Weierstrass model v2 +uv = ud + bou + bg where by = 0 of Explicit-Formulas Database
|[BL-EFD]|. Recall that M, S and m are the cost of multiplication, square and multiplication by

a constant, respectively, over a finite field K.

Models Doubling Addition
Weierstrafs ™™ + 3S 14M 4+ 15
Binary Edwards of [BLF08] AM +4S 4+ 1m | 16M + 15 + 4m
Hessian 6M + 35 12M +6S

Huff of [DevJoyBinHuff11] 6M + 55 +2m | 13M + 25 +2m
Edwards model of [Wu:2010:608| | 3M + 35S + 1m | 12M + 4S5 + 2m
Level 4-theta model 3M +6S+2m | TM + 25 +2m
Our Edwards model ™ + 35S 12M + 38

Table 1: Comparisons of points operations in binary fields

We can observe that addition law on the level 4 theta model costs only 7M + 25 + 2m, which
is the fastest addition formulas among well known models of elliptic curves.

5 Differential addition on Kummer line

5.1 Differential addition on the level 4 theta model

This section is devoted to differential addition on Kummer line of elliptic curves. Let K be a
field of characteristic p > 0 and let Ejy, , be the level 4 theta model defined over the field K.
Let [X;] == [Xo : X1 : X2 : X3] be a point on E), »,, the opposite of [X;] is [X¢ : X3 : X5 : X3].
The set {Xo, X2, X1 + X3} is invariant under the action of opposite. Denote W = X + X3, an
equation of Kummer line can be written as

2

= (X5 + X3) + A XoXe,
1

. 2
Kpy ., i W

which become W? = X\yXyXs over binary fields. The addition on Ey, ), does not induce an
addition law on the corresponding Kummer line, but one can defined a differential addition on
Kummer line. Let [Xl,i] = [Xl,O . X171 . X1’2 : Xl,g] and [XQJ‘] = [XQ,O : X2’1 : X272 . X273] be
two points on Ejy, », and let [X3 ;] = [ X1 ;]+[X2,], [Xa,] = [X1,]—[X2,] and [X5;] = 2[X1,]. For
differential addition and differential doubling, we express the coordinates X3, X392, X31+ X33
and X5, X52,X51 + X53 in term of the coordinates of X ;, Xo; and X, ;. Remark that the
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computation of [X4;] is done using the addition formulas; that is by adding [X ;] with the
inverse of [X3;]. We have:

Xz0 = (XPoX30+ X72,X3,) —4(ca/co)X11X13X21 X233
X31 = co(X1,0X1,1X2,0X2,1 + X12X13X22X03) — 2c2(X1,0X1,1X22X03 + X12X13X20X21)
X372 = (X12’1X22’1 + X1273X22’3) — 4(62/CO)X170X270X1,2X272
X33 = co(X1,0X13X00X03 4+ X11X12X01X02) — 2c2(X1,0X13X2,1 X022 + X1,1X12X20X23)
X4’0 = (X1270X2270 + X1272X22,2) - 4(02/CQ)X171X173X2’1X2’3
X41 = co(X1,0X11X00X03 4+ X120X13X01X02) — 2c2(X1,0X1,1X2,1 X222 + X12X13X20X23)
X472 = (X12’1X22’3 + X12’3X22’1) - 4(02/CO)X170X172X270X272
Xu3 = co(X10X13X00X0 1 + X11X12X22X03) — 2c2(X1,0X1,3X22X23 + X11X12X20X021)

X50 = Xf‘,o + ng - 4(02/CO)X12,1X12,3

X571 = CO(X%,OX%J + X1272X1273) — 402X1’0X171X172X1’3
X590 = Xf1 + Xfl,:a - (02/CO)X12,0X12,2

X573 = Co(X1270X1273 + X1271X1272) — 4C2X170X1’1X172X173

A straightforward and easy calculation, while considering the equations of the curve, shows that:

X3 = X24,0 )
cg — 4c , 20
X3o = 2 —2X10X20X12X00— X402 (20)
coC2
{ Xs50 = NCO(XIQ,O + X12,2)2 - 2X12,0X12,2 (21)
Xs52 = (CQ/CO)X%,O'X%,Q - 2#62(X12,0 + X12,2)2 ’

where = co/(c3 + 4c3). The cost of differential addition and doubling are 3M + 1m and
1M + 35 + 3m operations, respectively, over non-binary fields. Over binary fields, differential
addition and doubling cost 3M + 1m and 1M + 35 + 1m operations, respectively. Notice that,
moreover, we can also focus on the computation of the coordinates functions W; = X; 1 + X 3

2
= —(X3+

for i = 1,2,3,4,5, which give the addition law on the Kummer line ICEAl N wW? = 3
’ 1

X2) + X2 XXz, Finally we have:
Wi = Wi-Wsy- (CO(XLO‘XQ,O + X12-X22) — 2c2(X1,0X22 + X1,2X2,0)) - Wy
Ws = p(c— 403)()(12,0 + X122)(VV12 - 20002()(12,0 + X12,2))

The computations cost 6M + 3m and 2M + 45 + 5m operations for differential addition and
doubling, respectively, over non-binary fields. Over binary fields, these cost are 5M + 2m and
2M + 45 + 2m for differential addition and doubling, respectively.

5.2 Differential addition on the Edwards model over any finite field

Let £y be the Edwards model over the field K and let (x,y) be a point on &,. The first coordinate
of (z,y) is invariant under the negation action. For i = 1,2,3,4, let (z;,y;) be a point on &,

such that ($37y3) = (xlayl) + ($2ay2)7 (1’4,2/4) = (xlvyl) - ($2>y2) and (.%'5,:1/5) = 2(1‘1,3}1). As

in section our goal is to express x3 and x5 in term of x1,x9 and x4. We have z; = X;2/X; o

for i =1,2,3,4,5 where [X;: X;1: Xj2: X 3] are points on the level 4 theta model. The first

and second relation of and give, if they are defined:

(2 — 4cd) 122

coca(1 + x222)’

(ca/co)at = 2uca(1 4 a7)?
pco(1 + x2)2 — 222

3+ x4 (22)

, (23)

Ts
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where pu = co/(c2+4c3). The computation of x5 and x5 costs 11+1M +1S+1m and 11+2S+3m
operations,respectively. To avoid inversions, let z; = X;/Z; for i = 1,2,3,4,5 where [X : Z]
parametrizes the projective space P'(K). Over any finite fields, formulas and become:

Xy = DDy N X071 Ty — Xu(X2X2 + 7272

3 ey LaX1X221 2 4(12+12)’ (24)
Zs = Zy(X{X3+ Z3Z3)
X5 = (cafco)Z}- X} —2uca(Z7 + X1)? (25)
Zs = peo(Z + X7)? - 223 X7

The computation of [X3 : Z3] and [X5 : Z5] costs 6 M + 2S5 + 1m and 1M + 35S + 3m operations,
respectively, over non-binary fields. The computational cost of the differential addition can be
reduced to 4M + 2S5 + 1m if Z4 = 1. Similarly, over fields of characteristic 2, formulas and

become:

Xz = (co/e2)ZaX1XoZ1Zo + Xa(X1 X + Z122)° (26)
Zy = Zy(X1Xa+ Z12)° ,

X5 = (c2/co)(Z1-X1)? o
Zs = (Zi+X1)!

The formulas and cost 6M + 15+ 1m and 1M + 35 + 1m operations, respectively, over
fields of characteristic 2. If Z, = 1, formulas can be reduced to 4M + 1.5 + 1m operations
over binary fields. Formulas correspond to Stam [StamPKCO02]| formulas and formulas
correspond to Gaudry and Lubicz formulas [GauLubKummer09].

5.3 Comparisons with previous work on differential addition

Over non-binary fields,
on general Weierstrass model v? = u® + bau + bg. The method of [BJ02] uses 6M + 2S5 + 2m
per bits for a scalar multiplication, i.e. multiply a point on Kummer line by a scalar. The best
known formula, see table 2| uses 3M + 6S + 3m per bits and is due to Gaudry and Lubicz in
[GauLubKummer09| on Kummer model of Legendre form v? = u(u — 1)(u — b). Our formula
costs 4M 4 35 4+ 4m on the level 4 theta model and 5M + 55 + 2m on the Edwards model. Over
non-binary fields, we can assume that S = M and consequently, our formula requires 7M + 4m
which is better than formula in [GauLubKummer09| which requires 9M + 3m. Moreover if
we assume that m = M, then our method saves one multiplication.

Brier and Joye [BJ02] generalize the idea of Montgomerry [Mont ECM87]

model differential doubling | differential addition Total

Montgomerry [MontECM87| 2M + 2S5+ 1m 3M + 28 5M + 4S5+ 1m
Weierstraf AM + 35 4+ 2m 6M + 25 +2m 10M + 55 + 4m
Gaudry and Lubicz [GauLubKummer09| | 45 + 2m 3M +25+1m 3M +6S + 3m
Level 4-theta model 1M + 35S +3m 3M +1m 4M + 3S + 4m
Our Edwards model 1M+ 35+ 1m AM 425 4+ 1m S5M + 55 +2m

Table 2: Comparisons of differential addition over non-binary fields

Over binary fields, the best known formula, see table , due to Gaudry and Lubicz [GauLubKummer09|

costs 5M + 55 4+ 1m on Kummer model of the ordinary elliptic curve v? + uv = u3 + bg. Our
formulas requires 4M + 35S + 2m on the level 4 theta model and 5M + 45 4 2m on the Edwards
model. The formulas on the level 4 theta model are the best to compute on Kummer line over
binary fields.
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model differential doubling | differential addition Total

Weierstraf of [StamPKCO02| IM +35+1m AM + 18 5M + 4S5 + 1m
Binary Edwards of [BLF08] IM +35+1m AM + 15+ 1m S5M + 4S5 + 2m
Huff of [DevJoyBinHuff11] IM +35+1m AM + 28 S5M + 55 + 1m
Edwards model of [Wu:2010:608] IM +4S+1m AM + 28 5M +6S + 1m
Gaudry and Lubicz [GauLubKummer09| | 1M + 35 + 1m 4M + 28 5M +5S 4+ 1m
Level 4-theta model IM 43S+ 1m 3M +1m 4M + 3S + 2m
Our Edwards model IM 43S+ 1m AM + 1S +1m SM + 4S5 +2m

Table 3: Comparisons of differential addition over binary fields

6 Conclusion

We successfully introduced an Edwards model of elliptic curves defined over fields of all char-
acteristic. We used a model of elliptic curve called level 4 theta model, comming from theta
functions of level 4. We have shown that the group law on this theta model is complete and is
the fastest in characteristic two, among common curves such as Weierstrass, Edwards, Huff and
Hessian curves. As future work, one may compute pairings using theta functions in binary fields
and Miller algorithm on these curves. Pairings computation over non-binary fields using theta

funtions is published [LuRo010].
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A Addition laws formulas on the level 4 theta model

The Riemann theta formulas give 16 relations that are classified according to j. Recall that
co = ap,c2 = az/2 = 62(0)/2 and a3 = a3 = 1. Let K be field of characteristic p > 0 and
let cp,co € K* and let Ey, y, : Xg + X3 = M X1X3, X2 + X§ = A X9X2 be the level 4 theta
model defined over a field K. The arithmetic (addition and doubling) on E}, , is given by the
following theta formulas:

a B ,L'/’ A/,k/,l/ —a B ’i/7 .I,k/—|—27l/
Hi(zl+22)gj(21—22): kB J ) CI;lJrQ (7,5 )

This formula give 4 x 4 formulas that give 4 equivalent group laws on Ej, »,. The 4 group laws
formulas are:

B ./70707 ) — B -,7072, i
0;(21 + 22)00(21 — 20) = apB(i i') — axB(i 2)7

a;

aBi/’]'?Oﬂil+1 70/82./717277:,4’1

0i(21 + 22)01(21 — 22) = oB( )a 2BB( )’
i+1

apB(i',2,0,i' +2) — a2B(i', 2,2, + 2

0i(z1 + 22)02(z1 — z2) = 0B( L 22 ( )’
i+

Qa Bi/73,07i/+3 —a Bi/,3,2,i/+3

0;(21 + 22)03(21 — 22) = 0B( )a 32 ( )
it

co (‘93(21)9(2)(22) + 95(21)93(22)> — deab1(21)03(21)01 (22)03(22)

0o(z1 + 22)00(21 — 22) = 0 ;

91 (21 + 2’2)90(2’1 — 22) = O ((90(21)91(2’1)90(22)91 (22) + 92(2’1)93(21)92(2’2)63(2’2))
—2¢o (92(21)93(2’1)90(Z2)91(22) + QO(Z1)91(21)92(22)93(22)>,
coblo(21)02(21)00(22)02(22) — 2 (9%(21)9:?(2‘2) + 93(731)9%(22))

O2(z1 + 22)00(21 — 22) = . ;

03(z1 + 22)00(21 — 22) = co (90(21)93(21)90(22)93(22) + 91(21)92(21)91(2’2)92(22)>
—2cy (90(21)93(2‘1)91(22)92(22) + 91(21)92(21)90(22)93(2’2)>-

90(,21 + 22)91(2’1 — 22) = O (90(21)91(21)90(22>93(22) + 92(Z1)93(21 91(22)92(2’2)
—262 (90(21)93(21)91 (252)02(22) + 91 (21 (92 21)90(22)93(22)),

cobo(21)02(21)01(22)05(22) — c2 (‘95(21)98(22) + 95(21)95(220
O1(21 + 22)01(21 — 22) = . )
@ 92(21 + 2’2)91(2’1 — 22) = O ((90(21)93(2’1)92(22)93(22) + 01 <21)92(21)90(2’2)91(Z2)>

—2ca («90(21)93(2’1)90(Z2)91(22) + 01(z1)02(21)92(22)93(z2)>,

co (98(21)9§(Z2) + 95(731)9%(22)) — deabh (21)03(21)00(22)02(22)
93(21 + 22)91(2’1 — 22) = .

\ €o

)
(
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cofo(21)02(21)01(22)03(22) — c2 (9%(21)9%(22) + 9%(21)95(2*2))
90(21 + 2’2)92(,21 — 22) = ,

O1(21 + 22)02(21 — 20) = co (eo(zl)eg(zl)el(ZQ)GQ(ZZ) n 921(21)92(21)90(22)93(22))
-262(90(21)93(22)90(22)93(22) +-91(21)92(21)91(22)92(22)),
o (3(21)03(22) + 03(21)03(22) ) — 421 (1)83(21)01 (22)05(22)
Oo(21 + 22)02(21 — 22) = 0 )
03(21 + 22)02(21 —22) = «co (90(21)91(21)92(22)93(22) + 92(21)93(21)90(22)91(22))

—262 (90(21)91(21)90(22)01 (2’2) + 02(21)93(21)92(22)93(22)> .

90(21 + 22)93(2’1 — 22) = O (90(21)93(21)90(22)91 (22) + 91 (Z1)92(21)92(22)93(22)>
——262(90(21)93(21)92(22)03(22) +—91(21)92(21)90(22)91(22)>,

co (‘93(21)9%(22) + 95(21)932,(22)> — deabh (21)03(21)00(22)02(22)
O1(21 + 22)03(21 — 22) = 0 ;
@ 92(21 + ZQ>93(Z1 — 22) = O (00(21)91(2’1)61 (2’1)92(22) + 02<21)93(21)90(2’2 )
—262 (90(21)91(Zl)eo(Z2)93(22) + 02(21)03(21)91(22
coblo(21)02(21)01(22)03(22) — c2 (9%(21)9(2)(732) + 93(21)95(22))

C2

~—
D
w
— o~
N
[\

93(21 + 2'2)93(2’1 — 22) =

B Sage verification

This sage script verifies that addition formulas are valid.

R.<c0,c2,X0,X1,X2,X3,Y0,Y1,Y2,Y3> = QQ[]
1bdl = c0"2 + 4%c2°2; 1bd2 = 1/(cO*c2)
LB = numerator(lbdl - 1bd2)

El = numerator(X0~2 + X2°2 - 1bd1#X1*X3); E2 = numerator(X1-2 + X3°2 - 1bd2#X0%X2)
F1 = numerator(Y0~2 + Y2°2 - 1bd1*Y1%Y3); F2 = numerator(Y1"2 + Y3"2 - 1bd2*Y0*Y2)
S = R.quo([El,E2,F1,F2,LB])

Z0 = (X0"24#Y0"2 + X2°2%Y2"2) - 4#%(c2/c0)*X1+X3*Y1xY3

Z1 = cO*(XO*xX1+YO*Y1 + X2xX3*xY2+Y3) - 2%c2*x(X2*X3*Y0*xY1 + XO*xX1*xY2*xY3)

Z2 = (X172%Y1~2 + X3"2%Y3°2) - 4x(c2/c0)*X0*xYO*xX2xY2

Z3 = cO* (X0*X3*YO*Y3 + X1#X24Y14Y2) - 24c2% (XO0*X3*Y1xY2 + X1xX24YO0xY3)

Gl = Z0~2 + Z272 - 1bd1*Z1%Z3; G2 = Z1°2 + Z372 - 1bd2*xZ0*Z2

S(numerator(G1l)) == 0; S(numerator(G2)) ==
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