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Abstract: In the present paper we study properties of perfectly balanced Boolean functions. Based on the concept
of Boolean function barrier, we propose a novel approach to construct large classes of perfectly balanced Boolean
functions.
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Introduction

A nonfeedback shift register with nonlinear filtering function (finite memory encoder [1, 2]) implements a convolution
transformation of binary sequences. A finite memory encoder feeded with linear recurrence sequence turns out to be
a filter generator. One of the aims of studying such shift registers is to provide for acceptable statistical properties
of output sequences. The best statistical properties of output sequences are reached when using perfectly balanced
functions [3, 4].

The paper is organized as follows. In Section 1 we remind some basic concepts of symbolic dynamics. Properties
of perfectly balanced Boolean functions in the general case are studied in Section 2. Binary case is treated in Section 3.
In Section 4 we propose based on the concept of Boolean function barrier a novel approach to construct large classes of
perfectly balanced Boolean functions. In Appendix we present a classification of perfectly balanced Boolean functions
of n = 4 and n = 5 variables.

1 Background

In the present section we give some background on symbolic dynamics. For a more detailed exposition, the reader is
referred to [5, 6].

Let I denote the set of all integers. Fori € I, let I; = {j € I|j > i}. The cardinality of a set E will be denoted by
card E.

Let p € I5. In what follows, the set A, = {0,1,...,p — 1} is treated as the set of symbols. A bisequence over A,
is a mapping from I to A,,.

LetX, = {z = (...z_1moz1...) |z; € Ay, i €I} be the set of all bisequences over A,. For any = € ¥, and
any i € Llet (x); = x;.

A metrics d on X, is defined as follows. Let z,y € ¥,. Then

0 ifz =y,
d(z,y) = . -
(1+k)1 ifz+#y,

where k = max{m € Iy | z; = y; for |i] < m}.
It is easily verified that the metric topology induced by d coincides with the product topology induced by discrete
topology of A,. Therefore ¥, is a compact, totally disconnected, perfect, metric space and hence is homeomorphic
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to the Cantor discontinuum. The shift transformation o acts on ¥, bijectively. The shift o takes x € X, toy € X,
where for any 7 € I

i = ()i = [o(@)]i = zipa.

The shift o is a homeomorphism of ¥,,.

A symbolic dynamical system is a pair (.9, o), where S is a closed and shift-invariant (i.e., o(S) = S) subset of
¥,. Such a system is called also subshift. For example, (3, o) is a symbolic dynamical system, often called the full
shift, as opposed to all other shift, which are called subshifts and define embeddings into X,,.

Let S be a closed nonempty o-invariant subset of ¥,,. Then the restriction of o to S is a homeomorphism of S
onto S. It is clear that S is a compact totally disconnected metric space.

Let (S;,0), ¢ = 1,2, be two subshifts (S; C X,,, ¢ = 1,2). A continuous mapping C: S; — Ss is a code if
oo C = C oo. An injective code is an embedding; a bijective code defines a topological conjugacy of subshifts is
called isomorphism. In the case S; = Sy = S the code C' is an endomorphism of the dynamical system (S, o).

Let n € I;. An n-block (word) over A, is an ordered set z1 22 ... %, where z; € A, (i = 1,2,...,n). Let B, ,
denote the set of all n-blocks over A,,.

Let f: B, — Bip = A,. The set of all such mappings for a given n € I; will be denoted by F,, ,,. Note that
card B, , = p" and card F,, , = pP" .

For any f € F,, p, left foo: ¥, — X, be a mapping of the form

Joo(®) =y, vi= f(Ti%iz1.. Tigzn_1),

where ,y € Xp, x;,y; € Ap, @ € L. Itis easily verified that a mapping f is a code for S; = Sy = X,,. It is usually
called an n-block code.

In the case S = X, denote by &, the set of all endomorphisms (codes) of symbolic dynamical system (¥, o).

Let F,, denote the set | J;— | Fp and let i = {0 foo |m €1, f € Fp}.

The structure of endomorphism (code) set of full shift (X, o) and its subshifts was described by Curtis, Hedlund,
and Lyndon and can be summarized in the next theorem.

Theorem 1 ([7]). &, = F.

2 Perfectly Balanced Functions

In what follows, we use the term “function” for elements of the set F,, only as opposed to all other mappings. This
section recalls the general properties of perfectly balanced functions. We also need some notation and definitions.
Let f € F,, , and m € I;. Define a mapping

fm5 Bm—i—n—l,p - Bm,p

as follows:
fm(blb2 cee b7rz+7z—1) = a102...0Qnm,
where
a; = f(bibit1 .. bign-1), 1=1,2,...,m. (1)
Let

J(f,m) ={y € Bpp V2 € Brsn-1,p frm(x) # y}-
It is evident that card J(f, m) = Def,, (f).

Definition 1. A function f € F,, , is called perfectly balanced if card(f,,")(y) = p™~" for any m € I; and for every
Y € B p.

Definition 2. A function f € F,, , is said to be of defect zero if Def,,(f) = 0 for any m € I,.

Letb e Bypand E = {j1,72,..., 0k} C{1,2,...,1},1 <ji <...<jr <1,k <1 Wedenote by (b)g a string
of the form (b;, b, ... bj,).



Definition 3. A function f € F, , is called information-lossless if for any [ > 2n there do not exist two different
blocks b,b" € B;,, such that

B i1,2,mr = 012,01 O)p—ntti—nt2,...03 = O fi—n+10-n+2,...1}»

and
fl—n—i—l (b) = fl—n—i—l (b/)

Denote by &, the set of all surjective mappings in &,. The structure of the set £ is closely related to the set of
perfectly balanced functions. The next statement is due to Blankenship, Hedlund, Rothaus, and Sumarokov.

Theorem 2 ([7, 8]). Letn € 11 and f € F,, p. Then the following statements are equivalent:
1. foo is a surjective endomorphism of (£,,0), i.e., foo € E5;
2. f is perfectly balanced;
3. f is of defect zero;
4. f is information-lossless.

Letn € Ipandlet f € F, . Letas,...,a;—1,ai41,...,a,(1 < i < n) be a collection of fixed elements of A,,.
Then

g(l’z) = f(a1 BRI ¢ 7 S W 174 ¢ s an)

defines a function g of A, into A, i.e.,g € Fip. Ifforany ai,...,a;-1, Gi+1, . .., ay the function g is a permutation
of A, then we call f permutive in z;. If n = 1, then f maps A, into A,. A function f is permutive in z; if its
restriction to 4, is a permutation of A,,.

Let f € Fpn. A variable z; (1 < 4 < n) is called essential if there exist ai,...,ai—1,@iy1,...,0n,b,c € Ay
suchthatb # cand f(ay...a;—1ba;i11 ... an) # flay...a;—1¢ai41 ... ay).

Let M be a subset of F,, ,. We denote the subset of all functions in M with essential variables x1, z,, by M. The
subset of all perfectly balanced functions in F,, ;, is denoted by PBF,, ,,. Furthermore, let £, ,, (R, ;) denote the
subset of all functions in F,, , that are permutive in x; (resp., z,,). It is easily verified that

Ly, CPBF,,, RnpC PBF.,. )

In the remaining sections we study the structure of the set PBF,, ,, \ (an U 75,”4,) in case p = 2.

3 Perfectly Balanced Boolean Functions

The set PBF,, 2 is closed under the next operations on the set 7, o [8]:
Lov: f(z1...2n) = f(z1...20) D1,
2.y flar..xn) = fl(xr@ ). (2, @ 1));
3. vo: f(xy...xp) = flzn ... 21).

Let £ and 1 be two random variables with support in A and B, respectively, with joint probability distribution
Pe.y(w,y), marginal distribution pe(x) and p, (y), respectively, and conditional distribution py, ¢ (y|=) and p¢), (]y)
for x € A and y € B, respectively. The Shannon entropy of ¢ is defined by

H(&) == pe(x)log pe(x).

T€EA

All logarithms are to the base 2. We assume that 0log 0 = 0. The joint Shannon entropy is defined as follows:

H(En) ==Y pen(@,y)logpe y(x,y).

r€A yeB



The conditional Shannon entropy of 1 given & is

Hle) = =Y pen(z,y)logpyie(ylo).

zEA yeB

Finally, the mutual information of £ and 7 is
I1(n,§) =1(&n) = H() + H(n) — H(&,m) = H(E) — H(&|n) = H(n) — H(nl§).

Theorem 3 ([9]). Letn,m € I and f € F, 2. Let {,,}50_, be a sequence of random variables with probability

distributions
Pr[ém = (a1 ... amin-1)] = 9—(m+n—1)

forany (a1 ...amyn—1) € Bmin—1,2 and any m € I,. A random variable 1, = f.,(,m) has a probability distribu-
tion
Pr[nm = (by...by)] =277

Sforanym € Iy and any (by ...by,) € B2 iff f € PBFp 2.

Theorem 4. Let f € F,, 2. Under conditions of Theorem 3, let iy, (f) = m™ I(0m, &m). Then
1. fis perfectly balanced iff i, (f) = 1 for any m € Iy;
2. forany g € F,, 2 one has i, (g) < im(f).

Proof. Let f € F,, 5. Under conditions of Theorem 3 we have

Pa = Prlé, =d] = o= (m+n=1) for any a € Byn_1,2;

o = 1 ifae f;1(b),
C |0 ifa g £t ()

2-(m4n=1) ifq € f-1(b),
0 ifad f,'(b);
gy = Prlnm = b = 270" card £, (b)

Poa = Pr[nm =b,&n = a] = PaPb/a = {

for any b € B,y 2. Then one has
im(f) =M™  (m, &) = m ™ H (0m) — H(1m|&m)]
=m™" > Y prallogpy. —logq]

bEBm,2 ac il (b)
=m! 2= (mtn=1r0m 4 1) — log(card - (b
> % et
bEBm.2 ac fm (b)

=m™" > card £} (9)27 " [(m + 1 — 1) — log(card £, (b))
bEBm 2

=m ' |(m+n-1)

—270mn D N card f,, ! (b) log(card £, (D) | - (3)
beBm 2

1. Let f € PB,, 2. Then card f,,'(b) = 2"~ for any b € B,, > and any m € I;. From (3) one has i,,,(f) = 1 for
any m € I;.
To prove the opposed implication, let f € F,, o and i,,,(f) = 1 for any m € I;. Then (3) implies

2=t N card f,,! (b) log(card [, (b)) = n — 1.
beEBm,2



Hence,

card f,,1(b) card f,.1(b)
- Z 2m+n—1 10g 27n+n—1 =m. (4)
beB 2
Moreover,
card f,-1(b)
Z 2m+:?—1 =1 ©)
b66m72

Thus (4) holds if and only if card f,,;!(b)/2™+"~! = 2™ for any b € B,,, 2 [10]. For an arbitrary positive integer
m one has card f,;} (b) = 2"~! forany b € B,, > and any m € I1. Thus f € PBF,, 2.
2. Letg € Fp2and f € PBF,, 2. Then
Zm(f) - Z.m g)

= L2~ (mFn—1) Z card g, (b) log(card g,,} (b)) — (n — 1)]
bEBmg

-1
=m! Z 7card 9un(b) log(card g;f (b))

2m+n71
bEBmg
card g, (b) e
= D g log2)
bEBm,Q
I card g1 (b) card g1 (b) on—1
=m Z 2m+n71 1Og 2m+n71 2m+n71 : (6)
bEBmyz
The next inequality is well-known (see [10]). Let «;,3;,5 = 1,...,s be nonnegative real numbers such that
> i—1 0y =5, B; =1. Then
Zaj log o; > Zaj log 3, ()
j=1 =1
Combining (5), (6) for Boolean function g, and (7), one gets i, () — i (g) > 0. O

For a pair of positive integers m, k, a mapping Z,, 1. Fyn2 X Fr 2 — Fmir—1,2 is defined as follows:

Em,k(gah) = g[h] = f S fm+k—1,23 g S ]:’m,27 h’ S fk,?v (8)
where
f@1.  myg—1) = ghl(x1 ... Tmir—1)
=g(h(zy...2x)h(ze .. . Trr1) .- h(Tm - Tmk—1))-

Theorem 5 ([11]). Let g € Fy, 2, h € Fi 0. The function f = g[h] € Fp k1,2 is perfectly balanced iff g and h are
perfectly balanced.

Theorem 5 allows one to generate functions in PBF,, 2 \ (L2 U Ry 2).
We consider integer sequences v = (71 - . - ¥ ) such that

y1 =0, V’L'E{l,...,n—l}’yi+1>’yi, N=n~,+1.

These sequences correspond to tapping sequences of filter generators. For any f € fng, let fo(z1...2n) =

f(xN,A/n.’EN,A/n71 N xN*’Yl)'
Goli¢ [3] stated the next theorem:

Theorem 6 ([3]). For a nonlinear filter generator with the filter function f., and independent of the tapping sequence
v, the output sequence is purely random given that the input sequence is such if (and only if [not proven]) f €
(ACN’Q U RN’Q).



The “if”” part of Theorem 6 was proven in [3]. The next statement can help to prove the “only if” part.
Theorem 7. Forany f € .7?71’2 which has no linear arguments there exists a sequence y such that f, ¢ PBF y .

Proof. Consider a sequence +y such that v; = 0 and ;1 > 2+; foreachi € {1,...,n — 1}. The system of equations

BNy, TNy =1 TNy 1TN =y —1)

= f(ZN—'yn—lzN—'yn,l—l s zN—'yz—lzN—'n—l)a
F@N 5, BNy, i BN TN

= [(EN-yn 2Ny - - AN =92 ZN =)
f(fo'ynJrlfo'yn_H»l s fo'yqulfo'yﬁ»l)

= f(ZNf'yn+1ZN7'yn,1+1 s ZN772+1ZN7A/1+1)7

f(xN_'Yl LIN—y14+vn—Tn-1 - - xN—Q'YH‘"/n)
= f (2N -1 2N 1t 9m =1 -+ EN=2y1470 )

J@N - 41T N 1 4y —no1 41 - - TN=2y; 47, +1) ©)
= [N +12N —y1tyn—yn 141 - - - AN =271ty t1)s

ITN—~,—1 = ZN—~,—1,

ITN—~, = EN—7p>»

TN—y—1 = ZN—~y;—1;
TNy =0, 28—y = 1,
ITN—v1+1 = EN—7y1+15
TN—v142 = EN—v1+25

TN—2y1+vn+1 = EN—27y1+7y,+1-

is solvable. Indeed, all equations that do not depend on x5 _~, and zn_,, evidently hold. Therefore one has to solve
the system
f(fo’YnJr’Yl IN—An_1+71 - - TN—y24m 0)
= f(xN_'YvL+’Yl‘rN_'Y7z—1+'Yl <o TN—ya+71 1)7
f(xN_7n+72'rN_7n71+'72 - - TN—y3+72 OxN_'Yl +’Yz)
= f(ZN 9472 TNy 1472 - - TN =342 LEN =31 432) (10)

JOTN v, 14y, - EN=y147,)
= f(l@N—y 1ty - - TN—y1 72 )-

Every equation in this system is solvable because f does not have linear arguments. Next, we show that jth and [th
equations are independent. This amounts to show:

Vi gkl e {l, o)y idj kAL itk Al
= N-—v+7%#N—%+n an

It can be easily verified that it suffices to show foreach i € {1,...,n—1},forall j <, k <4, [ that ;41 —y; >
~r — i holds. We have chosen a sequence -y such that for each ¢ € {1,...,n — 1} inequality ;11 > 27; holds.

Therefore vi 11 — v > i+ (vi =) =V =% — % >V — N
System (11) has n independent equations each of which is solvable. Thus systems (10) and (9) are solvable. By
Theorem 2 one has f, ¢ PBF n 2. O

To prove the “only if” part (the Goli¢ conjecture), one has to handle linear arguments of f and solve “an underlying
combinatorial problem” mentioned by Goli¢.

4 Barriers of Boolean Functions

A barrier of a Boolean function is closely related to the property of perfect balancedness.



Definition 4 ([12]). A Boolean function f € F,, » has a right barrier of length b if the system

f(ylyz . yn) = f(2122 ce Zn),
f(y2y3 . ~-yn+1) = f(2223 . '~Zn+1)7

(12)
FWo—1Ub - - - Yorn—2) = f(2-12b - - - Zbyn—2),
Y1 =21 =71,.--,Yn—-1 = 2n—-1 = Tn—-1, Yn = 0, z, = 1.
is solvable, but the system
Fwiya .. yn) = f(z122. .. 20),
F@Ways . Ynt1) = f(z223. .. 2n41),
(13)

FWo=1Yp - Yoan—2) = f(2b—12b - - - Zbyn—2),
S@Wotbs1 - Yoin—1) = f(262641 - - Zbin—1),
Y1 =21 = T1, .-, Yn—1 = Zn—1 = Tn—1, Yn = 0, 2, = L.

is not solvable.

A Boolean function f € F,, 5 has a left barrier of length b if f72(z1...2y,) = f(z, ... 1) has aright barrier of
length b.

A Boolean function f € F;, » has a barrier if it has a right barrier, a left barrier, or both. The length of a Boolean
function barrier is defined to be the minimum of the length of its right and left barrier.

Theorem 8. If a Boolean function has a barrier, then it is perfectly balanced. An opposed implication does not hold.

Proof. 1f a function has left or right barrier, then it is easily verified using the definition of barrier and Theorem 6 that
the function is perfectly balanced.

Now we give an example of a perfectly balanced function without barrier. Let f(x1zox3z4ws) = 1 B 22 B 5 D
T1ToPT123PL1T4BT2T3BT2T4PT3T4BX4T5PBT1T384Px2T3T4 = g2 [g], where g(:z:lscgzzzg) = 21Px2Dxr3DT2x3,
9" (z12223) = g(wgxex1). The function g has a left barrier of length k = 1, hence g,¢9”" € PBFs32. Using
Theorem 5 one concludes that f € PBF5. To show that f does not have a barrier, we use next two pairs of binary
sequences:

0001(010100)(010100)(010100) . .. (14

0001(100010)(100010)(100010) . ..
...(00111110)(00111110)(00111110)000100 (15)
... (11100011)(11100011)(11100011)010100| °

For any k& > 0 one can make pair (14) to have length more than k£ 4 3 by repeating periodical parts of the sequences
sufficiently many times and then truncating the sequences obtained to exact length. Then one substitutes the sequences
in (12) and (13). Egs. (12) and (13) hold, hence no k can satisfy Definition 4 and f has no right barrier. Similarly one
can show that f has no left barrier. O

The next theorem can be used for classification of Boolean functions with a right (left) barrier.

Theorem 9 ([12]). Let f € F,, 2 be a function with a right (left) barrier of length b < n and g € F,,_y 2 be arbitrary.
Then h(xy...xn) = f(x1...20) Dg(x1...Tnp) (resp., h(x1 ... 20) = f(x1...Tn) D g(Xpt1 ... Tyn)) has a right
(resp., left) barrier of length b.

The proof of this theorem is easy and follows from (12) and (13).

Barrier length is a value that characterizes, in a particular way, invertibility of mapping f,,. In the proof of
Theorem 8 we show that composition of functions g?2[g] is a function without barrier. One can show that g does not
have a right barrier and ¢g”* does not have a left barrier.The next theorem answers the question of existence of right
and left barrier of a composition function g[h]. We assume that length of a right (left) barrier is +oo if a function does
not have right (left) barrier.

Theorem 10. Let h € Fi 2, g € Fpo, f = glh| and length of right (left) barrier of functions h, g, f are b, c,d,
respectively. Then max{b,c} <d <b+c—1



Now we outline ideas behind the proof. Inequalities d > band d < b + ¢ — 1 (both in the case of finite b, ¢, d and
in the case when some of b, ¢, d is infinite) are proved by analysing systems produced from (12), (13) by substituting
values of h taken on the corresponding vectors into g. In this way we get inequalities d > band b+ ¢ —1 > d.
To prove inequality d > ¢ we use Lemma 1 whose proof is based on some special properties of perfectly balanced
Boolean functions.

Lemma 1. Let f € PBF,, 2. Then for any positive integer u and for any binary sequences zy, z1 € By, 2 there exist
a positive integer v and binary sequences x,y € Bryn_12,2 € Br_y, 2 such that

T =Y1,. s Tno1 = Yno1, [(2) = (2]20), [ (y) = (2]21).
Finally, we show an example of method of a class of perfectly balanced functions without barriers.
Lemma 2. Functions
=21 O TmeTmoy1 - Ty Pt (Tny 4 1%my 42 - - - Ty,

D TmgTmg+1 -+ - Ty ho(Timy+1Tmyt2 - - - xmk) D...

D TmoTmo+1 -+ Ty, 1< my <mp <mg<mg<..<mp<my, (16)
where h; are product terms and k is odd are perfectly balanced functions without right barrier.

Proof. All such functions are in £,, » and therefore in PBF,, ». To prove that such a function has no right barrier
consider for any positive integer b the following pair of binary sequences:

00...0 101...0 000...0 010...0
00...0 010...1 000...0 101...1

mi—1 mp—my_, Mp_ =My, Mp_,—mp_ g
010...0 000...0 101...0 11...1
101...1 000...0 010...1 00...0
o

o o o o o
mg—msg m§—ms3 m{—1 b—mk—mk+2

Substituting this pair of sequences into systems of Definition 4 one can see f has no right barrier of length at most
b. Since this holds for any b, f doesn’t have right barrier. O

Now using Lemma 2 and Theorem 10 we can describe a large class of perfectly balanced functions without barriers.

Theorem 11. Let f1, f5 be of the form (16) or be produced by applying to such functions operations vy : f(x1...2,) —
f((zr®1)...(z, ®1)). Then f1[f3?] and f]*[f2] are perfectly balanced functions without barriers.
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5 Appendix

Sets of 7523/.7:4}2 \ (L42URy2) and 7%5,2 \ (£5,2 U Rs2) are divided into classes of equivalence by operations
Yo — 2. These classes are subdivided into subsets by barrier length, which are later classificated by operations noted
in Theorem 9. Then we choose one element from each class such that length of barrier is equal to length of right

barrier,

PBF42\ (L42URyz2) with barrier of length k = 3:

1 f(l‘h $2,$3,$4)
2 f(xla IQ,I3,$4)
3zf(m1;x23x37x4)
4 f( )

T1,T2,T3,T4

T3 D T4To D 4221
T3 B x4T1 B x4T221

T3 D xo @ x4T2 D T3x2 D X4X2T1 D T3x221
T3 O X472 O 312 D Toxy D T4x2x1 O X3T2T1

Functions in remaining part of Appendix are presented with ANF coefficients vector.
PBFs52\ (L52URs,2) with barrier of length k& = 3:

f1 : 00100000000000000000000001000100; fo :

f4 : 00100000000001000000000000000100; f5 : 00100100000001000000000010000000; fg

f7 : 00100000010001000000000000001000; fg :

: 00100000000000000100000001001000; f11
: 00100000000000000100100001000000; f14 :
: 00100000000000000000110000001100; f17 :
: 00101000000010000000010000000100; fa0 :
: 00100000000011000000100000000100; fa3 :
: 00100000000001000000100000001100; f26
: 00101000000000000000100001000100; fag :
: 00101000000001100000000000000110; f32 :
: 00101000000000000000000001100110; f35 :
: 00101000010001000010000000000010; f3g :
: 00100000010001000010100000100000; f41
: 00100000010001000010100000000010; fq4 :
: 00100000000000000100110001000100; fa7 :
: 00101000000010000000110000000100; f50 :
: 00101100001001000000000000100000; f53 :
: 00100000000011100000000000000110; f56 :
: 00100000000011000100010001001000; f59 :
: 00101000010011000010000000000010; fe2 :
: 00100000000000000000100001101110; fe5

00100000000000000000010000000100; f3

00100000000000000000000001001100; fg

: 00100100000001000000000000001000; f12 :

00101000000001000000100000000100; f21

: 00101000000011000000000000000100; fa7 :

: 00100000011001100000100000000000; f4q2 :

00101000000010000000010000001100; f51

: 00101100001001000000100000100000; fee :

00100100000001000000100000000000; f15 :
00100000000011000000000000001100; f18 :

00101000000001000000000000001100; faq :

00100000010011000000000000001000; f30

00101000011000000000000001100000; f33 :
00101000010001000010000000100000; f36 :
00101000000010000000100001000100; f3g :

00100000010010100000000001000010; f45 :
00100000011000000000100001100000; fag :

00100000000010000100001001000010; fr54 :
00100000010000100000000001001010; f57 :
00101100001001000000000000101000; feo :
00101000000010000000100001001100; fe3 :

: 00100000000000000100000001000000
: 00100000000010000000000001000100
: 00100000010001000000000010000000

00100000000000000000010000001100
00100000000000000000110000000100
00100000000000000100100001001000;

: 00100100000001000000010001000000

00100000000001000100010001000000
00100000000010000000000001001100
00101000010001000000100000000000
00101000000000000000011000000110
00101000000000000000100001001100;
00100100000001000000010001001000
00100000000000000000100001100110
00100000010011000000000001000100
00100000000001100000100000000110

: 00101100000011000000000000001000;

00100000000010000000011000000110
00100000000001100000000000001110
00100000010001000010100000001010
00100000011001100000100000001000
00101000000010000000000001100110;



f1o00 :
f1o3 :
f1o6 :
f1o9 :
fiiz ¢
f11s ¢
f1is ¢
f121 :
f12a :
fr27 :

f130 ¢

: 00100100001011000000000000101000; f71

: 00100000000010000000011000001110; feg :

: 00101110000001100000000000001000; fr74 :
: 00100000000010000100101001000010; f77 :
: 00101000010001000010000000001010; fgo :
: 00101000011001100000000000001000; fg3 :
: 00100110000011100000000010000000; fge :
: 00100000000010000000111000001110; fgg :
: 00101000010000100000100001001010; fgo :
: 00101110000001100000100000001000; fg5 :
: 00101000010011000010000000101000; fog :

00101000000010000000000001101110; f101 :
00100000011001100010100000100000; f104 :
00101100001001000000001000100010; f107 :
00100000000011100100010001000010; f110 :
00101000000011100000100000000110; f113 :
00101100000011000000110001001000; f116 :
00100110001011100000100000100000; f119 :
00100100001011000000101000100010; f122 :
00101000000001100110011001100000; f125 :
00101100000011000000010001101010; f128 :
00101110000001100000011001101000; f137 :

00101000000000000000111000000110; feg

: 00100000000010000000111000000110; f7o :

00101000000000000000011000001110; f75 :
00100000000001000100110001001000; f7g
00100000000010000000100001100110; fg1
00101000010001000010000000101000; fg4
00100000000010000100101001001010; fg7 :
00100000000010000000100001101110; fgo
00101000011001100010000000100000; fg3
00101000000000000000111000001110; fge
00100000011001100010100000000010; fgg
00100100000001000000110001100010; f102
00100000000001100100110001000010; f105

00100100001011000000001000100010; f108 :
00100000000001100100010001001010;5 f111 :
00100000011001100010100000101000; f114 :
00101000011011100010000000000010; f117 :
00101100001001000000001000101010; f120 :
00101110001001100000000000101000; f123 :
00101110000001100000011001100000; f126 :
00101000011011100010000000101000; f129 :
00101000000001100110111001101000; f132 :

PBFs2\ (L5 U Rs.) with barrier of length k = 4:

f1

: 00100000000000000100000000000100; f2 : 00100000000000000100000000001100; f3
: 00100000000000000100000010001100; f5 : 00100000100000000100100000000100; fg
: 00100000100000000100000000100110; fg : 00100000100000000100100010000100; f9
: 00100000100000000100100000001100;5 f17 :
: 00100000000000000100100010100110; f14 :
: 00100100010100000000000001010100; f17 :
: 00101000000000000110000000001110; fa0 :
: 00101000000000000110100000100100; fa3 :
: 00100000100000000100000000101110; fa6 :
: 00100000000010000100101010100100; f2g :
: 00101000000000000110100000101100; f3g :
: 00100000000000000100100010101110; f35 :
: 00101000100000000110100000000110; f3g :
: 00101000100000000110000000101100; f47 :
: 00100000100010000100001010100100; fa4 :
: 00100000100010000100001010101100; fa7 :
: 00101000000010000110001010001100; f50 :
: 00100000100010000100101000001110; f53 :
: 00101100010110000000000001010100; f56 :
: 00101000011001100001000000011000; f59 :
: 00101000011001100001000010010000; fg2 :
: 00100100010100000000100011010100; fes5 :

00100000000010000100101000100100; f21

00100100110100000000100001010100; f51
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00100000000000000100100000100110; f12 :
00100000100010000100001000100100; f15 :
00101000100000000110000000100100; f1g :

00100000000010000100001000001110; fou :
00101000000000000110000010000110; fa7 :
00100000100000000100000010101110; f30 :
00101000011001100001000000010000; f33
00101000000010000110001010000100; f36
00101000100000000110000010100100; f39
00100000000010000100001010001110; fa2 :
00100000011001100001100000010000; f45 :
00100000011001100001100010010000; f45 :

00100000010001000101010001010100; f54 :
00100100010100000000100001011100; f57 :
00101000000000000110100010101100; fgo :
00101000100010000110101000000100; fe3 :
00100100110100000000000001011100; fee :

00100000000010000100001001001010
00100110000011100000100000000000
00101000000000000110000001101000
00100000010011000010100000000010

: 00101000000000000000000001101110

00101000011001100000000010000000
00100000000011100000100000001110
00101000011001100010000000000010
00101000000001100000100000001110
00101000000000000110100001101000
00100000010011000010100000001010
: 00101000010011000010000000001010
: 00101000000011100000000000001110
00100110001011100000000000100000
00101000010010100000100001000010
00101100001001000000101000100010
00101100000011000000010001100010
00100100000001000000110001101010
00101000011001100010000000101000
00100000000011100100110001001010
00100110000011100000111001100000
00101000000011100110111001100000

: 00100000000000000100000010000100
: 00101000000000000110000000000110
: 00100000000010000100001000000110

00100000000000000100100000101110;
00101000000010000110001000000100
00100000100000000100000010100110
: 00100000000010000100001010000110
00100000100000000100100010001100
00101000000000000110000010001110;
00100000000010000100101000101100
00101000000000000110100010100100
00100000100010000100001000101100
00100000100010000100101000000110
00101000000010000110001000001100
00100000011001100001100000011000
00101000100000000110100010000110
: 00101000100000000110100000001110
00100000100010000100101010000110
00100100110100000000000011010100
00101000100000000110000010101100;
00100000000010000100101010101100
00100100010100000000000011011100



fis7 ¢
f1e60 :
f1e3 :
f1e6 :
f1e9 :
firz2 :
fi7s
fi7s :
: 00100100011110100000100011110110; f182 :

fis1

f1sa :
fis7 :

f190 :

: 00101110010101100000000001010000; f71

: 00101000100010000110101000001100; feg :

: 00101000100010000110001000100110; f74 :
: 00100110110101000000000001010010; f77 :
: 00100000010001000101010001011100; fgo :
: 00100000010001000101010011010100; fg3 :
: 00100100010100100000000001011110; fge :
: 00100100010001100000010001001110; fgg :
: 00101100111100000000000001110100; fgo :
: 00100000111011100001100000011000; fg5 :
: 00100000011001100011100000111000; fog :
: 00100000011001100011100010110000; f101 :
: 00100110010111100000000001011000; f104 :
: 00101100010110000000100001011100; f107 :
: 00101000111011100001000010010000; f110 :
: 00101000100010000110101010001100; f113 :
: 00101000100010000110001010100110; f116 :
: 00101000111001100001001000010010; f119 :
: 00101100011100000000000011110100; f122 :
: 00101100010110000000100011010100; f125 :
: 00101000011001100011000010111000; f128 :
: 00100000111001100001101010010010; f1371 :
: 00101000111011100001000010011000; f134 :
: 00101110110111000000000001010010; f137 :
: 00101100010110100000000011010110; f140 :
: 00101000010011000101110001010100; f143 :
: 00101000111001100001001010010010; f146 :
: 00101100010110100000100001010110; f149 :
: 00101100011100100000000001110110; f152 :
: 00100100111110000000100001111100; f155 :

00101100111100000000100011110100; f158
00101100111100000000100001111100; f167 :
00100000011011100011101000110010; f1¢4 :
00101000111011100011000000111000; f1¢7
00101110111111000000000001110010; f17¢
00101100110110100000100001011110; f173 :
00101100110110100000100011010110; f17¢
00100100011110100000000011111110; f179

00101000111001100011001010110010; f1g5
00101100011100100000100001111110; f1gg
00101000011011100011001010111010; f197 :

00100100110100100000000001010110; feg

: 00101000111011100001000000010000; f72 :

00100100010100100000000011010110; f75 :
00100000111011100001100000010000; f7g
00100000100010000100101010001110; fg1
00100000011001100011100000110000; fg4
00100100010100100000100001010110; fg7 :
00101100110110000000000011010100; fg0
00101100110110000000000001011100; fg3
00100100110100000000100011011100; fge
00100000110011000101010001010100; fgg
00101100110110000000100001010100; f102
00101100011100000000100001110100; f105

00100100111110100000000001111110; f171

75_[3/.7:572 \ (L£5,2 URs5,2) with barrier of length k = 5:

f1:
fa:
fr:

: 00001000010100000010001010000000; f11

: 00001000100000001000000000111100; f14 :
: 00001000000000001011001000110010;5 f17 :
: 00001000100000001101010001010100; f20 :
: 00001000010101001000000011010100; fa3 :
: 00110000101110101000101000001000; fa6 :
: 00001000110101000111110010101000; fag :

00001000000000000001000000010000; fo :
00001000110100000000000010000000; f5 :
00001000000000000001001010010010; fg :

00100110010111100000100001010000; f10s
00101000011001100011000000111000; f117 :
00101000000010000110101000101110; f114 :
00101000111011100001000000011000; f117
00100000111001100001101000010010; f120 :
00101100010110000000000011011100; f123
00100110010101000000100011010010; f126
00100100110100100000000011011110; f129 :
00100100110100100000100001011110; f133 :
00100100110100100000100011010110; f135
00101100110110100000000001010110; f135
00100110111101000000000001110010; f147
00101000110001000101110001010100; f144
00101000011011100001001000011010; f147
00100100011110100000000001110110; f150 :
00100110110111100000000011010000; f153 :
00101000111001100011001000110010; f156 :
00101100110110000000100011011100; f159
00100110011101000000100011110010; f1¢2
00100000010011000101011001011110; f1¢5
00100110111101000000000001111010; f1¢5

00100110111101000000100001111010; f174 :
00100100111110100000100001110110; f177 :
00101100011100100000100011110110; f1g0 :
00101100011100100000000011111110; 183 :
00101000011011100011001000111010; f1 86 :
00101100111100100000000011110110; f1gg
00101100111100100000100011111110; f193 :

00101000100010000110101010000100
00101000011001100001000010011000
00100110010101000000000011010010
00100000011001100001100010011000

: 00101000000010000110101000100110

00101000100000000110100010001110

00100110010111100000000001010000

00100000111011100001100010010000

00100110110101000000000001011010

00100100110011100000010001000110

00100000010001000101010011011100

: 00100110110101000000100001010010
: 00100100011110000000000001111100
00101110010101100000000001011000
00100000011011100001101000010010
00100100111110000000000001110100
00101000011001100011000010110000
00100110010101000000000011011010
00100100011110000000000011110100
00101110010111000000000011010010
00100000011011100001101010010010
00101000100010000110001010101110
00101110010101100000100001011000
00100100010100100000100011011110
00100110011101000000000011110010
00101000000010000110101010101110
00100000111011100001100010011000
00101100010110100000000001011110
00100110011101000000000011111010
00101110110111000000100001010010
00100110110111100000100011010000
00100000111011100011100000111000
00100000111001100011101000110010
00100110111101000000100001110010
: 00100100111110100000000011110110
00101100111100100000100001110110
00101110011111000000000011110010
00101100111100100000000001111110
00100000111001100011101010110010
00101100110110100000000011011110
00100100011110100000100001111110
00100100111110100000100011111110

00001000010100000000000001010000; f3 : 00001000000000001001000010010000

00001000100000000000000011010000; fg : 00001000000000001001001000010010

00001000100000000000000000011110; fg : 00001000000000000000000010111100

: 00001000110100000000000011010000; f12 :

00111010001100100000000010000000; f15 :
00001000100000001000000001111010; f18 :
00001000100000000101010011010100; f21
00001000100000000101011001010110; fou :
00110000101110100000101010001000; fa7 :
00001000100000000111111001111110; f3¢ :
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00001000000000001000000010011110
00001000000000000011001010110010;
00001000000000001000000011111010

: 00001000110101001000000001010100

00001000010101100000000011010110
00011100100101001001010000101000
00001000011111100000000011111110



73?);./7:5’2 \ (55’2 @] R572) without barrier:

f1 :00001000100100100000000010000000; fo : 01011000010100000000000010000000; f3 : 01011000101000000000000010000000;
fa : 01011000000000000010001010000000; f5 : 00011010000001100000000010000000; fg : 01011000000001100000000010000000;
f7 :01010010010001001000000010000000; fg : 01011100100001000000000010000000; fg : 01011100001001000000000000100000;
f10 : 01111000001000000000000011010000; f11 : 00010110100000000000000000011110; f12 : 00111010000011100000000010000000;
f13 : 00011010100000101000001010000000; f14 : 00111000100010000000101010000000; f15 : 00100101110110001000100010000000;
f1e : 00101011001100101000001010000000; f17 : 00011001101100101000001010000000; f18 : 01011110001010000000000010101000;
f19 : 01011000010100000000000011010110; f2¢ : 01111010100000000010001011010000; f21 : 01010010010001001000000010011110;
f22 :01011100110101000000000011010000; f23 : 01010010001010101010010010000100; f24 : 00001000001111000011001010110010;
f25 : 00101011001100011011000110110000; f2¢ : 00101000000011011101110111010000; fo7 : 01011110011111100000000011111110;
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