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Abstract

Sequences with almost perfect linear complexity profile are defined by H. Niederre-
iter[4]. C.P. Xing and K.Y. Lam[5, 6] extended this concept from the case of single
sequences to the case of multi-sequences and furthermore proposed the concept of
d-perfect. In this paper, based on the technique of m-continued fractions due to Dai
et al, we investigate the property of d-perfect multi-sequences and obtain the suffi-
cient and necessary condition on d-perfect property. We show that multi-sequences
with d-perfect property are not always strongly d-perfect. In particular, we give
one example to disprove the conjecture on d-perfect property of multi-sequences
proposed by C.P. Xing in [6].
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1 Introduction

Stream ciphers are based on pseudorandom key streams, i. e. specially
on deterministically generated sequences of bits with acceptable of unpre-
dictability[1, 2]. From the cryptographic viewpoint, a useful measure for unpre-
dictability is the linear complexity profile (LCP) of pseudorandom sequences.
Many researchers contrived to construct pseudorandom sequences whose LCP
looks like the LCP of truly random sequences. H. Niederreiter|[3, 4] introduced
the concept of almost perfect linear complexity profile (PLCP). C.P. Xing
and K.Y Laml[5, 6] extended the concept about almost PLCP from the case
of single sequences to the case of multi-sequences and furthermore proposed
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the concept of d-perfect. In this paper, based on the technique of m-continued
fractions[7, 8], we investigate the property of d perfect multi-sequences and
obtain the sufficient and necessary condition on d-perfect property. We show
that multi-sequences with d-perfect property are not always strongly d-perfect
and illustrate this with one example.

This paper is organized as follows. In section 2, we list the preliminary
knowledge including some known results about d-perfect multi-sequences and
m-~continued fractions. In section 3, we discuss d-perfect multi-sequences and
get the main results. In section 4, further we disprove the conjecture on d-
perfect property of multi-sequences proposed by C.P. Xing with one counter-
example.

2 Preliminary

2.1 d-Perfect Multi-sequences

We first introduce some notations and definitions. Let F, be an finite field
with ¢ elements and s = {s1,s2,...,5,,...} be a sequence of elements of F.
Its linear complexity of the length n prefix is denoted by L(n). H. Nierderreiter
gave the following definition about PLCP.

Definition 1 A sequence s = {s1,Sa,...,8n,...} has perfect linear complexity
profile if for all n(> 1), s.t.

L) = | "= (1)

Consider a multi-sequence of dimension m > 1:

S: {§17§27"'7§m}

where s, € F°,1 < k < m. We yet denote by L(n) its linear complexity of the
length n prefix. C.P. Xing and K.Y. Lam[5, 6] investigated multi-sequences
with almost PLCP and further proposed the concepts of d-perfect and perfect.

Definition 2 A multi-sequence S = {s;, Sy, ..., 8} is called d-perfect for a
positive integer d if

m(n+1)—d

L >
(n)_ m-+1

(2)

for allm > 1. In particular, S is called perfect if S is an m-perfect sequence.



In [6], C.P. Xing got the following theorem and proposed two conjectures ,
one of which is about d-perfect property of multi-sequences.

Theorem 1 [6/ A multi-sequence S = {81, 8s,...,8,} is perfect if and only
of

| (3)

for alln > 1.
Conjecture 1 [6] If a multi-sequence S = {sy,Ss, ..., 8,,} is d-perfect, then

m(n+1)—d < Lin) < mn +d
m+1 m+ 1

(4)

forallmn > 1.
Definition 3 A multi-sequence S is called strongly d-perfect if (4) holds.

Obviously, if a multi-sequence S' is strongly d-perfect, it must be d-perfect.

2.2 m-Continued Fractions

Denote by C' a sequence [ag, h1,ay, ha, @, -, hi, g, - -], where 1 < k < w,
w is a positive integer or oo, hy is a positive integer and 1 < hy < m
a, = (Qk1, k2, - -, Gkm) € Folz]™ and aq = 0. We call w the length of C. In
the case when w < oo, then C' = [ag, hi, a;, ha, a9, -+, huy—1, ayy_1]. We always
associate it with the following quantities(for each 1 < k < w):

tk = deg (akﬁk)
dr. = Yi<i<k tiy do =0
Vkyj = 2i<khi=j ti> Vo; = 0, Uk = Uk,

ng = dg—1 + v, ng =0

Definition 4 /8] A sequence C defined as above is called an m-continued
fraction if it satisfies:

(1) ty >1, 1<k<w;

(2) if hig < higr, then Vi1 p, < Vpga; of he > higr, then ve_1p, < Ve — 1,
where 1 <k <w—1;

(3) for k(1 <k <w) and j(1 < j<m,j# hy), if i, < J, then deg(ay;) <
Vk,j — Vk—1,hys Zf hk > j, then deg (ak,j) < Vk,j — Vk—1,hy — 1.



Remmark 1 In fact, the conditions 1 and 2 are essential. This is because:
Given hy and tg, which satisfy conditions 1 and 2 for all k > 1, we can always
construct an m-continued fraction C' such that C' also satisfies condition 3,
e.g. ag; =0 for j(j # hi), and ayp, is a polynomial with degree t), over F[z].

For an m-continued fraction C, a map ¢ from m-continued fractions to
multi-sequences is defined in [8]. We denote by ¢(C') its image and call C'
an m-continued fraction expansion of ¢(C). And given a multi-sequence S =
{81, 82, ., 8}, we denote by C(S) the set of all m-continued fraction expan-
sions of S. [8] indicates that C(.S) is nonempty and can be got by an algorithm
called m-CF transform(for details, refer to [8]).

Lemma 1 /8] For a multi-sequence S, let C' € C(S), then L(n) = dy, where
ng <n<ng and k> 1.

Therefore, we can immediately get the conclusion as below:
Propisition 1 For a multi-sequence S, let C' € C(S), we have
(1) S is d-perfect if and only if for all k >0, s.t.

MmNy —d

<d
m+1 k

(2) S is strongly d-perfect if and only if for all k > 0, s.t.

mnk+1—d< k<mnk+d
m—+1 - m+1

Proof Here we only prove item 2) and item 1) can be got directly from the
procedure proving item 2).

=-. Considering a given multi-sequence S, we check easily that Lemma 1 is
also correct when k£ = 0. For an integer k£ > 0, if ny < ngy1, then for an
arbitrary integer m, s. t. ny < n < ngy1, by Lemma 1, we have L(n) = dj.
Hence we can get

b = Lingsy — 1) > M =+ =d _ mn —d

m—+1 m—+1
and
mny + d
d, = L < —
F (ne) < m+1
If ng = ngy1, let Ky such that ny = ngy1 = -+ = ng,—1 < ng,, similarly we
have

mng,-1+d  mn+d
m+1  m+1

dy, < dgy—1 <



and let kg such that ng, < ng,41 = -+ = ng = ngy1, we have

Mmng1 —d mngy1 —d
dy, > dy, > 2 =
b Moo= 1 m+1

<. For an arbitrary positive integer n, by Lemma 1, there exists an integer k,
s. t. ng <n < ngy and L(n) = dig. So

m(n+1)—d<m(nk+1)—d< k<mnk—|—d<mn—|—d
m + 1 - m+1 - m+1 T m+1

and we get the conclusion. U

3 Multi-sequences with d-Perfect Property

We first introduce the following two useful notations before discussion:

o [(k,j) = max {ilh; = j, 1 <i <k}, if the i doesn’t exist, then I(k, j) =
o L(k,j) =min{i|h; = j,i > k}, if the i doesn’t exist, then L(k,j) =0

Definition 5 Given an m-continued fraction C, let J = {j|L(k,j) > 0, forVk >
1} andm' = |J|. We callm’ the characteristic of C. C is called non-degenerate
if m' = m; otherwise, C' is called degenerate.

Definition 6 An m-continued fraction C is called bounded if there exists a
constant ¢, such that: for all k > 1, t, < c¢; otherwise, we say that it is
boundless.

Throughout this section, we denote by ¢ the bound of all ¢(k > 1) if C'is
bounded.

Lemma 2 For a multi-sequence S, let C' € C(S), then S is d-perfect if and
only if

e+ Y. (o —wy) <d (5)

1<j<m

for all k > 1.
Proof Since 37 <<, vk = di, we have

tk—i- Z Vi — Uk] = tk—i-mvk—dk = tk—l—m(nk—dk,l)—dk = mnk—(m—i—l)dk,l
1<j<m

By Proposition 1, we can directly get the conclusion. 0



In order to evaluate vy ; — vy, we consider the sequence: {(j;, k;)}o<i<r,
which is defined iteratively as below: Initially set jo = j, and kg = I(k, jo).
Assume (j;, k;) is defined. If j; = hy, let 7 = i, the procedure stops; if j; # hy,
let jiy1 = hg,+1, and ki = (K, jip1). 1t is clear that j; # j, for Vs # i, hence
T exists, and T < m.

Lemma 3 If the sequence {(ji, ki) }o<i<r is defined as above, then

T—1

Vk,j — Uk S tko - tk + Z tks+l (6)
s=0

Proof By the condition 2 of m-continued fractions, we have vy_1 5, < Ugt1.
That is
Uk — Uphyyy < bk + Tk
Notice that hy, 11 = Jig1 = hi,ys Vkyj, = Uk and Uk, = Vg —1,00 T thiyy, WE
have
Vk,ji = Ukjigr = Uk = Ukipr = Uky — Ukjpi—15i41 — tki+1'

By ki +1 < kiy1 and v — vy, <t + Lrg1, we get

Uk,ji —Vk,jirr = Vki ~ Vkip1—1hg, 1 ~ ki < Uk T Uk hg, 41 R TEREN 7 o J O R 7Y

So
T—1 T—1 T—1

Uk = Uk = D (ks = Ukjurs) < D (tky + oyt — teoy) = thy — b+ D troi
s=0 s=0 s=0

O
Lemma 4 If an m-continued fraction C' is bounded and non-degenerate, then

|k, — vg,;| < me (7)

forallk >1 and j(1 < j <m).
Proof When j = hy, it is obviously correct and we will consider the case of

J # hi. By lemma 3, for £ > 1 and j(1 < j < m,j # hy), we have

T—1
Vg,j — Vk < tko — 1+ Ztks-‘rl <mc—1t <mc
5=0

Similarly, set K = L(k,j). Since C is non-degenerate, K > k. Note that
Vg, = VKk-1, = VK — tK, SO

Uk — Vgj = Uk — Uk—15 < Uk h, — Uk +1x < mce



Synthesize the above two aspects and we can get the desired result. 0

We can now establish the main result of this section which gives the suffi-
cient and necessary condition on d-perfect property.

Theorem 2 For a multi-sequence S, let C' € C(S), then the following condi-
tions are equivalent to each other:

(1) S is d-perfect for some constant positive integer d;
(2) C is bounded and non-degenerate;
(3) S is strongly d'-perfect for some constant positive integer d'.

Proof 1=2. We first prove that C' is bounded. For simplification, let ¢ty = 0.
In fact, we check easily that the inequality (5) is also correct when k = 0. For
every k(> 1) and h(1 < h < m), note that vy ny = vgn and vy p); < vi(1 <
j<m,j#h), by lemma 2, we have:

d>tigeny + D (ikn) — Vienyg) =ty + D (Ukn — Vky)
1<j<m 1<j<m

Add two sides of the above m inequalities(h from 1 to m) together respectively
and get:

md > tin > te
h=1

so trp < md for every k > 1. Secondly, if C is degenerate, let m’ and J
be defined as definition 5, then m’ < m. Consider sufficient large k’s, i.e.
k> ko = min{n|L(n,j) =0, j ¢ J}, and we have

d>te+ D> (v —vky) =t + ) (v —vky) + D (0 — Uky)

1<j<m jeJ igJ
=1 + Z (vk — Uk,j) + (m - m/)Uk - Z Uko,j (8>
jeJ Jjg¢J

By Lemma 4, we have

1D (e — k)| <D Jowy — o] < (m — 1)me

jeJ jedJ

Therefore only one term (m — m/)v, in the right side of (8) is infinite. A
contradiction.
2=-3. By Lemma 4, we have

lde —mu) = Y (v —o) <D ok — o] < (m—1)me
1<j<m,j#hg 1<j<m,j#hy

set d’ = m?c, then

mng41 — (m + 1)dk = m(dk + Uk+1) — (m + 1)dk



=M1 — dp = tpp1 + (MU — digr)
<c+m(m—1ec<d 9)

and

(m + 1)dk — mny = (m + 1)dk — m(dk + v — tk)
=mity + (d — muy)
<mec+m(m—1)c < d (10)

Synthesize the above two inequalities and get that S is strongly d’-perfect.
3=1. Let d = d' and S is obviously d-perfect. 0

Remmark 2 Though the fact that a multi-sequence S is d-perfect implies that
there exists a constant d such that S is strongly d'-perfect, d' isn’t usually equal
to d.

In particular, for perfect multi-sequences, we have:

Theorem 3 For a multi-sequence S, let C € C(S), S is perfect if and only if

(1) forallk >1,t, =1, and
(2) for Nt >0, hynit, Pima2, ** +  Bimem 18 pairwisely unequal.

Proof =-. Firstly, we prove that it is correct for 1 < k < m and t = 0. When
k=1, mt; <d=m,sot; = 1. Suppose that when k < ko(kg < m), tx =1
and [(k — 1,hg) = 0. If [(k, hyy1) > 0, then
m 2 tge1 + (V41 — Vky1,)
1<j<m,j#hk 41
=tis1 + (b = Dtgyr + (m — k) (trsr + 1)
> Ml = M

This leads to a contradiction. So I(k, hxy1) = 0 and

tk1 + > (Vk1 = Vpgrj) = Ml —k+1<m
1<j<m,j#hg4a

Therefore t;,; < %’H < 2, it implies that t,,; = 1.

Secondly, the process with kgm + 1 < k < kgm +m and ¢t = ko(ko > 1) is
as same as the process with kg = 0. It is because: for every j(1 < j < m), we
have vgym ; = ko. So the partial of each vjm+i; before kgm is vanished when it
subtracts from others by formula (5) and it comes back to the state of ky = 0.
Therefore we get the conclusion.
<. we can check inequations directly and get easily that m-continued fraction
is perfect. O

Remmark 3 By theorem 3, we can get the conclusion that multi-sequences
with PLCP are weak and easily predicable. It is a natural generalization of



theorem 2 in [4, sec 4] from the case of single sequences to the case of multi-
sequences.

Remmark 4 By theorem 3, if n = Nypti(t > 0 and 1 < 5 < m), we have
N = dimtj + Vimtj—Lhgny; =t +7+1t and L(n) = dypyj = tm+j. It directly
leads to theorem 1.

4 Counterexample

In this section, we give one example and show that multi-sequences which
are d-perfect are not always strongly d-perfect. That is, the conjecture on
d-perfect property of multi-sequences proposed by C.P. Xing is not correct.

Example: Let

C = [Q, h17Q17h27Q27 o '7hk7Qk7 o ]

xtk7 J= hy

7tk:

where a, = (1, Ar2, - -, Q) € Folz]™, m > 2, a5 ; =

Lk=2t+1)m
3, k=2t+2)m and hypj=7,t2>0,1 <5 <m.
2, others

We claim that C' is an m-continued fraction and let S = ¢(C'), then S is d-
perfect but not strongly d-perfect, where d = 2m + 1. This is because: Firstly,
we check easily that C' is an m-continued fraction. In fact, fort > 0, 1 <14,5 <

2t, 1< Ad+1, k=2t+1)m
m, we have vy, 1;; = and vy, = )
2t+1),i>y At +1), k= (2t+2)m
Then
Lk=Q2t+1)m—1
4, k= (2t+1)m

Vk1 — Vk—1,hy =
5, k= (2t+2)m

2, others



SO Vg41 — Vk—1,n, > 1 and C'is an m-continued fraction. Secondly, we have

2(m —1i+1), Ek=R2t+1)m+1i, 1 <i<m-—1

ti+ Z ’Uk—’Uk] =

1<j<m 2—m, k= (2t+1)m

( )
2m—i+1)+ 1L, k=2t+2)m+i, 1 <i<m-—1
( )

( )

0, k=(2t+2)m

Hence we immediately get

tk—f— Z Uk—l)k] <2m—|—1:d

1<j<m
and by lemma 2, S is (2m + 1)-perfect. But when k& = (2t + 2)m, we have:

(m+ 1)dy, — mny, = mty + Z (Vg —vg) =3m >2m+1=d

1<j<m

Therefore S is not strongly (2m + 1)-perfect.
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