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Abstract. In this paper we investigate the properties of generalized
bent functions defined on Z3 with values in Z, where ¢ > 2 is any posi-
tive integer. We characterize the class of generalized bent functions sym-
metric with respect to two variables, provide an analogue of Maiorana—
McFarland type bent functions in the generalized set up. A class of bent
functions called generalized spreads type is introduced and it is demon-
strated that recently introduced Dillon type generalized bent functions
and Maiorana—McFarland type generalized bent functions can be de-
scribed as generalized spreads type functions. Thus unification of two
different types of generalized bent functions is achieved.
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1 Introduction

The Walsh-Hadamard transform on generalizations of Boolean functions have
been studied for some time [11, 15-17]. Particular interest are analogues of bent
functions in different generalized scenarios. In this paper we investigate the prop-
erties of generalized bent functions defined on Z} with values in Z; where ¢ > 2
is any positive integer.

Suppose Z is the set of integers and Z, is the ring of integers modulo r. A
function from Z% to Z, is said to be a Boolean function on n variables and the
set of all such functions is denoted by B,,. A function from Z% to Z, (q a positive
integer) is said to be a generalized Boolean function on n variables [16]. The set
of all such functions is denoted by GBI . Let the set of real numbers and complex
numbers be denoted by R and C.
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Any element x € Z can be written as an n-tuple (zy,...,x1), where z; € Zs
foralli =1,...,n. The addition over Z, R and C is denoted by ‘4-’. The addition
over Z% for all n > 1, is denoted by @. Addition modulo ¢ is denoted by ‘+’
and is understood from the context. If x = (z,,...,z1) and y = (yn,-..,v1)
are two elements of Z%, we define the scalar (or inner) product, by x -y =
TnlYn ® -+ @ xays ® x1y1. The cardinality of the set S is denoted by |S|. If
z = a+ by € C, then |z|] = va?+b? denotes the absolute value of z, and
Z = a — b1 denotes the complex conjugate of z, where 1> = —1, and a,b € R.
The conjugate of a bit b will also be denoted by b.

The Walsh-Hadamard transform of f € B, at any point u € Z% is defined
by

Wi(u) =275 Y (=1)7CI(=1)»=.

XELY
A function f € B, where n is even, is a bent function if [Wy(u)| = 1 for all

u € Zy. If n is odd, a function f € B, is said to be semibent if and only if
|Wy(u)| € {0,+/2}, for all u € Z3.

The sum
Cpgle) = Y (-1 0o
x€ELy
is the crosscorrelation of f and g at z. The autocorrelation of f € B, at u € Z§
is C¢, s(u) above, which we denote by C¢(u).
The (generalized) Walsh-Hadamard transform of f € GBI at any point u €
735 is the complex valued function defined by

Hi(u) =27% Z CFe(—1)yux,

XELyY

where ¢ = €2™/9 is a complex g-primitive root of unity. A function f € GB? is
a generalized bent function (gbent, for short) if |[Hs(u)| = 1 for all u € Z3. If
[ is gbent then [Hy(u)| = 1, for all u. Assume that for every such u, we have
Hy(u) = ¢Fu, for some 0 < k, < ¢q. That is, for such a gbent function f, there is
a function F : Z§ — Z, such that (¥ = H;. We call such a function F the dual
of f (Caution: only some gbent functions admit duals).

The sum
Cpy(2z) = Z ¢ —9(x®2)
xEZg

is the crosscorrelation of f and g at z. The autocorrelation of f € GBY at u € ZY
is Cy,r(u) above, which we denote by Cr(u).

2 Properties of Walsh—-Hadamard transform on
generalized Boolean functions

Several properties of Walsh—Hadamard transform and their generalized ana-
logues are presented below [9,16,17].



Theorem 1 We have:

(i) The inverse of the Walsh-Hadamard transform is

(-1 =275 3 Wy(u)(=1)", for all f € B

uezy

(i) If f,g € By, then

D Crg(u)(—1)" = 2" Wy (x) W, (%),

u€ezy

Crolu) = 3 Wy()W, () (~1)™.
xX€EZLy
(19i) Taking the particular case f = g we obtain Cy(u) = Z W (x)?(—1)">.
XELY
(iv) A Boolean function f is bent if and only if C¢(u) =0 for 0 #u € Z3.
(v) For any f € B, the Parseval’s identity holds Z Wi(x)? = 2"
XELY

For more details we refer to [5-7]. Analogues properties for generalized Boolean
functions is as follows:

Theorem 2 We have:
(i) Let f € GBL. The inverse of the Walsh-Hadamard transform is given by
TS PEAICIES

uEZQ

Further, Cy g(u) = Cq 5(u), for allu € Z5, which implies that Cy(u) is always
real.
(i) If f,g € GBY, then

D7 Cpgu)(—1)™ = 2"H (%) Hy (%),
uEZQ
Cra(u) = Y Hp(x)Hy(x)(—1)",

xELY

(t13) Taking the particular case f = g we obtain Cy(u) = Z [Hp(x)[2(—1)™>.

xX€ELy
(iv) If f € GBL, then f is gbent if and only if
2" ifu=0,
= 1
Crlw) {0 ifu0. @

(v) Moreover, the (generalized) Parseval’s identity holds Z [H(x)]? = 2"
XELyY



3 Characterization and affine transformations of
generalized bent functions

Let v = (vp,...,v1). We define

fv($n415-~-7x1):: f(xn/::Ur7~--;$n7r+l ::v1?$n4f?"')x1)

Let u = (tr,...,u1) € Z and w = (Wp—p, ..., w1) € Zy~ . We define the vector
concatenation by
UW = (Upy e oy U, Wiy -« 5 WY )

Lemma 3 Let u € Zj, w € Z5~" and f be an n-variable generalized Boolean
function. Then

Crluw) = > Cp, fpn(W). (2)

VvEZLY
In particular, forr =1,

(1) Cr(0w) = Co (W) +Cp, (W),
(i) Cy(1w) = 2Re[Cy, 5, (W)].

Proof. Certainly,

Ciluw) = Z ¢fx)=F(x@uw)

er;

Z Z Cf(VZ)—f(VZGBuW)

VELy 2cZy "

Z Z ¢Iv(@) = Fvou(z0w)

V62526237T

D Crouea(W).

VvEZLS

a

Two functions f,g € GBI are said to have complementary autocorrelation if
and only if Cy(u) + Cy(u) = 0 for all u € Z% \ {0}.

Lemma 4 Two functions f,g € GBL have complementary autocorrelation if and

only if
[y (W) + [Hy (W2 =2, for all u € 7. (3)

Proof. If f and g have complementary autocorrelation then

2" ([Hp (W) + [Hy () = Y (Cr(x) +Cy(x)) (1) = 2F,

erg

Thus, |Hs(u)|? + |H,(u)|? = 2, for all u € Z5.



Conversely, suppose that
[H(x)|? + | Hy(x)|> = 2, for all x € F5.
Then,
Cr(w) +Co(w) = > (IHs(x)* + [He(x)]})(~1)™

x€ZY

=2 ) (~1)"* =2""5y(u),

XELy

and so, if u # 0, then C¢(u)+Cy(u) = 0. Therefore, f and g have complementary
autocorrelation. O

Theorem 5 If n is a positive integer and h is an (n + 1)-variable generalized
Boolean function, we write

hEpi1,Tn,y .o yx1) = (LB pg1) f(@n, oo 21) + Tnp19(XTny - o, 21).
Then the following statements are equivalent:

(a) h is gbent.

(b) f and g have complementary autocorrelation and Re[Cy 4(w)] = 0.

(¢) [He(u)]? + |Hg(w)|?> = 2, for all u € Z3 and zigﬁ; is purely imaginary
whenever |Hy(u)||Hg(u)| # 0.

Proof. The equivalence of the first two statements is immediate from equa-
tion (1) and Lemma 3.

Let us identify (%511, Zn,...,21) € Zg“ with (y,41,%) € Zg X ZY. Suppose
that the function

Mant1,%) = (1© 2p41) f(X) + 2ni19(x) (4)
is gbent. The Walsh-Hadamard transform of h at (a,u) € Zs x Z% is

Huaw =278 30 (e gy

(In+1 ,x) €Zso XZ;

—o R [ g (c)r 3D (| (5)
XELy x€Ly
- % (s (w) + (~1)"H, ()

Since the function h is gbent, then |Hp(a,u)| = 1 for all (a,u) € Zy x Z5. There-
fore Hy(u) and H4(u) cannot be zero simultaneously. Suppose that |H s (u)||Hg(u)| #
0, for u € Z3. From (5) we have |Hs(u) + Hq(u)| = |Hs(u) — H,y(u)| which im-
plies

Hy(wHg(a) = —Hy(w)H,(w). (6)



Since Hy(u) # 0 we obtain

Hy(w) _ _(HQ(U)) (7)

Hy(uw) Hy(u)
;:;E‘l‘l; is purely imaginary. Since h is generalized bent, f and g have
complementary autocorrelation and therefore by Lemma 4, we have |H(u)|? +
|H,(u)|? = 2 for all u € Zj. This proves that (a) implies (c). Conversely, suppose
(c) is true. Suppose H(u) = 0. Then we obtain [H,(u)| = v/2. This implies that
|Hp(a,u)| =1 for all a € Zs. Now, suppose |Hs(u)||Hg(u)| # 0 for u € Z%. Let

z;gzg =1¢(u), where ¢(u) is real. Then

Therefore

Moo, @) = SR )P+ (1) o)
= S )P (1 + 6 (w)?)

L (L )P ®)
= gt (1+ )

1
= S (R (@) + [Hy(w)]*) = 1.
Therefore (c¢) implies (a), and the theorem is proved. O

Theorem 6 Let f, g be two generalized Boolean functions in n variables, where

g(x) = f(Ax®a)+eb-x+d, where Ac GL(2,n),a,beZ3,de Zg,,

2 ) =
and € = {O’ a/2 ifq N Then f is gbent if and only if g is gbent.

0 if q=odd
Proof. Let B = A~'. We show the theorem when ¢ is even and € = ¢/2, since

the other cases are absolutely similar. Using (2 = —1, we compute the Walsh—
Hadamard transform of g at z € Z7,

HQ(Z) — 2—% Z Cf(Ax@a)+%b~x+d(_1)z‘x

x€eZy
— 2—%Cd Z Cf(AXGBB)(_l)(Z@b)'X
xeZy
_ 27%Cd(71)BT(b@z)~a Z Cf(x)(il)BT(beaz)x

x€Zy

= ¢4(~1)B" ®ED2y (BT (b @ 2)),

which concludes our proof. a



4 Generalized bent functions symmetric about two
variables

A generalized Boolean function h € GBZ_, is symmetric with respect to two
variables y and z if and only if there exist f,g € GBZ such that

h(z,y,x) = f(x) + (y ® 2)g(x) + yzs(x) 9)
where y, z € Zs and x € Z4 and Z’2’+2 is identified with Zo X Zo x Z3.

Theorem 7 Suppose q is a positive integer. Let h be a generalized Boolean func-
tion symmetric about two variables, as in (9). Then h is gbent if and only if
[, [+ g are gbent and s(x) = 4 (and consequently, q must be even,).

Proof. Let A(F) = F(x) — F(x @ u). Now, for a function h as in (9),

h(z,y,%) = h((z,4,%) & (a,b,0))
)+ (Y@ 2)9(x) +yzs(x) - f(xDu)

~(yoz0adb)gxou) - (20 a)(ydb)s(x G u)
= A(f) + (y ©2)Alg) +yz As)
—(a®b)g(x D u) — (ay © bz @ ab)s(x © ),

and the autocorrelation

Chlabu)= 3 (ANHEO)AG) - (@@DgxEu)+yz 56~ (:00) y@V)s(xw).

(y,z,x)€Z§+2
(10)
Assume that h is gbent on Zg“, and so, in particular C;(1,1,0) = 0. Replace
a=>b=1and u= 0 in equation (10), and since A(F) =0 if u = 0, we get

Ch(1,1,0)= > (v

(y,z,x)GZ;"+2
= 3 Y (et
XELY Y,z
=3 (g—s(x) 00 4 2)
XELY
q
= a < .
S oo+ >k forallleZq\{Q},0<k_4
x:s(x)=4 x:s(x)=1l,1#%

2w

which follows from the following relations, (since { = e« )

("+("+2=0("=-1<r==, and

4
2

27
C7'+§_"+2:2(1+cos> >0, 1f7“7é7
q



Since Cp,(1,1,0) = 0 this implies that s(x) = 2 for every x € Z3. Further, using
5(x) = £ in (10), we obtain

Chla,bu) = 3 ¢AN-(@EDIEEW  §™ (@A) vz 50~ (:00) 1@V (xow)

XELyY (y,z)EZ%
_ Z CA(f)f(aéBb)g(x@u) (Cfabs(xéBu) +<—A(g)75as(x®u)
XELy

+<A(g)7&b s(x@u) + Cs(x)fl;& s(x@u))

_ Z CA(f)—(aEBb)g(x@u) (C—Zab +CA(g)—25a _’_CA(g)—Zab_’_CQ—QEa).

XELY
Moreover,

p(0.0,0) = 3 ¢AD(24+2639) = 205 (w) + 20y (w):

XELy
Ch(0,1,u) = Y ¢ (2@ + Ay =
xXELy
; q (11)

n(1,0,u) Z CA A(g) + CA(g)—g) —0:;
XEZLY

r(1,1,u) = Z CA(f 2+2CA(9)) = —2C;(u) + 2Cf44(n).
XELY

Now, since h is gbent, then Cp(0,0,u) = C(1,1,u) = 0, from which we derive
that C¢(u) = Cyyg(u) =0 (if u# 0) and so, both f, f + g are gbent.
Conversely, we assume that both f, f + g are gbent and s(x) = 4. From
equations (11), we obtain that Cp,(0,0,0) = 2C;(0) +2C;44(0) =2-2" +2-2" =
2"*2 and Cp(z,y,u) = 0, when (z,y,u) # (0,0,0). The theorem is proved. 0O

For g = 0, we have the following corollary. We provide an alternative proof
in this case.

Corollary 8 Let h : Zy x Zo X Zy — Z4 (n even) be the generalized Boolean
function (symmetric with respect to two variables y, z) given by

h(z,y,x) = f(x) + gyz forallx € Z%,y, z € Za,

where f : 7y — Zq 1s an arbitrary generalized Boolean function. Then h is gbent
if and only if f is gbent.

Proof. Since ¢ = er , therefore (2 = —1. The Walsh transform of h at (a,b,u) €

ZQXZQXZgLiS



Hp(a,byu) =27 =n Z Z ¢+ dyz(_qyuxtaytbz

XELY (y,2)EZLo X Lo

e DI % S (1)t

XELy (y,2)EZLa X Lo

But it is easy to show that the function k : Z3 — Zs such that k(z,y) = yz is
bent, and so,

|Hn(a,b,u)| = [Hs(u)|, for all a,b € Zy and u € Z3,

which concludes our proof. a

5 Generalized Maiorana—McFarland and Dillon functions
are contained in the generalized spreads class

Let ¢s denote the indicator function of any subset S of Z5.
Schmidt [15] proved that for any permutation o on Z% and g € GB}, a
function f € ngL defined by

f(x,y) =2x-0(y) +g(y) for all x,y € Z5, (12)

is a generalized bent function. In Theorem 9 below we generalize this to functions
from Zj to Zg4, for any even positive integer ¢, as follows

flxy) =9(y)+ gx -o(y), for all x,y € Z3, (13)
for all x,y € Z%, where g € GB}, o is a permutation on Z. The class of such

functions is referred to as the generalized Maiorana—McFarland class (GMMF).

Theorem 9 Suppose q is an even positive integer. Let o be a permutation on
Zy, let g : % — Zq be an arbitrary function, then the function f : Z3" — Z,
defined as

Fy) = g(y) + 5x-oly) for all x.y € 25 (14)

is a gbent function and its dual is (o~ (x)) + Ly - (7 (x)).
Proof. Compute
Hy(uv) =27 30 30 (0o (pyexevy

xX€ELy yELy

=27 30 W)Y YT (e

yeZg XEZQ

= > ()Y (uenly)),

and the theorem is proved. a



The following corollary is Theorem 5.3 of Schmidt [15].

Corollary 10 Let o be a permutation on Z5, g : Z& — Z4 arbitrary, and let
f: 73 — Z, be given by

fxy) =20(x) -y +9(x).
Then f is a gbent function.

Carlet [2] introduced the generalized partial spreads class (GPS) of bent
functions and conjectured that any bent function belongs to GPS. This conjec-
ture was proved in affirmative by Carlet and Guillot [3]. A similar representation
which provides a unique representation of bent functions were proposed by Carlet
and Guillot [4]. Below we introduce a class for generalized bent functions which
we refer to as the generalized spreads class (GS). We demonstrate that the Dil-
lon type generalized bent functions as well as generalized Maiorana—McFarland
type bent functions belong to GS. The question whether any generalized bent
is in GS remains open.

Let n = 2t. Suppose FEjy, ..., Ej are t-dimensional subspaces of Z§ such that

U B =UF L EF =175, (15)
For each x € Z} we define the following two sets
Ex=1{E;:x€ E;} and £ = {Ej* : x € Ei*}. (16)
Theorem 11 Let my,...,my € Z and F : Z5 — C is defined by

k
F(x) =Y (™ ¢p,(x) for all x € Zj. (17)
i=1
Suppose
Z ¢ Z ¢Me{¢:j=0,1,...,g—1}. (18)
{i:E;€&x} {i:E}+e€l}
Then the function f : 7y — Zq defined by
¢ = F(x) for all x € 73, (19)

is a generalized bent function. The class of such functions is referred to as the
generalized spreads class (GS).

Proof. Suppose f € GBY satisfies (19). Then
Hf(ll) — 9t Z Cf(x)(—].)u'x — 9t Z F(x)(—1)"*

XEZY xX€ELY
. k
=27 3 DM s (L) =27 Y M Y o, (1) (- 1)
x€Ly i=1 i=1 x€L3
k k
=271 (MY (DR =) (Mepi(u)= Y (™
i—1 x€E; i=1 leBl ey}

(20)



Therefore any the function f € GBI satisfying (17) is generalized bent if the
condition (18) is satisfied. O

Since the only units in the ring of Gaussian integers are 1, +1, we have the
next corollary, for the case ¢ = 4.

Corollary 12 Let my,...,my € Z and F : Z% — C is defined by

k
F(x)= ZlmiqSEi (x) for allx € Z3. (21)
i=1

The function f : Z% — Z4 defined by
) = F(x) for all x € 73, (22)
is a generalized bent function if and only if Z{i:E%egl} 1™ € {£1, 41},

The analogue of Dillon type functions is introduced in [9]. Suppose that E;
(i=1,...,2"+1) are t-dimensional subspaces of Z} with E;NE; = {0}, if i # j.
It can be checked that this implies E;- N Ej- = {0}, if i # j. It is also noted
that in this case U2 F'E; = U2 H EL = Z2. Thus (15) is satisfied. A natural
generalization of [9, Theorem 10] leads us to a class of generalized bent functions

which we refer to the the generalized Dillon class (GD).

Theorem 13 Let k,mq,...,maty1 be integers such that fo:ﬁl ¢mi = ¢k Let
F 75 — C be given by

2841
F(x) =Y (™¢g,(x), for allx € Zj. (23)
i=1
Then the function f : Zy — Zq defined by
¢f™ = F(x) for all x € 73 (24)

s a generalized bent function.

Below we demonstrate that GD and GM M F both are contained in GS. Our
proof is similar to the proof by Carlet [2] in the Boolean case.

Theorem 14 The generalized Dillon and generalized Maiorana—McFarland classes

are both contained in the generalized spreads class (i.e., GDUGMMF C GS).

Proof. First, it can be directly checked that, for generalized Dillon type gen-
eralized bent functions with my,...,mot41,k € Z such that 23;1 ¢mio= ¢k,
E;NE; = {0} and E} N B = {0} if i # j, the equations (18) are satisfied by
the subspaces F;’s and Eil’s. Therefore, GD C GS.



Next, we concentrate on the GM MF and assume g to be an even positive
integer. Without loss of generality, we assume ¢(0) = 0. Counsider the following
t-dimensional subspaces,

E, =o(z)* x {0,2},

25
K, = (0(2)" x {0}) U((Z5\ (0(2)")) x {2}), >
for all z € Z% \ {0}. The duals of the above subspaces are as follows:
L =1{0,0(z 7+
Ez - {07 ( )} X ’ (26)

Ky = ({0} x2) U ({o(2)} x (25 \ z")).

for all z € Z4 \ {0}. Let

Fxy)= Y C@pxy)+ 3 (~¢"P)éx, (x,y)
2€Z5\{0} 275\ {0} (27)

+ Cg(O) ¢Z§ x{0} (Xa y)7

for all x,y € Z%. We observe that in case y # 0

I if x € o(y)t
F(X7y): £+() . ()t 1

29 ifx € ZE \ o(y)—.
In case y = 0 we observe that (x,0) € E, if and only if (x,0) € K,. Therefore
for all x € Z&, F(x,0) = ¢9). Thus, the function

Jxy) = 5x-o(y) +9(y)

satisfies F(x,y) = ¢/¥) for all x,y € Z. This proves that GMMF C GS. 0O
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