ON THE SUPPORTS OF THE WALSH TRANSFORMS OF
BOOLEAN FUNCTIONS

CLAUDE CARLET!2 AND SIHEM MESNAGER?

ABSTRACT. In this paper, we study, in relationship with covering sequences,
the structure of those subsets of F3 which can be the Walsh supports of Boolean
functions.

1. INTRODUCTION

Cryptographic Boolean functions play an important role in the design of hash
functions and of stream and block ciphers. Various criteria related to cryptograph-
ically desirable Boolean functions have been proposed, such as balancedness, high
nonlinearity, high correlation immunity order, high degree of the propagation cri-
terion and inexistence of linear structure. The most important mathematical tool
for the study of cryptographic properties of Boolean functions is the Walsh (or
Hadamard) transform, the characteristic 2 special case of the discrete Fourier trans-
form. The Walsh transform permits to measure the correlation between a Boolean
function and all linear Boolean functions. The knowledge of the Walsh transform
of a Boolean function uniquely determines the function and hence it is possible to
work entirely with the Walsh transform. In particular, its systematic use leads to
uniform, elegants and efficient treatments and statements of the main cryptographic
criteria. Resiliency and inexistence of linear structures are directly related to the
properties of the support of the Walsh transform of a Boolean function (i.e. its
Walsh support). And the existence of covering sequences, which has been shown to
have a deep relationship with the cryptographic properties of a function, directly
depends on the structure of its Walsh support. Recall that the notion of covering
sequence of a Boolean function, related to the derivatives of the function, was in-
troduced in [5]; there is a complete characterization of the balancedness of Boolean
functions by means of their covering sequences, and there exists a characterization
of those Boolean functions which admit some given covering sequence by means of
their Fourier spectra.

The other essential criteria - degree, non-linearity, propagation criterion - are also
connected with the Walsh support of a Boolean function.
However, little is known on the possible structure of the Walsh supports of Boolean
functions. We know only few generic examples of subsets of F5 which can be the
Walsh supports of some Boolean functions on n variables. We know even less
examples of subsets of F5 which cannot be such supports.

In this paper, we summerize what is known on this subject and we introduce
several new results. In Section 2, we first introduce the notation, the definitions
and preliminary results on covering sequences. We study subsequently the Walsh
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supports of those balanced Boolean functions whose covering sequences are indi-
cators of flats. We show (Proposition 2.4) that, for any Boolean function f on F%
which admits no derivative equal to the constant function 1 and any flat a + E of
F2, there is an equivalence between the fact that f admits the indicator of a + E of
FZ as non-trivial covering sequence and the fact that the Walsh support of f is dis-
joint from the orthogonal space of E. We characterize those Boolean functions on
F% whose Walsh support is disjoint from the orthogonal of a given vector subspace
of F3. Next, in Section 3, we study the possible structures of the Walsh supports
of Boolean functions. Along the way, we recall what are the Walsh supports of
classical Boolean functions : affine, quadratic, bent and partially bent. It is well
known that, for every n, many kinds of Boolean functions (including the classical
Maiorana-McFarland’s functions) can have Walsh support equal to the whole space

7, and that the empty set cannot be such support. Also, any singleton is the
support of an affine function. The next natural step is to ask whether the differ-
ence F5 \ {a} (where a denotes any vector of %) can be or not the Walsh support
of a Boolean function. We remark that adding a linear function moves a to 0;
this brings us to be interested in finding balanced Boolean functions whose Walsh
support is FZ \ {0}. For small values of the number of variables, it is easy to see
that every balanced Boolean function f is such that there exists a # 0 in F such
that © — f(z) @ a-x is also balanced (in other words, the cardinality of the Walsh
support of f cannot equal 2" — 1). For n > 10, we give a construction of a class
of balanced Boolean functions whose Walsh support has size 2™ — 1 (cf. Construc-
tion 3.1). Such functions admit only one kind of covering sequences: the sequences
which are constant on FJ \ {0}. The question of knowing whether such functions
are exceptional arises then (indeed, there are several examples of characteristics of
n-variable Boolean functions, which are impossible for small values of n, and which
become the common case for high values of n). We prove in Proposition 3.3 that
such functions are rare among the balanced Boolean functions.

2. NOTATION AND PRELIMINARIES

We shall have to distinguish in the whole paper between the additions of integers
in Z , denoted by + and )., and the additions mod 2, denoted by @ and €,. For
simplicity and because there will be no ambiguity, we shall denote by + the addition
of vectors of F% (words). If x and b are two vectors in F%, we denote by « - b the
usual inner product z-b = @, ;b; in F5. We recall the basic facts about Boolean
functions. A Boolean function f is an F,-valued function on the vector-space Fj
of n-tuples of elements from F,. Any Boolean function f in n variables admits a
unique algebraic normal form (A.N.F.) :

flz,. .. zy) = @ Qy <Hx;“> = @ ay, "

u€Fy i=1 u€Fy
We call the degree of the algebraic normal form of a Boolean function its algebraic
degree. The Hamming weight wt(f) of f is the number of vectors = in F% such
that f(x) = 1. A function f is balanced if wt(f) = wt(f @ 1), ie. if wt(f) =
2"=1. The “sign” function of f is the integer-valued function X;(z) = (—1)7(®).
The Walsh transform of X7, whose value at b € Fy equals by definition x7(b) =
Z (—=1)/@+=b g related to the Hamming weight of the function f @ I, (where
z€FY
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lp(x) = b-x) via the relation: x7(b) = 2" — 2wt(f @ 1,). It satisfies Parseval’s
relation:

(1) X7 (b) =2
beFy

and the inverse formula relation:

(2) Y XG0T =20 (x)

beFy

The Hamming distance between two Boolean functions f; and fy on F3 is equal to
the weight of f1 @ fo. The minimum distance between f and the set of all affine
functions, called the nonlinearity of f, is denoted by N, and satisfies the relation:

1 —

(3) Nf:2n_1_§gé%§‘xf(b)l'

Because of Parseval’s relation, it is upper bounded by 2"~ — 27/2=1 This bound
is tight for n even. The functions which achieve it are called bent. But since
these functions are never balanced, the maximum nonlinearity of balanced functions
is unknown for every n > 8. Let f be a Boolean function on Fy . The auto-
correlation function of the real valued function F(z) = (—1)/(*) is defined by 7(s) =
Zzepg(fl)f(wa(m*S). If f satisfies ths equality (2" — N;)(2" — Npz) = 2", where

N;i and N are the number of zeros of respectively # and F. Then, f is called
partially-bent. Throughout this paper, S; denotes the Walsh support of f, i.e.
Sy :={w € F3 | X7(w) # 0}. Let f be a Boolean function on F3 and let a € F5.
The derivative of f with respect to a, denoted by D, f, is defined by : D, f(x) =
f(z) @ f(x + a) for every x € F§. As shown in [5], these derivatives satisfy the

identity : 3=, epy Daf(2) = 5 (2" — x;(2)X7(0)).
2.1. Covering sequences of balanced functions.

Definition 2.1. A covering sequence of a Boolean function f on F} is any sequence

A = (Aa)aery such that Z Ao D, f is a constant function p. The value of p is called
aclFy

the level of this sequence. If p # 0, then we say that the covering sequence is non-

trivial.

The following characterization of balanced Boolean functions is shown in [5] :

Proposition 2.1. If a Boolean function on Fy admits a non-trivial covering se-
quence, then it is balanced. Conversely, any balanced function admits the constant
sequence 1 as non-trivial covering sequence (with level 2"~1). Thus, any Boolean
function is balanced if and only if it admits a non-trivial covering sequence.

Any balanced quadratic function, and more generally any balanced partially-bent
function (cf. [3]), admits a non-trivial atomic covering sequence (i.e. with one
coefficient A, equal to 1 and all the others null). Equivalently, it has a derivative
equal to 1. For such functions, we can say that balancedness and the existence of
covering sequences are clear. In this paper, we are interested in the functions which
admit no derivative D, f equal to the constant function 1.
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Recall that we denote by Y (b) the value Zwewg(_l)f @)+ We denote similarly

by X(b) the value ZQGF; Aa(—1)%? ie. the value at b of the Fourier transform

of the sequence . Recall also that the support of X is {a € Fy | A, # 0}. The
following characterization is shown in [5] :

Theorem 2.2. Let f be any Boolean function on F3 and X\ = (Xa)aery any (real-
valued or integer-valued) sequence.

f admits \ as covering sequence if and only zf/): takes constant value on the support
Sp={beFy | x7(b) #0} of Xy. Let r be this constant value, then the level of this

covering sequence is the number %[(Zang Aa) — 7]

Notice that if A takes value 7 on the support of )’(} then, replacing its coefficient
Ao by A9 — r, we obtain a covering sequence A’ such that N takes value 0 on the
support of 7. Note also that, if the Walsh support of a balanced function equals
F% \ {0}, then, according to Theorem 2.2 and to the bijectivity of the Fourier
transform, the only covering sequences of f are constant on F% \ {0} (indeed, their
Fourier transforms are constant on F3 \ {0}).

2.2. Walsh support of balanced Boolean functions whose covering se-
quences are indicators of flats. Since every balanced function admits the con-
stant covering sequence 1, we focus now on the covering sequences whose coefficients
are equal to 0 or 1.In the sequel, we shall always exclude the possibility that a func-
tion admits a derivative equal to the constant 1, because it is an extremal case
(and it is the simplest case of balancedness for a Boolean function). Moreover, the
functions admitting constant derivatives are degenerate (see [8]).

We first make an observation on those Boolean functions which admit a covering
sequence which support is included in a vector subspace of 3.

Proposition 2.3. Let E be any vector subspace of Fy. Let f be any Boolean
function on Fy. Then f admits a covering sequence A with support S C E if and
only if the restriction of f to any coset of E (viewed as a function on E) admits
the same covering sequence \.

Proof. The condition is clearly necessary and sufficient since the integer-valued
function ), . p AaDaf is equal to a constant function p if and only if its restriction
to any coset of E equals p. O

Proposition 2.4. Let E be any vector subspace of Fy and u+ E any of its cosets.
Let f be any Boolean function on FY. Assume it admits no derivative D, f equal
to the constant function 1. Then f admits the indicator of w4+ E as non-trivial
covering sequence if and only if the support of Xy is disjoint from Et ={z ¢

D] x-v =0, Yo € E}. This is equivalent to the fact that the restriction of f
to any coset of E is balanced. The level of this covering sequence is then equal to
|E|/2 and the indicator of every coset of E is also a covering sequence of f with the
same level. More generally, any sequence A such that for every a € E and every
w € FY, Aatu = Ay 15 also a covering sequence of f.

~

Proof. Denote by A the indicator of u+E. For every b € F3, A(b) = >, p(—1)(uFa)®
equals (—1)“? |E| if b € EL and 0 otherwise. Thus, according to Theorem 2.2,
alinea 2, X is a covering sequence of f if and only if the support of X7 is either
included in E+ Nwut (but in such case, the covering sequence is trivial, since we
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have then r = Eang Ae = |E| in Theorem 2.2; this is excluded by the hypothesis)

or included in E+\ u* (but in such case, for every element a of v+ E, the function
D, f is equal to the constant function 1, since we have then r = —|E| in Theorem
2.2; this is also excluded by the hypothesis), or disjoint from E+ (in which case the
level of the sequence is equal to |E|/2). This last case is the only one satisfying the
hypothesis. Its equivalence with the fact that the restriction of f to any coset of
F is balanced is a consequence of Proposition 2.3 applied to the sequence equal to
the indicator of E' and of Proposition 2.1.

The indicator of every coset of E is then clearly also a covering sequence of such
function f with the same level.

Any sequence A such that Ay, = A, for every @ € E and every u € F7 is the
linear combination of the indicators of cosets of . Therefore, it is also a covering
sequence of f. O

Remark. If a balanced functions f is such that @71(0) contains a non-zero vector
b, then we can apply Propositions 2.4 and 2.3 to the vector-subspace E+ = {0, b}.
Hence, a balanced function admits a non-trivial non-constant covering sequence if
and only if its Walsh support is different from F3 \ {0}.

Remark. Let f be any Boolean function on 4 and A = (\,)aery a covering sequence

of f. Let r be the constant value of X on the support of X 7. Then the nonlinearity

of f satisfies:
2n—1
Nf S 2n—1 _

A1)

Indeed, according to Parseval’s relation (1) and since the support of X is included

> X by =2

in X’l(r), we have

beX—1(r)
Thus, we have
9 9 22n
max(;?\ b): max ()’(\ b)zA—
bery \* ©) beX—1(r) 7 [A=1(r)]

and the result follows from relation (3).

3. THE WALSH SUPPORTS OF BOOLEAN FUNCTIONS

We denote by S, the set of all the Walsh supports of Boolean functions on F7.
We begin with some general elementary remarks on S,,. We subsequently study the
possible structures of Walsh supports.

3.1. Generalities. For every n, S, is globally invariant under any affine auto-
morphism of F}. Indeed, it is clearly invariant under translations since if g(z) =
f(z) @ a-x then S; = a+ Sy, and it is also invariant under linear isomorphisms:
let f be any Boolean function on Fy, and L any linear automorphism of Fy; let L*
be the unique linear automorphism of F5 such that, for every z and y in F3,
we have: y - L*(z) = L(y) - « (the matrices of these two automorphisms are
transposed one of each other and we have (L*)~! = (L7')*). Then for every b
in F2, we have X or+ (b) = Zwng(_l)fOL*($)+z-b _ ZQEng(_1)f'(f”)+L*’1(z)~b -
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Zwng(_l)f(z)M-L’l(b) = X7 (L7(b)). Thus, the Walsh support of f o L* is equal
to L(Sf)

If f is a Boolean function on 3 and g a Boolean function on F5*, then Sy x Sy is
the Walsh support of the function h(z,y) = f(z) ® g(y) on F5™™. In particular,
taking g affine, S, is then a singleton and S), = Sy x {a}.

We do not know any other example of an operation on sets, under which S,, would
be globally invariant. In particular, S,, is not invariant under intersection; indeed,
it contains all singletons (it is well-known that if f is affine, say f(z) = a-2®e, then
Sy equals the singleton {a}, and the converse is true according to Parseval’s rela-
tion and to Relation (2)) and it does not contain the empty set. It is not invariant
under union or symmetric difference either; indeed, it does not contain pairs: let
us suppose that a pair {a,b}, a # b, is the Walsh support of a Boolean function f;
let us denote by A, and A, the values of the Walsh transform of f at a and b; then,
we have |\,| < 2™ and |A\y| < 2™ according to Parseval’s relation; and according to
Relation (2), we have A\, + A, = £2™ and A\, — A\, = £2", which is clearly impossible.
Many secondary constructions of Boolean functions permit to express the Walsh
transform of the constructed function f by means of those of the functions taken
in input; but the Walsh support of f depends on the values of the these Walsh
transforms - not only on their supports. This is the case, for instance, of Siegen-
thaler’s construction f(x, z,41) = (Tne1 ® 1) f1(x) ® zyy1 f2(x), for which we have
(@, ns1) = X7 (@) + (C1)* 157 (a).

3.2. The whole space I} as a Walsh support. For every n, S, contains F} as
an element, i.e. there exist functions f whose Walsh support is equal to F5. These
functions, which are such that no function f(x) ®b-x @ e (where b € F}, e € Fy) is
balanced, can be constructed in many different ways. A first class of examples of
such functions is that of Boolean functions of odd weights. A second class, valid for
every even n, is that of bent functions, which are characterized by the fact that, for
every b € Fy, the number Y (b) has magnitude 27/2. A third example can be found
in the general class of Maiorana-McFarland functions. The following proposition is
well-known (see for instance [2, 4]).

Proposition 3.1. Let s and t be any positive integers, g any Boolean function on
Fy and ¢ any mapping from F% to F5. Define for every x € Fy and every y € Fh:
fa,y) =2-6(y) ®g(y). Then
Xpla,b)=2° > (1)WY va c F3, b€ FY.
y€p~1(a)

Thus, if for every a € F§ the set ¢~1(a) has odd size (such ¢ ewxists if and only if
s < t) then the support of X7 is equal to F5T".

3.3. The other flats of F} as Walsh supports.

3.3.1. Even-dimensional flats. For every n, the Walsh support of any quadratic
function on F3 is a flat of Iy of even dimension. Conversely any flat of Iy of even
dimension is the Walsh support of a quadratic function.

Indeed, any quadratic function f on F% may be written (see [10]) as f = ¢(*) o
A@ U, ® ¢, where ¢(Y) denotes the canonical quadratic function: q(t)(xl, ey Tp) =



ON THE WALSH SUPPORTS OF BOOLEAN FUNCTIONS 7

@5:1 TiTiri , € € Fy, A is a linear automorphism of Fy and ¢,, a € F%, is the
linear Boolean function ¢,(z) := a - x. According to Subsection 3.1, we have Sy =
a+ A*(Syw). It is well known that S,y = F3' x {0} and so Sy is a flat of F%
of even dimension. Conversely, let a + V' be any flat of F§ of even dimension (V
being a vector subspace of F%); there exists a linear automorphism A of F4 such that
A(V) =F% x{0}. Set f :=qPoA*1dl,. Hence Sy = a+ A" (F3*x{0}) =a+V.

More generally, the Walsh support of any partially-bent function on F7, that is,
of any function f = go A @ ¢, @ €, where g is a bent function on 2¢ variables and
A is a linear mapping from F} to F3¢, is a flat of F} of even dimension. Conversely
any flat of F} of even dimension is the Walsh support of a partially-bent function,
in which the choice of the bent function g is arbitrary.

3.3.2. Odd-dimensional flats. For every n, there also exist functions whose Walsh
supports are odd-dimensional flats a + E of F§ of dimensions greater than 3 (F
being a vector subspace of F%) : take for instance f := dp1 ® ¢, where ¢, denotes
the linear Boolean function £,(x) := a - x and dz. denotes the indicator of E+ :=
{x € F} | Vy € E, x - y = 0}; according to Subsection 3.1, Sy = a + Ss_, ; now,
straightforward calculation yields

2" —2|EH| ifw=0
Xo,. (W) = ¢ —2|EY| ifwe £\ {0}
otherwise

EL’

Therefore S5, = E.

Remark. We have excluded the case of 1-dimensional flats in the construction above.
Actually, this case is peculiar, since we have seen that a pair (that is, a 1-dimensional
flat) cannot be the Walsh support of a Boolean function..

3.4. Complements of singletons. As seen in the introduction, if a Boolean func-
tion f is such that there exists a balanced function f(x)@®b-x @€ in the coset of the
Reed-Muller code of order 1 which contains f, then changing f(z) into f(z)Db-zDe
permits to assume that f itself is balanced. Thus we are brought to study the Walsh
supports of balanced functions. We show now that there exist balanced functions
f such that )?}71(0) contains no non-zero vector, by giving a construction of a
new class of a Boolean function whose Walsh support is F4 \ {0} in any dimension
n > 10. This has never been settled in the literature.

Construction 3.1. Let k and m be two positive integers such that m > k + 2
and 28=1 > m 4 1 (this is possible only with m > 6 and k > 4). Then there
exists a mapping ¢ from FJ* to F% such that the size of ¢~1(0) is equal to 1 and,
for any nonzero vector a € F5, the size of ¢~ '(a) is an odd integer greater than
or equal to 3. There also exists a subset E of F§ x FJ* such that E C {(z,y) €
F& x F3/ 2 - ¢(y) = 0}, such that |E| = 2¥~1 and which contains an element (0, v)
of even Hamming weight as well as all the elements of the form (0,u?), where the
vector u’ (1 <4 < m) is defined as uz =1lifj=+7and u; = 0 otherwise. We denote
by ég the indicator of E: dép(z,y) = 1if (z,y) € E and dg(x,y) = 0 otherwise.

Define then the following Boolean function f on F’;"‘m:

V(z,y) € F5 xFY',  f(z,y) == ¢(y) - = ® 5p(x,y).
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Proposition 3.2. Let f be defined as in construction 3.1. Then f is balanced and
the Walsh support Sy of f equals F5 \ {0}.

Proof. A straightforward calculation yields

V(a, b) S FS X ]an’ )?}(a]7 b) — 2k Z (_1)b-y -9 Z (_1)(L~m@b~y.
yep~1(a) (z,y)EE
In particular, when (a,b) = (0,0), we have :
X7(0,0) = 2"|¢=(0)| — 2| E| = 0

which ensures that f is balanced. Let (a,b) € F5 x FJ* be a non zero word i.e.
(a,b) # (0,0). If b =0 then

5 0,0) > 267 (@) — 2* > 0
since |¢p~1(a)| > 1. Assume now that b # 0. We have :
Yye o la), (~1)PY=1 (mod 2)
Since |¢~1(a)| is odd, it holds

Y (=) =[¢"(a) =1 (mod 2)
y€p~1(a)

which implies that

Therefore it suffices to show that

Z (_1)a‘x®b~y < 2k—1 — |E|
(z,y)EE

to ensure that x7(a,b) # 0. To this end, we show that we can find two elements
z1 and 2 in E such that (a,b) - z; = 0 and (a,b) - z2 = 1. Suppose that b is not
the all-one vector. There exists then at least two indices ¢ and j such that b; = 0
and b; = 1, and it suffices to take z; = (0,u’) and 2o = (0,u’). If b is the all-one
vector, it suffices to take z; = (0,v) and 2o = (0, ul). O

Concerning the values of n smaller than 10, we know that for n = 1, the Boolean
function f : x € Fy — x is such that Sy =F, \ {0}. By computer search, we know
that there is no Boolean function f such that Sy = F5 \ {0} when n € {2,3,4}.
We classify in appendix B all the Walsh supports of Boolean function in 5 variables
using a computer and observe that there does not exists Boolean function in 5
variables whose Walsh support is equal to F3 \ {0}.

Concerning the case n = 6. Assume there exists a Boolean function f in 6
variables such that Sy = FS\ {0}. Let d be the algebraic degree of f (we assume
d > 2 since the Walsh support of affine functions are singletons).

This is known that the values of a balanced Boolean function f in n variables
of algebraic degree d are divisible by 224172 Therefore, for d € {2,3,4}, the
Walsh spectra of f is of the form {£8k, k = 0...7}. Let nj be the number of
words w € F§ such that Y7 (w) = £8k. Clearly ng = 1. Parseval’s relation requires
that (%) 22:1 k*ny, = 64. Moreover the condition Sy = F§ \ {0} implies that (x*)
22:1 ng = 63. One easily note that there is no solutions for the diophantine system
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formed with (%) and (%*). This shows that d must be equal to 6. Unfortunately,
we are no able to tell more.

Concerning the other values n € {7,8,9}, the question remains completely open
since all the arguments exposed above fail for these values of n.

The question then arises of knowing if there are few or many balanced Boolean
functions f : Fy — F, such that Sy = F5\ {0}. We answer in the proposition below
that only a small number of balanced Boolean functions are such that Sy = F3\{0}.
We denote below by &, the set of all balanced Boolean functions on F%.

Proposition 3.3. For every positive integer n > 10, the density in &, of the set
3 n
{fe&|Sy=F3\{0}} is less than /5 e2¥5 272

Proof. Let us introduce the following family of subsets of the set B,, of all Boolean
functions on Fy:

Fo = {f:Fy = F, [ Sy =Fy \ {a}},
where a € F3.

It is easily shown that all the subsets F, have the same cardinality: fix a €
F2 \ {0} and define the mapping ¢, from B, to B, which maps f € B,, to f & ¢,
(where ¢, denotes the linear mapping on FJ defined as £,(z) := a -z for every
r € F3). Given f € F,, one has S, () = a + Sy = Fy \ {0} (see Subsection 3.1).
Hence ¢, is a bijection between F, and Fy.

We deduce from the inclusion U F, C B,, and from the fact that the sets F, are

a€lFy
pairwise disjoint that |B,,| > 2"|Fp|. Hence |Fy| < 22"~
Finally, the density in &, of Fj is equal to % It is well-known that |&,| =

(23711) Moreover Lemma A.2 provides the following lower bound on |€,] : (anl) >

\/522” % ¢~ 375 . This lower bound together with the upper bound |Fy| < 22"~"
yields to the result. O

APPENDIX A. LOWER BOUNDS ON BINOMIAL COEFFICIENTS

Lemma A.1 (Robbins, [11]). Forn > 1,

n! = V2mn (E>n e
e

1

where r(n) satisfies ﬁ <rn) < -

Lemma A.2. Forn >1,

2 >\/§an—zwf+3
=1 =V

Proof. By definition (Q,L 1) = 27?:!')2. If we use Lemma A.1, then we get

on Va2t (2 ) _ \/?22n_%er(2n)_27_(2n1)
27171 — 1)2"’ (2" 1) T

(zn

r(2") —2r(2"7Y) >

Now
1 2 3

>
= 122741 12201 = ond3
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APPENDIX B. CLASSIFICATION OF THE WALSH SUPPORTS OF BOOLEAN
FUNCTIONS IN FIVE VARIABLES

Berlekamp and Welsh [1] shown that the set of all Boolean functions in 5 variables
may be reduced to 48 equivalence classes where the Boolean functions are equivalent
if and only if there exists a linear automorphism L on F3, two 5-dimensional binary
vectors a and b and a binary scalar ¢ such that

(4) Ve e F2, g(z) = f(L(z)+a)Bb-z®c

For the sake of simplicity, we suppose in the sequel that it holds b = ¢ = 0 in (4)
when we say that two Boolean functions are equivalent (because if two Boolean
functions f and g are such that g = f @1 where I(z) := bz @ ¢ then it holds :
Sg = b+ Sf). Berlekamp and Welsh got 29 equivalence classes of even Hamming
weight and 19 equivalence classes of odd Hamming weight. In subsection 3.2, we
have signalled that the Walsh support of Boolean functions of odd Hamming weight
is necessarily equal to the whole space F3. Hence, the Walsh support of any Boolean
function which is equivalent with one of the below Boolean function is equal to F3

L1X2I3X4Ts
T1X2 D T1T2T3T4Ts
T1T2 D T3x4 D X1X2X3T4T5
T1T2X3 D T1X2X324X5
T1x2 D T1ToT3 (&) T1X2X3T4T5
T1X4 D T1T2T3 D T1T2X3L4T5
T4X5 D T1ToT3 D T1T2X3L4T5
T1T4 © T2T5 © T1202%3 D T1T2T3T4X5
T1T2 © T4T5 © T1202%3 D X1T2T3T4X5
T1X2 D T3xy B T122T3 © T1T2X3T425
L1223 D T1T4T5 D T1X2X324X5
T1T2 D 12223 B T124%5 D T1T2T3T4T5
T2T3 O T1T223 B T124T5 O T1T2T3T4T5
ToX3 D T4x5 B 10203 B L1T4T5 D T1T2X30425
ToXy D T1T2X3 D T1T4T5 D T1X2X3T4T5
ToX3 D Loky D X1T2T3 D T1X4T5 B L1L2X3L425
ToXy D L3Ls D X1T2T3 D T1X4X5 D L1L2X3X425
ToX3 B ToXy B T3X5 O T1X2T3 B T1T4X5 D T1ToT3X4T5
Tox3 D Toxg B x3%5 B X4X5 D T1T203 O T104X5 B T1X2T3T4X5

TABLE 1. Equivalence class of odd Hamming weight

It remains therefore to classify the Walsh supports of Boolean functions of the 29
equivalence classes of even Hamming weight. We base our study on the fact that the
Walsh supports of two Boolean functions f and ¢ lying in the same equivalent class
are linked by the relation : S, = L*(Sf) (Here we take again the notation of (4)).
Based on this remark, we obtain for each equivalence class the generic type of Walsh
support of the elements. We adopt the following convention to write the Boolean
functions and Walsh supports. The Boolean functions are written in abbreviated
notation. For example, for z1xs ® xox31425 We simply write 12 4 2345. We do not
write in the table the equivalence class of 0 because the equivalence class of 0 is
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simply formed by affine functions on F3 which Walsh supports are the singletons of
5. Moreover, at each line of the below table, we give an element of each equivalence
class in the first column and the type of Walsh supports in the second column. The
Walsh support are also written in abbreviated notation. More precisely, given a
basis {v1,va,v3,v4,v5} of F, we write {i} for the singleton {v;}, (i1... i,) for the
vector subspace span(v;,, ..., v;,), j + (i1...1p) for the flat v; + span(vy,,...,v;,)
and i+ j for the sum v; +v; (span(F) denotes the vector subspace of F generated
by the family F of vectors). For example, 1 + (2345) U4 + (23) U (2) stands for
v1 + span(va, vs, Vg, Us) Uvg + span(ve, v3) Uspan(vg) and (2345)U14+4+ (23)U{1}
stands for span(vy, v3, v4, v5) Uvyg + span(ve, vs) U{v1}. To help the reader, we now
explain the meaning of a line of the below table. For example, the second line means
that the Walsh support of a Boolean function lying in the equivalence class of x1x2®
Xox324xs5 is of the form vy + span(ve, vs, v4, v5) Uspan(ve) where {vq, va, U3, Vg, U5}
of F5 denotes a basis of F5 and, conversely, given a basis {v1,va,v3,v4,v5} of F3,
we can find an element in the equivalent class of x1xo @ xzoxsrsxs Whose Walsh
support is equal to vy + span(vs, vs, v4, v5) U span(vs).

Equivalence class Type of Walsh support

2345 (2345)

12 + 2345 1+ (2345) U (2)

23 + 2345 (2345)

23 + 45 4 2345 (2345)

12 + 34 + 2345 1+ (2345) U (234)

123 4 2345 1+ (2345) U (23)

12 + 123 + 2345 (2345) U1 + (23)

24 + 123 + 2345 1+ (2345) U4+ (23) U (2)

14 + 123 + 2345 (2345) U1 +4+ (23) U {1}

45 + 123 + 2345 (2345) U1+ (23)

12 + 34 + 123 + 2345 (2345) U1+ (23)

14 + 35 + 123 + 2345 (2345)U14(3)Ul+4+(3)Ul+54+(3)Ul+2+4+5+(3)
12 445 + 123 + 2345 14+(2345)U(45)U2+54+ (4) U3+ (2) U{2+4}

24 + 35 4 123 + 2345 1+ (2345) U (234) U5 + (23)

123 + 145 + 2345 14 (2345) U (23) U5 + (4) U {4}

45 + 123 + 145 + 2345 (2345)U1+3+ (2)Ul+5+4)u{1+4}U{1+2}

24 + 45 + 123 + 145 + 2345 | (2345)UL+4+(3)U1+2+5+(4)U{1+2+3+4}U{1+2}
24 4 35+ 123 + 145 + 2345 | 14 (2345)U(2) U4+ (2) U5+ (2) U3+ (4) U{2+3+
445} U{3+5}

123 (123)

45+ 123 F3

14 + 123 44 (123) U (1)

14 + 254123 (12)U4d+ (12) Us+ (12) U3+ 4+ 5+ (12)
123 + 145 F3

23 + 123 + 145 3+ (12)U5)Ul+5+ (4)u2+ (1)u{l+4}
24 + 123 + 145 F3

234244354123+ 145 | (2)Ud+(2)Ul+2434(5)U3+(4) U5+ (2)Ul +4+5+

(2)U{243+4+5}U{1+3+4+5}U{3+5}U{1+2+3+4}
12 (12)
124 34 (1234)

TABLE 2. Equivalence class of even Hamming weight
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