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ABSTRACT. We give the exact number and representatives of the isomor-
phism, which preserves infinity, classes of hyperelliptic curves of genus 2
over finite fields with characteristic 2 in most cases. These results have

applications to hyperelliptic curve cryptography.
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1. Introduction

Since Koblitz suggested using the hyperelliptic curve H as a good source of
public key cryptosystem, many interesting results have been explored toward
hyperelliptic cryptosystem. Due to a subexponential algorithm by Adleman,
DeMorrais and Huang[2] and that by Gaudry[8], hyperelliptic curve of genus
1,2,3 can be very attractive for the cryptographic purpose. It may be useful,
for cryptographic purpose, to classify the isomorphism classes of hyperelliptic
curves of genus 1,2 and 3 over finite fields. The isomorphsim classes of elliptic
curve over even characteristic fields were determined(see [14]).

In this paper we count the exact number of isomorphism classes of pointed
hyperelliptic curves of genus 2, so hyperelliptic Weierstrass equations, over a
field F, with ¢ = 2" and list all the representatives of isomorphism classes.
In [9] the number of isomorphism classes of pointed hypereilliptic curves of
genus 2 over [F, with characteristic different from 2 or 5 were studied. Later
the bound of number of isomorphism classes over Fyn was derived in [5]. On
the other hand, in [4] the formulae for the number of curves of genus 2 over

even characteristic fields with a fixed structure of ramification divisor has been



2 ISOMORPHISM CLASSES OF HYPERELLIPTIC CURVES OF GENUS 2 OVER Fy~

derived.

This paper is organized as follows. In Section 2 we recall necessary definitions
and give the notion of isomorphism between hyperelliptic curves. In Section 3
we give the exact number of all the isomorphism classes, with one exception
on Type III case. Moreover, the tables which contain all the representatives

of isomorphism classes are produced.

2. Hyperelliptic curves

In this section, we recall the basic definitions and theories basically given in
[13].

A hyperelliptic curve over a field F of genus ¢ is a nonsingular projective
curve C over IF of genus g for which there exists a map C' — P(F) of degree
two. When g = 1, C'is an elliptic curve and the isomorphsim classes of elliptic
curve over finite fields were determined(see [14]).

In this paper, we consider pointed hyperelliptic curves, which is defined
in the following way; Let C be a hyperelliptic curve over F with F-rational
Weierstrass point P. Then the pair (C, P) is called hyperelliptic over F. Thus,
when g = 1, (C, P) being hyperelliptic means that C' is an elliptic curve with
origin P. We denote the set of all hyperelliptic curves (C, P) over F of genus
g by Hy.

Next, we consider the notion of Weierstrass equation;

Definition 2.1. A Weierstrass equation E over F of genus g is

E[F :y* + h(z)y = f(x),

where h, f € F[x], deg(h) < g, deg(f) =29+ 1, f is monic, and there are no
singular points; a singular point on E(z,y) = y* + h(z)y — f(z) is a solution
(z,y) € F x F which satisfies E(x,y), E.(z,y) and E,(x,y). We denote the
set of all Weierstrass equations of genus g over F by W,,.

The following proposition corresponds a Weierstrss equation to hyperelliptic
pair (C, P).

Proposition 2.2. [13] Let (C, P) be hyperelliptic over F with genus g. Then
there exist nonconstant functions z,y € F(C) with x € L(2P),y € L((2g +
1)P), which satisfy a Weierstrass equation of genus g over F. Here, L(D)
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denotes the vector space of global sections of the line bundle associated to a
divisor D. Moreover, such an equation is unique up to a change of coordinates

of the form
(2.1) (z,y)—(a?z + B, a®Fy + 1)

where o, B € F with a # 0 and t € Flx] with deg(t) < g.

Furthermore, a Weierstrass equation E arises from some (C, P) if and only
if £ has no singular points, and in this case the set of such E form an equiv-

alence class of Weierstrass equations related by the e transformations (2.1).

So, we can say that there is a 1-1 correspondence between isomorphism
classes of curves in H, and equivalence classes of Weierstrass equations in Wy,
where E, E € W, are said to be equivalent over F if there exist such that the
change of coordinates transforms (2.1) equation E to equation E. Thus, it is
enough to count the number of equivalence classes in W, in order to count
the number of isomorphism classes in H,. In the remainder we call £ € W, a
hyperelliptic curve and let isomorphism denote a change of coordinates of the

above type.

3. Isomorphism classes of genus 2 hyperelliptic curves over
Fgq=2"

In this section, we count the exact number of isomorphism classes of genus
2 hyperelliptic curves over Fy, ¢ = 2" and list all the representatives of each
isomorphism class. From now on we let ¢ = 2".

Let Ey, Ey be isomorphic curves of genus 2 defined over [F, given by the
following equations;

By + (2”4 asz + as)y = 2° + asx? + agx® + agx + ayg

By iy + (2”4 azz + az)y = 2° + apx® + agx® + dgx + aqo.

The equation E; can be transformed to the equation F, by changing of

x— o’ +
y — oy + atyr? + a?dx + €

coordinates



4 ISOMORPHISM CLASSES OF HYPERELLIPTIC CURVES OF GENUS 2 OVER F,~

for some « € F3., 3,7, 0, € € Fan([13]).
This gives the following relations;
(3.1)
( oza] =a;, o’dz=as, o’ds= 3%a;+ Pas+ as
alay = B+ +var + as, atay = day + yas + ag
$ abag = 0% + B*vay + eay + Bryaz + daz + Pay + vas + ag
a® ag B4 326a, + Bdas + eas + [%ay + das + ag
 a'%aig = 37 + € + [%ear + Bas + Beas + (Pay + eas + B%ag + Bas + ap.

Any hyperelliptic curve of genus 2 over Fy» belongs to the exactly one of
the following types and each isomorphism class of the curves should belong to
the same type;

Type I: a; # 0 (also a; # 0),
Type I1: a; =0, a3 # 0 (also d; =0, a3 # 0),
Type III: a; = a3 =0, a5 # 0 (also a3 = a3 =0, a5 # 0).

We note above three types of curves should belong to different isomorphism
classes from the relations in (3.1).
We summarize the elementary results on finite field I, needed later.

Lemma 3.1. [12] For a € F,, the equation 2> + x = a has a solution in F, if
and only if Tr(a) = 0. Here, Tr(a) = 3.1 o® " is a trace function.

Corollary 3.2. [12] For a,b € F,, a # 0, the equation 2* + ax + b = 0 has
a solution in F, if and only if Tr(a™2b) = 0. If zy is one solution, then the
other solution is x1 + a.

The following proposition states about the number of solutions of the poly-

nomials.
Proposition 3.3. Consider the following polynomial
(3.2) e+ r4+a=0, a€Fon,a#0.

(1) If n is odd, then (3.2) has either no solution or exactly two solutions

and in this case, if x1 is one solution, then the other solution is x1 + 1.
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(2) If n = 2 (mod 4), then (3.2) has either no solution or exactly four
solutions and in this case, if 1 is one solution, then the others are
x1+c,cel;.

(3) If n =0 (mod 4), then (3.2) has 16 solutions if Trg,(a) = 0, and no
solutions if Trg,(a) # 0. Here

Tre,(@) =a+a® +a +...a®"

3.1. Type I Curve. In [5] it is shown that any hyperelliptic curve of Type I
can be transformed in to the following form;

By + (2% + asw + as)y = 2° + agx + aq.
Let
Ey:y? + (2% + a3z + ds)y = 2° + agz + dio
be a hyperelliptic curve over F, isomorphic to £;. Then there exist 3,7, 9, € €
F,, satistying the equations;
B=7*+7, d=nas, €=0%+ %+ Byas + das + vas
az = ag, as = (3°+ faz+ as
ag = B* + B0 + Bdas + eas + +0as + ag
alp = 3 + €2 + 3¢ + PBeas + eas + Bag + ayo.
The above relations can be reduced the following equations;
(1) B=7"+7
(2) a3 = as
(3) a5 = 3* + Baz + as
(4) as = B* + a3if + as
(5) a0 = a3B® + a3f* + ajasf + a2 + asf + aqo.

Now, we split the set of Type I curve into six disjoint unions;
A={y*+ (2 + asz +as)y = 2° + agx + ay | a; € Fon}.
A can be splitted into the following six disjoint sets;
A=AUBUByUB3UB,UC; UCYy,

where

Alz{EEAlCLg:O},
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B, = {E S A|a3 # 0,TT(CL3
By={FEe€Alaz #0,Tr(az) =0,Tr(a

= 0,Tr(az’as) = 0,as = a} + a3 + ajas + ai},

(az

Bs={F € Alas #0,Tr(az) =0,Tr(az
(az

(

2
2
2 5 4 2 2

as) # 0,as = a3 + a5 + azas + az },
2

~— — ~—  —

)

as) = 0,ag # ag + ag + a§a5 + ag},
)
)

By ={E € Alaz #0,Tr(az) = 0,Tr(az%as) # 0,as # a3 + a3 + azas + a3},
Ciy={FE € Alas #0,Tr(az) #0,Tr(az%as) =0, },
Cy={FE € Alaz #0,Tr(az) # 0, Tr(azas) # 0, }.

First, we count the exact number of singular curves which belong to each

set.

Lemma 3.4. Let
V ={FE € A| E is singular}

and let U1 = VﬁAl,‘/i = VﬂBl,Z: 1,2,3,4,Wj = VﬁCj,j = 1,2 Then V
is the following disjoint union of sets;

V=UuViuVL,uVsuV,uW; uWw,.

Then [Ur| = ¢*, Vi| = V3| = q(q — 2)/4, [Val = q(q — 1)(q — 2)/2, V4| =
0, [Wi| = ¢*(2q = 1)/4, [Wa| = ¢*/4

(Proof) In [5] it was counted that |V| = ¢3. More splitting is immediate
from the direct counting and we omit the detailed proof. OJ

We now count number of isomorphism classes for each case;

About A;; this is the case when az = 0;

There exists a solution v satisfying the equation (1) if and only if Tr(5) = 0.
For each E' € Ay, there are ¢/2 curves isomorphic to £ in A;. Since there are
|Ui| = ¢*> many singular curves, we conclude that there are (¢* — ¢?)/(q/2) =
2¢q(q — 1) isomorphism classes.

About B;,i =1,2,3,4; this is the case when a3 # 0 and T'r(a3) = 0;

First note that the equation (3) has a solution if and if 7 (a3 %as) = Tr(a;as).
In this case, there are two distinct solutions, say {1, 81 + ag}. For each 3, (1)
has a solution if and only if Tr () = 0. Further, if 3 is a solution to (4), then
so is 8 + a3. On the other hand, if 3 is a solution to (5), then 3 + a3 cannot

be a solution unless ag = aj + a3 + a3as + a?.
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(1) If Ey, Ey € By, then there are two different choices of 5 and four choice
of ~ satisfying all the equations from (1) to (5). For E; € Aj, the
number of curves isomorphic to Ej is ¢/4. So the number of nonsingular
isomorphism classes in By is |By — Vi|/(q/4) = (¢ — 1)(¢ — 2).

(2) If £y, E5 € By, then there are one choice of # and two choices of 7. So
| B2 — V2| /(q/2) = (g — 1)(q — 2)*/2.

(3) As the case By, if Ey, Es € Bs, then there are two different choices of
B and four choice of « satisfying all the equation from (1) to (5). So
1By — Val/(a/4) = (g — 1){a - 2)

(4) If Ey, E5 € By, then there are one choice of 3 and and two choice of v
so isomorphism classes in By is |By — V4|/(q/2) = q(¢ — 1)(q — 2)/2.

About C;,i = 1,2; this is the case when ag # 0 and Tr(ag) # 0

(1) In this case Tr(5) # Tr(8 + az). So there is exactly one solution /3
of (3) whose corresponding equation (1) has two distinct solutions. So

Cr = Wil/(¢/2) = alq = 1)/2.

(2) Since there is one solution # and two solution of v as the case Cf,
|G = Wal/(q/2) = a(q® = 1)/2,

If we summarize the above discussion, we get the following Theorem. Also,

for each case Table shows how to select the representatives in each class;

Theorem 3.5. (1) There are (q—1)(2¢*>+ q— 2) many isomorphic classes
of genus 2 hyperelliptic curves of Type I over IF,.
(2) All the representatives from each class are given as

E:y? + (2% + asw + as)y = 2° + agx + ay,

where a;’s can be chosen as the following Table;
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as as ag | aio Number
{0,7}, ag
0 Tr(m) =1 # a3 2q(q — 1)
az # 0, {72,713}
Tr(as) =0 Tr(az?ys) = Tr(az?y3) =0
{zlz? +azz + 72 +y3=0,Tr(x) =1} #o | [1] | 2] | (¢—1)(¢—2)
V4
Tr(az*ys) =0 8] | [4] | (¢—1)(a—2)%/2
{75, 76}
Tr(az?ys) = Tr(azve) = 1,
{zlz? +azz + 95 +76 =0,Tr(x) =1} # ¢ | [1] | [5] | (¢—1)(¢—2)
Y7
Tr(az*y7) = [3] qg—1)(¢—2)/2
Tr(as) = 0 [6] | [6] qlg—1)%/2
V8
Tr(az*ys) =1 6] [ 6] | aq(¢*—1)/2

where

[1]as = a} + a3 + a3as + a?

[2 ] If a satisfies o + aza + a5 = 0 then ayg # (a®)(a2)™ + a® + aga +

(a)(a3)~"

[3 ] as # a} + a3 + a3as + a?

[4 ] If a is a solution of x*+azx+as = 0 then ayg # (®)(a?) ' +a’+aga+
(a3)(a3)~! and ayp # (a+az)®(a3) ™"+ (a+az)’ +ag(a+az)+(ag)(az) "

[5 ] arg # (a2 + aSas + aja? + ai + adas)(a?)™!

[6 ] ag # a3+ a3+ aZas+ a2 and aig # (a2 + aSas + aja? + ai +ajas)(a3)

Example 3.6. The isomorphism classes of genus 2 hyperelliptic curves over

Fy with Type I;
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No Representative E /Fyq Jp(F2)
1 v+ a2ty =2+ Zs
2 V4 arPy=a2+ax+1 7
3 v+ (P + 1)y =2a° Zyy
4 v+ (2?2 +1)y=2°+1 Zs
5 v+ (2 +x)y=2>+1 Zo ® Zo
6| v+ @P+x+)y=a°+1 Z
71 ¥+ (@@ +r+l)y=2"+x 7y
S ly+ @ +z+ly=2+a+1| Z

Genus 2 hyperelliptic curves over Fy with Type I

3.2. Type II Curve.

In Type II case the number of isomorphism classes of hyperelliptic curve
of genus 2 has been explicitly counted[5]. Here we give a complete list of
representatives of the curve of Type II case;

Theorem 3.7. [5]

(1) Every genus 2 hyperelliptic curve of Type II over F,,q = 2", can be
represented by an equation of the form

E:y? + aszy = 2° + aux® + agr? + arg, as # 0.

(2) The number of isomorphism classes of genus-2 hyperelliptic curves of
Type 11 over B, is 2q(q — 1).

Theorem 3.8. (1) A set of representatives of the isomorphism classes of
Type 11 is

{E : y*+azzy = v’ +asx’ fagr’+a3| as,y € Iy, a6 € {0,7}, Tr(a;*y) =1,a4 € F,}

More explicitly, we have

(2) if n is odd, a set of representation of the isomorphism classes can be
chosen as

{y2 + Ty = l’s + CL4.I3 + CLGZL’2 + CL10|(I4, aig € Fq, aio 7é 0, g € {0, 1}}
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(8) If n = 2 (mod 4), we can write a set of representation of the isomor-
phism classes as

{y*+aszy = 2°+asx’ +agr®+1| as,y € Fy, a6 € {0,v},Tr(az?y) = 1,a4 € F,}.

Example 3.9. The isomorphism classes over Ty with Type II;
No | Representative curve E/Fy | Jp(Fs)

1 4oy =a5+1 Zsg
2 Vv4aoy=a+a22+1 Zsy
3 YV 4aoy=2"+23+1 Zy

4|V +ay=a+23+22+1| Zy

Genus-2 hyperelliptic curves over Fy with Type 11

3.3. Type III Curve.

In this section, we count the exact number of isomorphism class and list
all the representatives of each isomorphism classes of Type III in the case of
as = 0. The problem remains still open when a4 # 0.

Before we state theorem we remark supersingular property;

Remark 3.10. (1) Any hyperelliptic curve of genus g in characteristic two
of the form y? + h(z)y = f(x) with 1 < deg(h(x)) < g+ 1 cannot be
supersingular [7). Therefore, the curves of Type I, II are nonsupersin-
qular.

(2) The genus 2 hyperelliptic curves over F, of the form y* + cy = f(x)
where f(x) is monic of degree 5 and ¢ € F; are supersingular [7].

Therefore the curves of Type III are supersingular.
Every genus 2 hyperelliptic curve of Type III over F,, ¢ = 2", can be repre-
sented by the equation of the form [5]
E:y® +asy = 2° + asx® + agx + a0, as # 0.

From now on we assume ay = 0. The following three different cases are
considered;

Case when n =1 (mod 2), n=2 (mod 4), n=0 (mod 4).
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3.3.1. Case when n =1 (mod 2). since n is odd, g.c.d (2" —1,5) = 1. Hence
F; has no elements of order 5. Let £’ /F, be the curve given by the equation

By +agy = 2° + agz + ayg, aj # 0.
Let r = {/al. Then the admissible change of variables (z,y) — (r?z,7%y)
transforms E’ to a curve given by

(3.3) E:y*+y=212"+ agx + ap.

So there are ¢?> many hyperelliptic curves has the form (3.3). Let E be the
curve given by
E:y?+y=2"+agr + ap

isomorphic to E. Then there exist «, v, € € [F, such that

(3.4) { o® =1, a'ag? =~ + a2 + yad
o

10@}0 = 710 + €2 + eas + 72a8 + aqp.

Since F, has no elements of order 5, a = 1.

We now claim that any hypereilltic curve E of the form (3.3) is isomorphic
to one of the following three,

Esy+y=2°, Exy'+y=a2"+ua, By’ +y=2"+x+1;

(A) Suppose that £ = E; over F,. Then, from (3.4) there exists v, e € Fy,
satisfying the equation;

(6) 7'+ +ag=0
(7) €+ e+ + agy?* + a;p = 0.

Since n is odd, Proposition 3.3 implies that (6) has two distinct solu-
tions, namely, {71,71 + 1}. Note that (7) has two distinct solution € for
only exactly one v € {1,y + 1} with Tr(y) = 0 since n is odd. As a
conclusion there exist only two solutions (7, €) satisfying (6) and (7).

This implies that there are ¢?/2 curves isomorphic to E.
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(B) Suppose that E = E,. First check that E; 22 Ey over F,, because the
equation (6) has no solution in IF,. Now, the relation (3.4) implies that

there exists v, € € [y, satisfying

(8) Y +7+1+ag=0
(9) €+ e+ 7"+ agy?* + ap = 0.

Here (8) has two solutions ;1,7 +1. For each +, there are two solutions
to (9). Thus there are four solutions satisfying (8) and (9) and ¢?/4
curves isomorphic to Fs.

(C) First note that F; 2 F3 and Ey 2 FE3. are ¢°/4 curves isomorphic to
E3 by the similar manner to the case (B).

Theorem 3.11. Let ¢ = 2", n odd. Then there are three isomorphism classes
and the representatives of each class are

(1) y* +y=2°

2) y*+y=2"+zx

(3) v* +y=a"+x+1.

3.3.2. Case II n = 2 (mod 4). since n = 2 (mod 4), F; has no elements of
order 5. So we can assume the hyperellipctic curve has the following form as
the Case 1.

E:y’+y=2a"+asz + ap.
Assume that

E:y’+y=2"+az + ap
be isomorphic to E. Then there exist v, € € F, such that

(10) ¥ +~y+a3 +as> =0
(11) € + e + 7% + agy? + ao + aip = 0.

If ~; is a solution of (10), so are 4+ 1,1 +¢1 and vy +co with Fy = {0, 1, ¢q, ¢}
by Proposition 3.3(2). For 7y, if (11) has a solution ¢, then T7(v{° + agy? +
aig + aig) = 0,

Tr((vi + 1" + as(y +1)* + arp + aro) = Tr(as),
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10 2 _
Tr((y1+c1)” +ag(yr+ 1)’ +ao+aig) =1+ Tr(ciag) + Tr(as),

Tr((y + )™ + as(y + ¢2)® + aio + aio) = 1 + Tr(cyas).

There are 8 solutions satisfying (10) and (11) if Tr(ag) = 0 and Tr(crag) = 1.
Otherwise there are 4 solutions. Since there are ¢/4 elements ag in [F,, satisfying
Tr(ag) = 0 and Tr(ciag) = 1 and ¢?/8 curves isomorphic to E, there are 2
isomorphism classes. For the other cases, there are one isomorphism class. We

summarize the result as following;

Theorem 3.12. Let n = 2 (mod 4). Then there are 5 isomorphism classes

and the representatives of each class are
(1) y* +y =a°
2y +y=2"+u
(3) v +y=2"+z+7Tr(y) =1
(4) V*+y=2°+cx
(5) v¥* +y =2° + cou.
3.3.3. Case IIL. n =0 (mod 4). let E be the Type III curve given by
E:y?+asy = 2° + asx + arg, a5 # 0.

In this case, we split the cases into three distinct cases;

Type I1I-1;{/a5 ¢ F,
Type I1I-2 ; /a5 € Fy and Tre,(as) # 0
Type I1I-3;/as € F, and T'rg,(ag) =0

(1) Type III-1 Curves
Let E1, E5 be isomorphic to each other given by the following equations;

E;: y2—|—a5y::c5—|—a10,

Es y2 + asy = x® + dgx + aqg.
Then there exist o, v, € € [y, satisfying the equations
(12) 055 = a5/a_5

(13) 10 + ady + a'fag? =0
(14) € + ase + % + agy? + a0 + a®ayy = 0.
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Since a5 = a5/a” and /a5 ¢ F,, also /a5 ¢ F,. Hence E, is a Type
ITI-1 curve. Note that (12) has exactly 5 solutions, namely u;co; where
u? =1,0 <4 <4,up = 1. Since {/as ¢ F,, (13) has exactly one solution
for each a. For o = w;c1,0 < i < 4, these unique solutions to (13) are
v = w1, 0 < i <4 respectively. For (a,7v) = (waq,u;y1),0 < i < 4,
there are 2 solutions to (14), namely €, €; + as. Thus there are 10
admissible change of variables which transform FE; to Es. Since the
number of curves isomorphic to F; is (¢ — 1)¢*/10 and Type III-1
curves is 4(q — 1)¢*/5, there are 8 isomorphism classes.

Type III-2 Curves

Since {/as; € Fy, we can transform any Type III-2 (and Type III-3)
curves to the form y?+y = 2° +agx +ay. Let E;, Es be the isomorphic
Type III-2 curves given by

By y*+y=2"+agz, Tre(ag) =1,
Ey:y? +y =2° + agx + ano.
Then there exists oy, 71, €1 € Fy, satisfying

(15) a® =1
(16) v+~ + a3 + aaz®> =0
(17) € + e+~ +agy* + aio =0

Since Trg,(a*') = a for all a € F,,

16 2 2

-2 o i i ag _ ag
Tre(as®) = Tre,(“55) + Tre, (D) + Trea(—0) = Treg ().

If a = 1,uq,us,u3 or uy, then Trg,(ag/a) = 1,uq, ug, us or uy re-
spectively. Thus Trg,(dg) # 0, and Es is also a Type I1I-2 curve. For
each choice of «, equation (16) has exactly 16 solutions or no solution,
according to whether Trg, (a2 + adg?) = 0 or not respectively. Assume
that without loss of generality Trg,(ds®) = 1. Then the equation (16)
has 16 distinct solutions,y; + w,w € Fis. One can check (17) has
solutions for half of elements w in 4. Thus there are 16 solutions
(o, 7, €) to the equations (15), (16), (17). Now there are 5¢>/16 Type
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ITI-2 curves isomorphic to E;. Since the number of Type III-2 curves
is 15¢?/16, we conclude that the Type ITI-2 curves form 3 isomorphism
classes.

(3) Type III-3 Curves
Let E; be the Type III-3 curve given by the equation

E oy +y=2°
and let
Ey: 9y +y =2+ dgx + aip

be a curve over F, isomorphic to F;. Since E; = E, over F,, there
exists oy, 71, €1 € Fy, satisfying

(18) a® =1
(19) ¥+~ + aag> =0
(20) €2+ €+~ + a = 0.

Note that

16 ol

16
Y v
) = TTF4(0416) +T7’F4(a) =0.

Tre, <682) =Tre, (

Since o® = 1, we have a = 1,uy, us, ug or uy. Because Trg,(dg) = 0,
we have Trg,(u;ag) = 0 for i = 1,2,3,4. Thus for each choice of «
the equation (19) has 16 solutions in F,. And for each solution 7 to
(19), (20) has solutions in [F,. So there are 160 solutions (v, 7, €) of the
equations (18), (19) and (20). Since there are 5¢* admissible changes
of variables, there are 5¢*/32 Type III-3 curves isomorphic to Ey, and
these account for half of the ¢*/16 Type III-3 curves.

So, we summarize the above results to the following table;
Theorem 3.13. Let ¢ = 2",n =0 (mod 4). There are 13 isomorphism classes

and the representatives are the following table; where a, 5;,7v;,0 € F, , J/a ¢ F,
and Fy ={0,1,¢1, 2}
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No Representative Type

1 Y2+ ay = 2° II7 -1
2 |y +ay=a°+0 |Tr(a™2B)=1|1I] -1
3| YPHaly=2 117 —1
4 P +?y=a+ 0o | Tr(aB) =111 -1
5| y*+aly=a’ 117 —1
6 |y +ady=a"+03 | Tr(aSB8)=1|1II—1
7| yPHaly=a° 17— 1
8 |y +aly=a"+ 8, | Tr(a3) =1 | 111 -1
9 | y*+y=a+yz | Traln)=1 |II]—-2
10| Y’ +y=a"+ya | Trlp)=ca |[III-2
1| y¥*+y=2>+yz | Trily) =c | II1T—2
12 y+y=2a 111 -3
13| y¥*+y=a°+6 Tr(6)=1 |III-3

Example 3.14. The isomorphism classes of genus 2 hyperelliptic curves over
Foa with Type III ;

For Fyu = Fy[w]/ < w*+w+1>

No | Representative curve E [Fa Type

1 |y +wdy=2ab Typelll — 1
2 |y +wly=a°+1 Typelll — 1
3 y2+(w3—|—w2)y:x5 Typelll — 1
4 + (w? + w?)y = 2° + [y TypelIT — 1
5 + (W +w)y = 2° Typelll —1
6 + (Wt wy=2"+1 Typelll —1
7 + (WP + w? +w+ 1)y = 2° TypelIl —1
8 y+(w +w?+w+ Dy =2°+1|Typelll —1
9 |y +y=2"+z Typelll — 2
10|y +y =2+ (w?+w)x Typelll — 2
11|y +y=2+ (w*+w+ 1)z Typelll — 2
12|y +y=ad Typelll — 3
18 |y +y=2°+uwd Typelll — 3
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4. CONCLUSION

It may be useful to classify the isomorphism classes of hyperelliptic curves of
small genus over finite fields. In this paper we study hyperelliptic Weierstrass
equations and count the exact number of isomorphism, which preserves infin-
ity, classes and list all the representatives of isomorphism classes with some
exception for Type III case. Note that the above isomorphism classifies the
hyperelliptic curves as projective varieties. So it will be important to give
further identification of their Jacobians.
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